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UPE,QHCJIOBHE 

flaMRmU apy3etJ, 
naBtuUX Ha nOAJlX cpa'1CeHUU 

BeAuKou 0 mettecmeeHH.oil aou Hbl 

9Ta KHHra npe.n.Ha3HaqeHa .ll.JIH nepaoHaqaJihHoro oJHa­
KOMJieHHSI c OCHOBHbIMH <t>aKT3MH TeopHH HHTerpaJibHblX 

., . . 
ypaBH~HHH. 

0Ha B03HHKJia Ha OCHOBe JieKUHH, KOTOpble SI tiHTaJI 
a MocKOBCKOM 9HepreTnqecKoM HHCTHTyTe. Kfittra paccqu­
TaHa Ha HH>KeHepOB H cry.n.eHTOB. BTY30B. nnsi ee. 11TeHHSI 

JI.OCTaToqHo 3HaHHSI MaTeMaTHKH a o6oeMe nepBbIX .n.ayx Kyp­
coa BTy3a. Bee Heo6xo.n.HMble noHSITHH, He BCTpeqa10m.necH 
so BTY30BCKOM Kypce MaTeMaTHKH, coo6w.aIOTcH 6onee HJIH 
MeHee no.npo6Ho. 

3HaHHe HHTerpana ·-11e6era He ·npe.nnonaraeTcH H He HC­
noJib3YeTCH no cymecTay. Bcrpeqa10w.eecsi a .n.ayx-Tpex Me­
cTax ynoMHH3HHe 06 HHTerpane B CMbICJie 11e6era Bbl3B3HO 
TeM, qTo 6e3 9Toro COOTBCTCTBYIOW.He onpe)J.eJleHHSI pacXO)J.H­
JIHCb Ohl c o6w.enpHHSIThIMH. B paMKax H3JiaraeMoii a KHHre 

u u 
9JieMeHTapHOH TeOpHH HHTerpaJibHbIX ypaBHeHHH B KaqeCTBe 
cyMMHpyeMbIX <PYHKUHH )J.OCTaToqHo. 6paTb <l>YHKU.HH Henpe­
pbIBHble HJIH . :>Ke HMe10m.ne KOHeqHoe qHCJIO TOlleK pa3pbIB3 
1-ro poJJ.a. TepMHH «no11TH ac10.n.y» JI.OCTaToqHo noHHMaTb TaK: 
BCIOJJ.Y, 33 HCKJIIOileHHeM, 6b1Tb MO>KeT' KOJ:IeqHoro qffcJia TO­
qeK. To >Ke OTHOCHTCSI H K o6o6meHHbIM Q:>yHKUHHM. IlpeJJ.­
TIOJiaraeTCH, qTo · 11HTaTeJih · pacnonaraeT JIHllih Ha11aJibHhIMH 
CBe)J.eHHHMH 0 6-<t>yHKUHH B o6'beMe MaTepHaJia, COOOllJ,aeMOfO 
B §I rJI. Vl-KHHrH [16) H B nepBbIX qeTbipex naparpacpax 
KHHfH '[47). . 

PHJJ; sonpocos (pa3BeTBJieHHe pemeuali, CHHryJisipHbie 
ypasHeHHH H .np.) saTpOHYT COBCeM 6erJio, IlOCKOJibKY 06-
CTOHTeJibHaH TpaKTOBKa HX IlOTpe6osaJia Obi OT.ll.eJibHOH KHHrH. 
l1HOf .ll.3, BMeCTO OOW.eH IlOCT3HOBKH 33.lJ;3lJH, paCCM3TpHB3IOTCH 
npoCTbie cJiy11aH, B KOTOp~x OTtieTJIHBO npocTynaIOT npHH· 
lUUIH3JlbHble CTOpOHbl aonpoca. 

HeKOTOpbie pe3yJibT3Tbl H3JiaraIOTCH Ha oow.efr cPYHKUHO­
H3JibHOH OCHOBe, qTo )J.eJiaeT paccy»<.n.eHHH•IlP03pallHeii H 



6 nPE,lJ.HC.nOBHE 

1IHIUe. KaK npaBIIJIO, H3yqa10Tc5I ,neftcTBHTeJihHhie pemeHH51 
HHTerpaJibHblX ypaBHeHHH c .neftCTBHTeJibHbIMH H,npaMH, o.n­
HaKO 3aqacTy10 ycJIOBH.ff ccpopMyJIHpOBaHhl TaK, lJTO OHH ro­
,D.HTCH H ,nJIH KOMilJieKCH03Ha1IHbIX H,nep. B KHHre HMeeTC.51 

HeKOTOpoe KOJIHtiecTBO ynpaJKHeHHH, KOTOpbie HOC.HT' B oc­
HOBHOM, xapaKTep YTBep2K,neHHH H JI.OilOJIH51lOT OCHOBHOe co­
;iep2KaHHe. B KHHre HeT npHJIOJKeHHH IIHTerpaJibHbIX ypaBHe­
HHH K 3a,na1IaM MaTeMaTH1IeCKOH cpH3HKH, HeT HJIII Il01ITH HeT 

npIIOJIIIJKeHHbIX MeTO.UOB perneHH.ff IIHTerpaJibHblX ypaaHeHHH. 

9To c.ueJiaHO C03HaTeJibHO, IlOCKOJlbKY yKa3~HHhie aonpocbl 
n e.unoJiaraeTcH BKJIIOllIITb a no roTaBJIHBaeMo_e BTopoe H3.Ua­
HHe KHHfH « HTer aJibHble ypaaHeH_II.H' (3a,Ua1JII II ynpa)f{He: 

HM.ff », KOTopaH y,neT CJIY:tKIITb KaK Obi J(onoJIHeHHeM H npo'­

)lOJDKeHHeM npe.uJiaraeMoro IlOCOOHH. TI pH COCTaaJieHHH KHHfH 

.S1 WHpOKO Il0Jlb30BaJIC51 6oraTOH OTe1JeCTBeHHOH H nepeBO.UHOH 

nHTepaTypoft no cpyHKUHOHaJibHOMY adaJIH3Y H HHTerpaJib­
HbIM ypaaHeHII.ffM. 3To B nepsy10 oqepe,nb OTHOCHTCSJ K npe­
BOCXO.UHblM KHIIraM A. H. KoJIMoropoaa ·H C. B. <l>oMHHa, 

C. r. MHXJIHHa, A. n. MbllllKHCa, Jl. A. JlrocTepHIIKa H 

B. H. CoooJiesa, <I>. TpIIKOMH, KanuTaJibHoMy .uayxToMHIIKY 
<I>. Mopca II r. <l>elll6axa. Moeft e,nHHCTBeHHOH 3ac.nyroft (eCJIH 
9TO MO/KHO cqHTaTb 3acJiyroft) HBJIHeTC.ff TO, lJTO H3 acex 

HMeBWIIXCH B MOeM pacnopH)KeHHH KHijr H CTaTeft 51 IlOCTa­

paJICH BhI6paTb HaHOOJiee npoCTbie H KOpOTKHe paccy)KJJ.eHHH. 

5I rJiyooKO npH3HaTeJieH npocpeccopaM B. n. rpoMoay, 
3. f. TI03HHKY II C. 11. Iloxomaeay, KOTOpbie BHIIMaTeJibHO 

npotIHTaJIH pyKonuch. Hx ueHHbie coaeThI H 6Jiaro)KeJiaTeJJb· 

HaH KpHTHKa HeMaJIO' cnocoocTBOBaJIH YJIY1IllleHHIO KHHrH. 
O.co6y10 npH3HaTeJihHOCTh H xoqy: Bbipa3HTb coTpy.nHHKaM 

Ka<f>eJJ.pbI MaTeMaTHKH MocKoacKoro HHCTHTyTa 9JieKTpOHHoro 

MarnHHOCTpoeHHH. Hx 6oJiblll.OH TPYJJ. no TIUaTeJibHoft npo­
sepKe pyKonucu H MHoro1r11cJieHHhie 3aMe1IaHHH H noJKeJiaHHH 

6blJIH JJ.JIH MeHH qpe3BhlllaftHo noJJe3HhI. By.ny cqacTJIHB1 eCJIH 
9Ta KHHra OKa2KeTCH XOTb CKOJibKO-HH6y.uh noJie3HOH ,nJIH 

H3ytieH~H Kypca HHTerpaJihHhIX ypaaHeHHH. Bee 3aMe1IaHHH 

H IlO)f{ej]aHH51, CBH38HHbie c KHHfOH, 6y.uyT npHHHT~I- ~~OIO 
c 6.naro~~pHOCTblO. 

M. Kp0:cno8, 



UPE~BAPHTEJlbHblE 3AMEllAHHSI 

Cne.n;y.H r. KaHTopy, 6y.n;eM Ha3blBaTb .M Ii 0 )IC e cm 8 0 M A106oe 
co6panue onpeiJeAeHftblx u pa3AUttUMblX .MeJ1CiJy co6ou 0611eKmon, MbtcAuMoe 

KaK eiJuHoe ~Aoe. 
ECJIH A - npoH3BOJihHOe MHO>KecTao 3JieMeHroa, TO yraep~eHHe 

«3JieMeHT. a npHHa.zJ.Jie>KHT MHO>KecTBY A» CHMBOJIHqecKH 3anacbrnaeTcSI 

TaK: a E A. 3anHch a E A (HJIH a <¢=. A) 03Ha11aeT, qTo 9JieMeHT a He 

npHHa.n;JieJKHT MHO>Kecray A. 
ECJIH A, B - MHO>Kecraa, To yraep>K.11.eHHe «A HBJHieTc.H no.LI.MHO· 

>KecTBOM MHO>KecTBa B» (cHMBOJJHqecKH A c B) 03HaqaeT, qro Ka.iK.Ll.hIH 

aJieMeHT x MHo>Kecraa A np1rna.zv1e>KHT H MHO>Kecray B; nocJie.n;Hee paattO· 
CHJihHO HMilJIHKaUHH *) 

xEA9xEB. 

npH 9TOM, eCJI_H cyw.ecrayeT XOTSI 6bl 0.Ll.HH 9JieMeHT Xo E B, Xo E A, 
To ronopHT, lfTo A ·ecTh ucmufuwe no.n;MHo>Kecrso MHO>Kecraa 8. 

ECJIH A c: B H B c A, To roaopsIT, lJTO A paaHo B HJIH A conna)laer 

c B, H nHUJyr A = B. 
Mtto>Kecrno, ae co.11.ep}l{aW.ee HH o)(Horo 9JieMea'ia, H33hIBaercH ny­

cmblM MHO>KeCTBOM H 0603HalJaercH CHMBOJIOM 0. JllOooe MHO>KeCTBO A 
co.n;ep>KHT 0 B Kaqecrae no.n;MHO>Kecraa. B caMOM .n.eJie, HMilJIHKaUHH 

xE09xEA 

HCTHHHa, .KaK HMTIJIHKaUH.H c JIO>KHOH IlOCbJJIKOH (raKoro x He cymecrsyer). 

*) OraorneHHe a 9 -~ (qHTaerc.s1: «eCJIH a, To ~») Ha3hlaaeTc.a uMn.llu­
Kaqueu c IlOCbIJIKOH a H 3aI<JIIOlleHHeM ti H 0003Hal!aeT BblCKa3bIBaHHe, 

KOTOpoe JIO>KHO B TOM H TOJihKO B ToM'CJiyqae, KOr,LI.a a HCTHHHO, a~ JIO.iKHO. ' 

0THOllieHHe «eCJIH a, TO ~» He CJie.n;yer Il0HHM8Tb K8K OTHOWeHHe OCHOBa­

HHH H CJie.l{CTBH.H. HanpoTHB, BblCK83hlB8HHe a 9 ~ HCTHHHO BC.HKHH 

pa3, Kor.n;a a ecTb JIO>KHoe BbICKa3b1BaHHe. l1HbIMH CJIOBaMH, H3 HeaepHoro 

CY>K.lleHH.SI cJie)(yer mo6oe cyJK.D.eHHe: eCJIH 2X 2= 5, TO cyw.ecrey10r se)(bMhl. 



8 TIPEJlBAPMTEJib HbIE 3AMEqAHMS1 

nycTb A' B - npOH3BOJlbHble MHO.>KecTsa. 11x cyMMoa HJIH o6'"6eaa~ 

neHueM A U B H33hrnaeTc.H MHO.>KecTao, cocTo.Hw.ee H3 acex 9JieMeHTOB, 
npHHa,AJie.>KaW.HX xoTSI 6hl O,AHoMy H3 MHO.>KecTB A, B. 

nepeceq,eftUeM A n B MHO»eecTB A, B H33hIB3IDT MHO)f{eCTBO, COCTOR· 
mee 113 ecex 9JieMeHTOB, rrpHtta,AJie.>KaW.HX KaK A, raK H B. 

ToqKa M 0 Ha3hrnaercsi Bepx11,er1. 2paHb10 MHO.>KeCTBa X JJ.eikTBHTeJib· 
HbIX qHceJI, ecnH 

1) npaaee M 0 HeT HH o.nttoti T011KH MttomecTaa X; 
2) npH JIIo6oM KaK yro.n.Ho MaJioM · e ;> 0 Haii.n.erc.ff xorH 61i1 o.n.Ha 

ToqKa x e X, Koropa.H 6y.ner npaaee ro11KH M 0 - e. 
EcJIH raKoro qHCJia M 0 He cymecrayer, TO a Katiecrae eepxtte:H rpaHH X 

npHHHMaeTC.SI. + oo. 
B o6oHx CJiytiaHx. aepxmu1 rpaHb MHO)l{ecraa X 06osna11aeTcsi qe. 

pe3 sup X. HanpHMep, sup (0, 1) ~ l He. np1rna.n.Jie»eHT (0, I); MHO>Ke­
cTao X UeJihIX orpuuaTeJihHhIX qHce.n HMeer sepxmo10· rpaHb supX = -1, 
eMy npHHa,ZJ,Jie.>Kaw.yro. 

AHaJJoru11tto onpe,lleJIHercH HU:JICIUtR epaHb MHO)Kecrsa X, o003Ha• 
qaeMa.SI inf X. · 

Mepotl HHTepaaJia (a., b) H33hIBaercR ero llJIHHa, r. e. tIHCJIO b - a. 
MHo.>Kecrso E roqeK Ha rrpHMOH HMee1 Mepy HYJib,_ eCJIH .l{JUI BC.RKoro 

E !:> 0 MO»<.HO H3HTH KOHetrnyIO HJIH cqerttyro CHCTeMY HHTepaaJIOB, OOKpbl­

BaIOll.lyIO E H TaKyIO, qro cyMMa llJJHH 9THX HHrepaaJioB MeHhWe e. 
foaopsn, qro HeKoropoe ceoucrao BblilOJIH.Sierc.SI no'imu eclOiJg, ·eCJIH 

OHO BblilOJIHJleTCSI BCIOJlY' 88 B('KJIID'leHHeM MHO.>KeCTBa Mepbl HYJib. 
B .ztaJibHeiillleM H3JIO»<.ettHH Mhl 6y.n.eM . HHor.n.a nOJib3oaaTbCH JiorH· 

lJeCKHMH CHMBOJ13MH #, v·, 3. 
CHMBOJI # o6o3ttatiaer JiorHt1ecKyID paBHOCHJibHOCTh; OH saMeH.Rer 

CJJOBa «Tor.n.a H_ TOJlbKO TOr.ZJ.a»; 
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8BE,l\EHHE 

HnmeepaAbHbl.MU ypaaHeHUflMU npHHSlTO Ha3bIBaTb ypao· 

HeHUfl, 8 KOmOpblX .HeU38eCmHafl </JyHKl{Ufl 8XOOUm noiJ 3H,lll( 

uHme2paAa. 

3To onpe.neJieHHe He coaceM yJJ.allHO, XOTH 6bl IlOTOMY' 
lJTO OHO He yKa3bIB3eT, K8KHe eme ,lleHCTBHH, KpoMe HHTe· 
rpHpOB8HH51, M0)1{ff0 npOH3BOJ.tHTh Ha,ll HeH3BeCTHOH . c)>yHK· 
uweit HanpHMep, «HHTerpaJibHOe» ypaeHeHHe c HeH3BeCTHOH 
<j>yHKUHeH X (/) 

t 

x (t) = J x' (s) dS + x (0) 

eCTb. npOCTO TO.>K,llecTBO, cnpaBe.ZVIHBOe JI.JUI JII06on Henpe­
pbIBHO .nmfxpepeHUHpyeMOH cf>YHKUHH, onpe.lleJieHHOH B He· . 
KOTOpOM HHTepBaJie (-a, a). 

He cTaa51 nepe.n co6ou 3aJJ.aqy .naTb norHqecKH 6e3ynpeq­
Hoe onpe.neJieHHe HHTerpaJibHoro ypaaHeHHH, orpaHnqHMCH 
npHBe,neHHbIM BhlllJ,e OilHC3TMbflbIM onpe.ne.neHHeM H nepe­
lJHCJIHM HaH60Jiee B3.>KHble KJia'ccbf HHTerpaJibHblX ypaBHe­
HHH, KOTOpbIMH Mbl 6yJleM no npeHMyiueCTBY 38HHM8ThCH. 

§ 1. 0CHQBHble KJUlCCbl HHTerpaJlbffblX ypaeHeHHH 

I. JlHHeHHhl e HHTerpaJibHble 
ypaBHeHHff 

HHTerpaJibHOe ypasHeHHe Ha3hIBaeTcsi 11uneuHblM, ecJJH 
a Hero HeH3BecTHa51 4>YHKu1u1 BXO.D.HT JJHHeiiHo. Tai<, ypa· 
BHeHHe 

b • 

, ( t) = i-. J K ( t, s) cp (s) ds + f ( t), (1) 
a 
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r.ne <p (t) - HCKOMaH cpyHKUHH, f (t), K (t, s) - H3BecTHbie 
cpyHKUHH, A - napaMerp, eCTb JIJfHeHHOe HHTerpaJJbHOe 
ypasHeHHe. <l>yHKUHH K (t, s), a ~ t, s ~ b, Ha3bIBaeTCH 
Ropo.M HHTerpaJihHoro ypasHeH1u1 (I), <f>YHKUHH f (t), 
a ~ t ::s;; b, Ha3bIBae'fCH ceo6ooHblM ttAeHOM. 

t. Ypaeueuue Cl>peJJ.rOJibMa. 9To O.llHH H3 HaH6oJiee sa~­
HhIX KJiaccos JIHHeHHhIX HHTer·paJihHbIX ypasHeHnii. Pa3JIH­
qaIOT HHTerpaJihHhie ypasHeHHH <l>pe.nroJihMa 1-ro n 2-ro 
po.na. B npocTefnneM cJiyqae JJHHeiiHoe HHTerpaJibHOe ypas­
HeHne <l>pe.nroJihMa 2-ro po.na HMeet sn.n 

b 

ff>(t) =A. J K (t, s) <p (s) ds + f (t). (2) 
a 

3.necb <p (t) - HeH3BeCTHaH <PYHKUHH. 
Ope.nenhl HHTerpnposaHHH a, b MOryT 6bITb KaK KOHe'l­

HbIMH, TaK H 6ecKOHeqHblMH. 
Cqn-f aeM, qTo nepeMeHHaH t MeHHetcH B TOM >Ke npo­

Me*YTKe (a, b), no KOTopoMy · cosepruaeTCH HHTerpnpoaa­
Hne. B ypaaHeHnHx <l>pe.nroJibMa H,npo K (t, s) n cao-
60.nHhIH llJieH f ( t) Jin6o HenpephIBHhl (nepsoe - B KBa,npaTe 
Q {a ~ t, s ~ b\, BTOpoii - Ha 0Tpe3Ke a~ t ~ b), JIHOO 
y.nosJieTBOpHIOT ycJJOBHHM 

b b 

J J I K (t, s) f2 dt ds < + oo, (3) 
a a 

b 

f If (t) 12 dt < + oo. (4)' 
a 

51.npa, Y..U.OBJJeTBOp HIOlll.He YCJIOBHIO (3), oy.neM H33blB3Tb 
<f>peaeoAbMOBbtMu. 

EcJIH 1 (t) = 0 (roqaee, ecJIH f ( t) o6pamaeTcH a Hy JI& 
nollTH ac10.ny a [a, b I), To HHTerpaJihHoe ypasHeHHe Ha3hl· 
BaeTCH oanopoiJHblM, B OpOTHBHOM CJiyqae OHO H83bIBaeTCSI 
neoanopoiJnbtM. 

OrMetnM, QTO (2) npe.ztcTasJu1et cooou He o.nHo ypaaae-
u • ' 

Hne, a ceMeHCTBO ypaaHeHHH, 38BHCHW.ee OT QHCJIOBOfO napa· 
MeTpa Iv. ~ 

. J!pQIJHenue <PpeaeoAbMa l•eo pofJa xapaKTepn3yeTcH oT­
cyTCTBHeM qJieHa, co~epmamero HeH3BeCTHYIO cpyHKUHlO BHe 



. 
~ 1 J OCHOBHbIE KJIACCbI liHTErPAJlhHhIX YPABHEHH:A 

HHTerpaJia. B. npocTeihneM CJiyqae OHO HMeeT BH).l 
b 

J K (t, -s) cp (s) d~ = f (t), 
a 

n 

(5) 

r.ILe H,n.po K (t, s) H cpyHKUHH f (t) Y.lLOBJieraopHIOT ccpopMy· 
JIHpOBaHHblM BblIIIe ycJIOBHHM. 

n p HM e p bl. L YpaBHeHHe 

~ 

1· 

q> {t) = + J (t + s2) <p {s) ds + sin r 
0 

ecTh HHTerpaJihHoe ypaBHeHHe <l>pe,Z\rOJihMa 2-ro po,Z\a. 3.lleCb B.llpo K (t, s) = 
= t + s2 H CBOOO.llHblH IJJieH f (/) = sin t HenpepbIBHbl COOTBeTCTBeHHO 
a Kaa.npaTe Q {O ~ t, s ~ I} H Ha OTpeaKe [O, I]. 

2. YpaaHeHHe 

,. 

+oo 
cp (I) = J e-ts<p (s) ds + e-t212 

1 

'i>pe.nroJibMOBO, TaK Ka~ 

+co { +co J /2 (t) ds = J e-t' dt < + oo, 
1 l 

+co +oo 
J J K2 (t, s) dt ds = 
l l 

+co +co +oo ~ 

- J dt J e- 2
ts ds = + J e~ di<+ oo. 

1 l. l 

3. YpasHeHHe 

+oo 
cp (f) = J e- lt~s 1 <p (s)ds + f (t) 

-oo 

He <f>pe.llfOJJbMOBO •. ~eiiCTBHTeJibHO, 

+co +co . +oo +oo · J J I .K (( s) 12 di ds := J dt J .. _e-2 l ~,_s Ids~ . (5') 
-GO -co -co -co 
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BHyTpeHHHA Harerpu a npaaoi 'iaCTH (5'~, 

+ro . t +oo J e-21 t-s l ds = J e-2 (t-s) ds + J e-2(s-t) ds = 1, 
-ro -ro t · 

OTKyita cne;tyeT, qro HHrerpaJI (5') pacXO,ltHTCSI. 

2. YpaaaeHHe 8oJ1&Teppa. JiuueiiuLIM HHrerpaAblJblM 
!iJXUJHeHueM BoAbmeppa 2·eo poiJa ua31>1eaeTCH ypaeueuue 
BH.Il.8 

t 

<p (t) . A J K (t, s) <p (~) ds + f (t)"" a_~ t ~ b. (6). 
a 

3.n.ecb <p (t) - ueH3eeCTHaH <PYHKUHH, H.n.po K (t, s) H cecr 
60.llHWii qJieu f (t) - H3BeCTHhle cpyHKU~ff. iw - qucJioeoi 
napaMeTp. . 

IlpH f (t) = 0 ypaaueHHe (6) npHHHMaeT BH.lt. 
t 

<p (t) = A J K (t, s) <p (s) ds . 
a 

H ua31>1eaetcH oiJHO/X)iJHWM uurerpaJibHblM ypaeueaHeM BoJib· 
Teppa 2·ro po.n.a . 

YpasneHueM BoAbmeppa 1 ·oo poiia H83blBaeTcH ypaeueuue 
BH,ll.3. 

t 

J K. (t, s) ds = f (t), (7) 
a 

ue co.n.epmamee :HcKoMyIO <PYHKUHIO eue uurerpaJia. 
Ypaeueuue 'BoJibTeppa Momuo npu HeKOTopblx orpauuqe­

HHHX paccMaTpHB8Tb K8K qaCTHblH CJiytlaii ypaBHeHHH <l>peJJ.­
ro.nbMa. 51.n.po K (t, s) e ypaeHeHHH (6) no CMblcny 3~a1JH 
Onpe.n.eJieHO npH a ~ S ~ t. lloonpeJI.eJIHM ero npH S > t, 
IlOJIOLK:HB 

K(t,s)=O, t<s~b. 
Tor.n.a ypaeueuue (6) Momuo paccMaTpHeaT& KaK qacrublfi 
CJiyqaii ypaeueHHH <l>pe.n.roJibMa c HJlpOM :It (t, s), onpe.u.e-· 
JieHHblM cne.n.yiom.nM ·oopa3oM (pee. 1): 

{
K (t, s) JI.JIB s ~ t, 

:tt(t s)= - ·· 
' 0 ,ll.JIH S '!;> t. 

B 38WTpHxoeauuoii nOJioeuue Kea.u.paTa s.u.po j( (t, s) coena-
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••. c H,B.poM K ( t, s), a BO BTdpoii nOJJosuue TO>K.n.ecTBeHHO 
',,~. ·. 0 HYJIIO. npu T8KOM onpe.n.e.neHHH su1.pa :It (t, s) HHTe~ 

; ·nb"Hoe ypaBHeHue <l>pe.n.ron6M~ 
b 

<p (t) =A J :It (t, s) <p (s) ds + f (t) 
a 

~ecrseHHo c ypaBHeHueM · BOJihTeppa (6). 
bf:; 9ro npocToe saMeqaHne nosBOJIHeT nepeHOCHTh pesynh­
&tbl., nonytieHHhie .n.ns ypaBHeHua <l>pe.n.r6JibMa, Ha ypasHe· 
pa BoJt'hTeppa, KaK Ha s 
i!ttHbIH CJiyllaH cppe.n.rOJib- b --
~lihlx ypaBHeHHH. 
~~~~' 0.n.HaKO ypaBHeHHSI 
lbTeppa 06na)l.a10T HeKo· 
( .. ~:~ ,DIMH CBOHCTB8MHt xapaK­
:.., pHblMH HMeHHO .ll.JISI HHX. 

II. He JI u He ii H bl e• 
y p a, B H e H H SI II ---

H enuHeHH ble HHTerpaJih· 

; 

; 

' ," 

IAf 

, 
; 

~ 

,," 
' ; 

, 
; 

... 

• ypaaHeHH'SI H8CTOJlbKO 0 (J /J t . 

pls.troo6pa3Hhl, QTO .n.a>Ke HX Puc. 1. 
~-CCHcpHK8UHSI 38TPY.ll.HH· 
PHa. YKIDKeM HeKOTOpble THilbl TaKux }'paaHeHnii, HMero­._e 60JihlllOe TeopeTHQeCKOe H )lpHKJ18.ll.HOe 3H8QeHHe. 
'L , ,.1°. Y pl1lJHeH ue Y pbl.COHa 

b 

<p (t) = J K (t. s, q> (s)) ds. (8) 
a 

~YHKUHH · K ( t, s, <p) o6bltIHO npe.n.nonaraetcs HenpephlB· 
I npu a ~ t, s ~ b; --M ~ <p ~ M, r.n.e M > 0 - .no# 

. quo 6oJihlll8SI IlOCTOSIHH8SI. 
'iit'":;;: ~0• BamHblM llBCTHhlM cnyqaeM ypaBHeHH.R YpbicoHa .RB· 
~iRl$leTC.R gpatJHeHUe r aMMepuunetlH.a . 

h 

<p (t) = J K (t •. s) F.(st <p (s)) ds, (9) 
a 
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3°. Y pa8He11.ue JI Rny11.ooa"!_JI uxme11.iumeu11.a, co.n.ep>K8ntee 

cyw.ecreeaao. aennaeflHhle onep8TOphI, H8npnMep, yp8BHeHne 
BH,Zl.8 

b 

cp (t) ;:-- f (t) +A J K c1'1 (t, s) cp (s) ds + 
a 

b b 

+ µ J J Kc 1. 11 ( t, s, z) cp ( s) cp ( z) ds dz 
a a 

(MOfYT T8K>Ke BXO~HTb 8H8JIOrHqffble qJieHhl c 6onee BblCO~OH 
HeJIHHeHHOCTblO; no.a.po6Hee CM. (35 ]). 

4Q. HeAuHeuHoe ypOJJHeH.ue BoAomeppa 
.t 

cp (t) = J F (t, s, cp (s)) ds, (10) 
a 

r.n.e F (t, s, cp), H8npnMep, aenpephIBH8 . no coeoKynaocTH 

8pryMeHTOB t, s, cp e o6JI8CTH a~ t, s ~ b, -M ~ cp ~ M. 

§ 2. 3aaaqu, npilBOJ(Sllll,He K HHTerpaJJbHblM ypaeHeHHSIM 

EJJ.88 JIH He nepBOH 38,Zl.8qeii, KOTOpy10. MO>KHO . CBH38Tb 
c HHTerp8JibHblMH yp8BHeHHHMH *), 6blJI8 38)l8q8 oOp8uteHHH 

HHTerp8JI8 

+co 
g (x) = / J e' ry f (y) dy, 

2n _
00 

(I) 

T. e. H8XO>K,Zl.eHHH cpyHKUHH f (y) no .l1.8HHOH cpyHKUHH g (x). 
Pernea-ue ee noJJyqHJI <l>yphe e 1811 . r. e en.a.e 

+m 
f(y)= /- J e-ixt1g(x)dx. ·(!I) 

2n -co 

Mo>KHO cqnT8Th, qTo <J>opMyJI8 (I I) .n.8eT perneane HHTerp8Jih· 
HOfQ yp8BHeHHH (I), B KOTOpOM f (y) - HCKOM8H, 8 g (x) -
,Zl.8HH8H cpyHKUHH, H Hao6opOT. 

<I>opMyJibl .(I) H (I l), K8K H3BeCTHO, H83blB8lOTCH </JoPMY· 
JtQMU o6patl{eHUJl r./Jypoe. 

. *) CaM repMHH «HHTerpanLHoe ypaBHeHHe» DBM B ynoTpeoneHae ,llooya· 
PeAMoH {1888 r.). · 
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PaccMOTpHM, HanpnMept ypaeHeHHe · 
+~ . 
J <p (s) e-its ds = V21t e- Ii l, 

-co 

·: f.Jle <p (s) - HCKOM8H cpyHKUHB. J1eey10 ll8CTb 9TOf0 ypaBHe­
BHH MO>KHO paccMaTpHBaTb KaK npeo6pa3oBaHHe <I>yphe 
cl>YHKUHH <p (s). Tor.n.a no cpopMyne o6pameHHH 

+ro 

<p (s) = J e- I t'leits dt = 1 ~ s~ • 
-co 

' cl>yHKUHH <p (s) = 2/(1 + s2) eCTb ,perneHHe .naHHoro. HHTe· 
.. rpaJibHOfO ypaBHeHHH. 

, K HHTerpaJibHhlM ypaeHeHHHM eu.na (10) npneo.nnT aa,naqa 
. ~~lllH JJ.JIH o6hlKHoeeHHhlX .n.nqxpepeHuuaJlbHhlX ypaeHeHH:H 

~; = F (t. x (t)). . (11) 

/ -t(a)=x0 • (12) 

B caMoM ».ene, nycrh x = x (t) eCTh perneHue ypaeHeHHH (11), 
y.noeJieTBOpHIOU{ee HallaJihHOMY ycnoen10 (12). 

Ilo.nCTaBJIHH 9TO perneHHe B (11), nOJIYllHM TO>K.l{eCTBO, 
. BHTerpHpyH KOTOpoe no t OT lz .ll.O t 6y.neM HMeTb 

t 

x (t)-== x0 + f F (s, x (s)) ds, (13) 

T. e. x (t) y.noBJieTBOpHeT HHTerpaJihHOMy ypaeHeHHIO (13). 
06paTHO, rlyCTb x (t) eCTb perneHHe ypaBHeHHH (13); T. e. 
T8KaH <l>YHKUHH, qTo no.ncraHOBKa ee ,B ypaBHeHHe (13) o6pa..; 
llUler nocne.nuee B TO>K.lleCTBO no t. D.n<Jx)?epeuuup yH 3TO 
~'TOlKJJ.eCTBO, Haii.neM, qTo . ' .· 

.• ' . 

dx p dt = (t, x (t)), 
'/ 

T. e. crro x (t) · eCT& perneHHe .nu<Jxt>epeuunaJihHOrc»· ypaene· 
~BHH (11), npuqeM H3 (13) BH.llHO, qTo x·(a) = Xo~ · . 

. '· · TaKHM o6pa3oM; pemeHH:e HHTerpaJihHoro ypaeueHHSI '(13) 
fKBHaaJieHTHo perneun10 sa.naqu Kornn (1·1)~(12).. · · 
. · Pernenue uaqaJibHOH. 3a,naqu .ZlJIH JIHHeunhix· JJ.H<Jx)?epen· 
·ltHSJihHblX ypaeHeHHii' n'pHBO.llHT g' JIHHeHHbIM H~Te~p·aJibHPJ~ 
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ypasHeHuHM Bo;1hTeppa 2:ro po.na. 9rnM eme B 1837 r .. soc­
noJihsOBaJicH JlnyBHJIJib B CBOHX HCCJie.llOB8HHHX B OOJI8CTH 
JIHHeHHblX .nuqxpepeHUH8JibHblX ypaBHeHHH BTOporo nopH.ZlKa. 
Tiycrh, HanpuMep, umercH peweHHe ypaeHeHHH 

x" (t) + [12 -v (t)] x (t) = 0 (14) 
(Iv = const, v (t) - H3BeCTH8H cpyHKUHH) 

npu HaqanbHblX ycJIO~HHX 

x (a)= 1, x' (a) =0. (15) 

PaccMorpuM ypaBHeHue c nocroHHHblMH Ko$t>uuuettraMu 

x" (t) + )..2x (l) = g (t) (16) 

n.pu rex >Ke HaqaJihHblX ycJIOBHHX (15), r.n.e g (t) - icaKaH·To 
HenpepblBHaH cpyHKUHH. . 

Pewettue ypaBHeHHH (16) npu aaqaJihHblX yCJioBHHX (15) 
MO*-eT 6b1Th Hafl.netto MeTo.noM eapuauuu nocroHHHblX u npe.n· 
CTaBJieHo B BH.lle 

t 
' l J x(t) =cos).. (t-a) + T g (t) ~in A. (t-i-) dT. (17) 

a 

nepenuweM ypaBHeHHe ( 14) B BH.lle 

xf1(t) + 1zx (t) = v (t) x (t) (18) 

. H 6y.neM paccMaTpHB8Tb npasyiO qaCTb K8K' H3BeCTHyIO cpyHK· 
uu10. Tor~a, eocnoJib30BaBUIHCh ·(17), noJiyquM . 

t . .. J x (t) = cos/... (t-a) + T v ('t) sin A. (t-· -r) x (t) di 
a . 

- uHrerpaJihHoe ypaBHettue BoJihreppa 2·ro po)J.a. 
PaccMOTpHM o6my10 sa.naqy cee.neHHH JIHHefrttoro .nut}xPe­

pettuuaJibHoro ypaetteHHH n-ro nopH.ZlKa 
dttx dn.- 1x · 
dtn + a1 (t) dtn-i + · • · +an (t)x(t) = F (t), t >a, (19) 

c HaqaJihHhlMH yCJIOBHHMH npu t = a 
x (a)...,._· C0, x' (a)= C1, ••• , . ~Cn-t > (a)= Cn-1 (20) 

K JIHHeHHoMy HHTerpaJihHOMY ypaeHeHHIO BoJihreppa. 6y.neM 
npe.nnoJiararb, 'ITO KO*!>HuneHThl- a, (t) (i = ), 2, .... , n] 

•• 
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:HenpepbIBHbl B HeKOTopoH: OKpeCTHOCTH (a - 6; a + 6) 
?"oqKH t =- a. )lJISI npOCTOTbl orpaHnqnMCSI CJiyqaeM n = 2 
Ji a = 0, T. e •. paCCMOTpHM ypaBHeHJ:le 

~:: ·+- a1 (t) :; + a2 (t)x(t) = F (t), (19') 

x (0) = C0 , x' (0) = C1 • (20') 

IloJIO/KHM 

d2x 
dtl = <p(t). (21) 

IlpHHHMaH BO BHHMaHHe _HaqaJibHble yCJIOBHSI, nOCJieJlOBa­

RJlbHO H8XOJlHM 

t 

:; = J <p ( s) ds + C 17 
0 

t 

·x(t)= J (t-s)cp{s)ds+C1t+C0 • 

0 

IlpH 9TOM Mbl BOCilOJlb30B8JIHCb <J>opMyJIOH ( ( 481) 

t t t t 

· J dt J dt: · · J f (t) dt = (n ~ l) ! J (t- s)n-l f (s) ds. 
' 0 0 0 . 0 ..._ _ ____,, 

n 

(22) 

~blB8SI (2l),. (22), ypaBHeHHe (19') MO/KHO 38IlHC8Tb TaK: 

t 

<if(t)+ j [ai(t) +a, (I) (t-s)] (s)ds = 

= F (t) - C1a1 (t) -C1taz (t) - C0a1 (J). (23) 

IloJiarasi 

K (t, s) = ~ [a1 (t) + °'2 (t) (t-s)], 

f (t) = F (t)- C1a1 (t)-C1tllt (t)-Collt (t), 
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npHBeJI.eM (23) K BHJl.Y 
t 

q> (t) = J K (t, s) q> (s) ds + f (t). (24) 

3To - HHTerpaJibHoe ypaaHeHHe BoJihTeppa 2-ro po.ZJ.a. Ta­
KHM o6pa30M, 33.llaqa ( l 9~)-(20') CBeJiaCb K perneHHIO HH· 
rerpaJibHoro ypaaHeHHH (24). Haii.ZI.H 9TO pemeaue u no;n· · 
CT8BHB noJiyqeHHYlO cj:>yHKUHIO <p ( t) BO BTOpoe C001Hollie­
HHe B (22), 'noJiyquM pemeHHe x (t) HCXO,LJ.HOH sa.naqe 
('19')-(20'). Herpy,n.Ho au,n.erh, qro ecJIH K09cj:><pHUHeHTbl 
ai ( t) (i ·= I, 2, . ' .. , n) ' IlOCTOHHHbI, TO H,D.po COOTBeTCTBYIO· 
mero HHTerpaJibHOfO ypasHeHHH 6y,n.eT 33BHCeTb JIHWb' UT 
pa3HOCTH apryMeHTOB 

K=K(t-s) 

(uHmezpaAbHoe ypaeHeHue muna ceepmKu). 

n p H M e P· . CaecTH_ 3a)J.a'ly KowH )1.JJH ypaBHeHHR 

d2x 
dt2 ' + (1 + /2) x (t) =cost. 

x (0) = O, x' (0) = 2, 

K HHTerpaJibHOMY ypaBHCHHIO. 
P e w e H H e. OoJIO>KHM 

= q> (/). 

Torna 
l :; ·. . J <P (s} ds + 2, 

0 

I 

x (/) ....:.. J ( t - s) cp (s) ds + 2t. 
' 0 ' . 

d2x 
flo.ncTaBJUUI Bblpa>KeHHSI JJ.JISI dJl... H X (t) B HCXO)J.HOe llH$1>epeHUH8Jlb· 

Hoe ypaBHeHHe, OOJIY4HM ' 

l 

'F.(~) = - J (1 + z2) '(t ~s) <p (~) ds +'cos t-2t {l + 12.). · 
0 ' ' ' 
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3a.n.alfa AoeJu1. B 1823· r. A6eJib, 3aHHMaHCb o6o6meHHeM 
saJI.aqH o TayToxpoHe *), npHilleJI K ypaaHeHHIO 

x 

f (x) = J qi (rt) dfl, 
Vx-ri 

0 

r.ue f (x) - 33,ll.aHHaH <PYHKUHH, . a cp (x) - HCKOMafl <f>YHK­
UllH. 3To ypaBJieHHe eCTb qacTHblH CJiyqaii JIHHeiiHoro HH­
TerpaJI.bHOro ypaaHeHHH BOJJhTeppa 1-ro poJJ.a. 

¥ paaHeHHe A6eJIH HHTepeCHO B TOM OTHOilleHHH, qTo OHO 
HBJIHeTC.H 0)1.HHM H3 HHTerpaJibHbIX ypaaHeHHH, K KOTOpbIM 

. u u 

Henocpe,ll.CTBeHHO npHBO)J.HT IlOCTaHOBKa TOH HJIH HHOH KOH-
KpeTHOH 3a,ll.aqH MexaHHKH HJIH cpH3HKH (M:HHYH ,ll.HcpcpepeH­
UHaJibHble ypaBHeHHH). 

HcTopuqecKH 3aJI.aqa A6eJI.H npe,ll.cTaBJIHeT nepay10 3a­
JI.aqy' KOTOpaH npHBeJia K Heo6XO)J.HMOCTH pacCMOTpeHHH 
HHTerpaJibHbIX ypaBHeHHH. . 

3a)J.aqa A6eJJH cocTOHT B cJie)ly10m.eM. • MaTepuaJibHaH 
TOqKa 110)1. )1.eHCTBHeM CHJibl T5DKeCTH )1.BH/KeTCH B BepTHKaJib­
HOH nJiocKocTH (s, ri) no HeKoTopo:H KpHaoii. Tpe6yeTcH onpe­
neJIHTb 3TY KpHBYIO TaK, qTo6bI MaTepHaJibHaH TOqKa, HatiaB 
CBOe )1.BH/KeHHe 6e3 HaqaJibHOH CKOpOCTH B TOqKe KpHBOH 
c opJJ.HHaTofi x, )1.0CTHr Jia ocu Os 3a apeMfl t = f 1 (x), rJJ.e 
f 1 (x) - 3a)laHHaH cpyHKUHH. 

A6coJIIOTHasi aeJiuquHa cKopocTH JlBHJKym.eficsi ToqKH 

v = V2g (x - 11)· 

06o3HaqHM qepe3 ~ = ~ (11) yroJI HaKnoHa KacateJibHOH 
K ocH Os (pHc. 2). TorJJ.a 6y)J.eM HMeTb 

~i· = -V2g (x-11) sin~ 

(cocTaBJIHIDID.aH cKopocTH no oca Ori). 
OtCIO)J.3 

drt . . 
dt=- . 

Y2g(x-ri) sin~ 

*) 3a.Z(aqa 0 TayToxpotte: HaiiTH Kpf{~yIO, CKOJih3.R B.Z(OJlb KOTOpoii 6ea 
TpeHH.H T.H>KeJiaJI ll3CTHUa ,Z(OCTHraeT CBO~ro caMOTO Hll31\0f0 nOJio>KrHHH ... 
3ea O.AHO H TO >Ke BpeMSI, He3aBHCHMO OT ee naqaJibHOro noJIO)KeHHH. 
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l1HTerpupyH no 'I a npeJJ.eJJax OT 0 JJ.O x H nonaraH si~ IJ = , 
-= <p (11), noJiyquM ypaeHeHue A6eJIH 

' 
x 

J cp (t)) df] = ~ ffg f 1 (x), 
Yx-11 0 

06osHaqaH - Wg f 1 (x) qepea f (x), oKoHqaTeJibHO 6yJJ.eM 
llMeTb 

.x 

J <r (1)) dri = f (x). 
Y x-11 · 

0 

3Jlecb <p (x) - HCKO'vf8fl <l>YHKUHH, f (x) - 98JJ.aHH8fl l}>yHKU~H. 
71 

• 

{) 

Puc. 2. 

Hai'IJJ.H <p ('l'J), Mhl MOJKeM cOCTaBHTb ypaBHeHHe HCKOMOH 
KpHBoii. B caMoM JJ.eJie, <p (fl) == I/sin p, OTKyJJ.a 1J ~ <I>(~) • 

.llaJiee, · 

d£ = dn = ct>' <Pl tlP 
tg ~ tg p • 

G ~ J ct>;g<~) dll = <I>1 <P>· 

TaKHM o6pasoM, HCKoMaH KpHBaH onpeJJ.eJIHTCB napaM~TpH· 
qecKHMH ypaBHeHHBMH 

~ = <I>1 (t'), 'l1 =<I> (fl). 
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B qacTHOCTH, npu f (x) = C = const TaKoil KpHBOH HBJIHeTCH 
UHKJIOH)l.a. 

PaccMoTpHM ew.e 3Maqy, npnBOJI.HUJ.YIO K HHTerpa.11bHbIM 
ypaBHeHHHM. 

flycTb HMeeM ynpyryIO HHTb .l{JIHHbl l, KOTOpaH JierKO, 
6e3 conpoTHBJieHHH, H3MeHHeT CBOIO cpopMy t HO JI.JIH yseJIH ... 
qeHHH Jl.JIHHbI KOTOpOH. Ha lil Hy>KHa CHJia y . Ji[, r)l.e y -
HeKOTOpaH nOCTOHHHaH (3aKOH fyKa). 

CTycTb KOHllbI HHTH 3aKpenJieHbI B ToqKax A u B (puc. 3). 
KorJI.a HHTb HaXOJI.HTCH s noKoe noJI. JI.eiicTsneM TOJibKO 

A A1 &8 • B 

!I 

1cr·~ ~ 
I 

I l 
I 

' ' c 

p Puc. 3. 

ropH30HTaJibHoii pacTHrusaiom.eii CHJibl T 0 , oqeHb ooJibmoii 
no cpaBHeHHIO c JI.pyrHMH paccMaTpnsaeMbIMH CHJiaMH, 
noJIO>KeHHe HUTH oyJI.eT COBna)l.aTb c OTpe3KOM AB OCH Ox . 

.UonyCTHM; qTo B TOqKe c Ot JI.JIH KOTopoii x = ~. npHJIO· 
>KeHa K HHTH sepTHKaJibHaH CHJia p. IloJI. ee BJIHHHHeM HHTb 
npnMeT cpopMy JIOMaHoii ACB. ByJI.eM cqnTaTb CC 0 oqeHb 
MaJihIM no cpasHeHuIO c AC 0 u C 08 (pe3yJibTaT MaJioCTH P 
no cpasHeHHIO c T 0). ByJI.eM TaKJKe cquTaTb, qTo HaTH.>KeHue 
HHTH ocTaJIOCb paBHbIM T 0 u noJI. JI.eiicTBHeM CHJibl P. IlpoeK .. 
THPYH Ha sepTnKaJib CHJibl HaTH.>KeHHH HHTH s TOqKe C u 
CHJIY P, H3 ycnosnH pasHosecuH nonyquM 

-- T0 sin a.+ T0 sin~= P. (25J 

BcJieJI.CTBHe MaJIOCTH senuqnHbI 6 HMeeM 

{j ~ 6 
sina.~T' sinP~ 1_,, 

TaK qTo ycJIOBHe (25) MO.>KHO 3anHCaTb B BH,ll8 

{j {j 
T0T +T0 l-s =P, 
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6 (~) = P ( 1 - s) ~ • · 
To·l 

0003Hat1aS1 t1epe3 y (x) nporuo HHTH B TOqKe C aOCUHCCOft X,' 
noJJyquM 

r.ue ' 

• • 

y (x) = PG (x, ~), 

x.(l-~) 

T0 ·l ' 

G (x, ~) = (l-x)~ 
To·l ' 

(26) 

JleflcrBHTeJibHO, nycrb x < ~. Hs no.uooHblX TpeyroJibHHKOB 
AC 0C H AA 1C1 HaXOJlHM 

y (x) x PG (x. ~) x 
6 (~) = T' HJIH 6 (~) = T. 

CJie.uoBaTeJibHO, 

G ( f!) _ xi> (~) _ x (l - £) • 
x, 1o - P~ Tol 

HeTPY.llHO BHJleTb, tlTO a (x, ~) = G (~, x). 
EcJIH Ha HHTb .ueflcT.ayeT HenpepblBHO pacnpe.ueJieHHaH 

CHJia ·c JIHHeHHOH n~OTHOCTblO p (~), TO Ha yqacro.K HHTH 
Me)l{JlY ToqKaMH ~ H ~ + 6~ .ueflcrByeT CHJia, npHOJIH3H· 
TeJib~O paBHaff p (~) 6~, KOTOpaH Bbl3blBaeT CMemeHHe 
G (x, ~) p (~) 6 ~- 'TaK KaK 'CMeW.eHilff, ooycJIOBJieHHble . 9Jie· . 
MeHTapHblMH CHJiaMH p (~) 6~, cyMMHPYIDTCSI (npHHUHil cy­
nepno3HUHH), TO no.u .ueflCTBHeM BCex HarpysoK,OTK.JIOHeHHe 
y (X) oy.ueT npHOJIHIKeHHO paBHO 

~ G (x, ~) p (~) 6~, 
f~) 

I 

y ( x) = J a (x, ~) p (~) d~. (27) 
.o 

<l>yHKUHff a (x, ~) HOCHT Ha3BaHHe t/JYHKf1UU 8/lUflHU!i. 
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. PaccMoTpHM c.ne.ny10mue 3a.naqu. 
·. 1°. By.neM ncKaTb nJIOTHOCTb pacnpe.neJieHHH CHJibl p (~), 

llOJl BJIHHHHeM KOTOpofi HHTb npuMeT 3a.naHHYIO ¢opMy y = 
·~· y (x). Tor.na MbI npu~eM K HHTerpanbHOMY ypaeHeHHIO 
~pe,ztrOJibMa 1-ro po.na 

l 

y (x) = J G (x, ~) p (~) ~ (28) 
0 

:(n'HOCHTeJibHO HCKOMOH <f>YHKUHH p (~). 
:./'~. 2°. )lonyCTHM, 'ITO Ha HHTb .neHCTByeT MeHHiomaHCH co 
J!PeMeHeM t CHJia c IlJIOTHOCTblO B ToqKe ~: 

;;:~?' · p (~)sin rot (ro > 0). 

floJJ. ee BJIHHHHeM HHTb npn.zt.eT e .nen>KeHue. By.neM npe.nno .. · 
.naraTb, qTo npu .llBH>KeHHH HUTH a6cuucca Ka)KJlOH ee TOtIKH 
:Re··· MeHJleTCH H 'ITO HHTb COBepmaeT nepHO.llHqeCKHe KO~e6a· 
.flH.R, OilHCblBaeMble ypaeHeHHeM 

:. y = y ( x) sin rot. 

JlYCTb p (~) - JIHHeHHaH IlJIOTHOCTb MaCCbl HUTH B TOqKe g. 
Tor)la e. MoMeHT t Ha yqacroK HHTH Me>K.ny ToqKaMu ~ u 
~. + 6~, KpoMe CHJibl p (~)sin rot· 6~, .neiicreyeT eme cuJia 
nepuuu 

.:;. ·' / 

~9TOMY paeeHCTBO (27) npHMeT CJie.ny10muii BHJl: 
;" ; 

. ' l 

~· ·:Y (x) sin rot = J G (x, ~) [p(~) s.in rot + ro2p (~) y (~)sin cot] d~. 
·_ . 0 . 

. ~·paw.as Ha sin rot u no11araH 

l 

J G(x, 6}p(~)~=f(x), 

a (x, ~) p (~) = K. (x, ~), ro2 = ~, 

I 

y (x) = i.. J K (x, !;) y m ~ + f (x). (29) 

/ 
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CqeTaH Q:>yHKUHIO p (~), a cJJeJJ.oBaTeJibHO e f (x), 3aJJ.aHHOH, 
npHXOAHM K HHTerpaJibHOMY ypaBHeHHfO 4>peJJ.rOJibMa 2-ro 
pan.a JI.Jiff onpe,zteJieHHH cpyHKUHH y (x). 

B 38KJIIOqeHee npeeeJJ.eM TaK H83hl_BaeMoe ypaeneHue ne­
peHoca, HrpaIOIUee OOJibWYIO pOJib . B COBpeMeHHOH QJH3HKe 
(HanpeMep, B ~ npoueccax 3aMeJJ.JieHHH HeiiTpoHoe) e npeJJ.· 
CTaBJIHIOIUee co6oii npHMep UHmeepo .. aul/JtjJepeHt;UaAbHOZO 
'ypaBHeHUJl. . 

ByJJ.eM npeJJ.nonararb, · tffo HeHTpOHbI He HCDblThlBalOT He· 
ynpyrex CTOJIKHO~eHHli H tITO 9HeprHH HeliTpOHa Jl.OCTaToqHo 
M8JI8. 0yCTb 0 6yJJ.eT e)lHHHqHblM BeKTOpOM, onpeJJ.eJIHIOIUijM 
HanpaeneHee nOToKa HeHTpOHOB c 9HeprHen E. 

BeeJJ.eM 6e3pa3MepHyIO eeJieqeHy u, onpeJJ.eJIHeMyIO COOT· 
HOllJeHHeM 

I Eo 
U= "E' (30) 

rJJ.e E 0 - HaqaJibHaH 9HeprHH. Ooo3HaqeM qepe3 
N (r' n' u, t) dr dO du qHCJJO HeliTpOHOB, KOOpJJ.HH8TbJ 
KOTOpblX Jie>KaT Me}f{JJ.Y r H r + dr' HanpaBJieHHH CKOpo­
CTeH - M~>KJJ.Y 0 H 0 + d.O, a eeneqeHa 9Hepree 3aKJIKr 
qeHa B npeJJ.eJiaX, COOTBeTCTBYIOW.HX 3HaqeHHHM napaMeTpa u 
OT u .no u + du. Bee 9TH Jl8HHble OTHOCHTCH K MOMeHTY Bpe­
MeHH t. Mo>KHO noKa3aTb, qTo H3MeHeHHe co epeMeHeM <}:>yHK· 
UHH pacnpen,eJJeHHH HeHTpOHOB npH JlBH>KeHHH DOTOKa Hen-' 
TpOHOB B HanpaBJieHHH il paBHO 

iJN di+ (co, grad N) (co- CKOpOCTb DOTOKa). (31) 

06o3HaqHM qepe3 l5 (u) cpeJJ.HIOIO JJ.JIHHY ceo6oJJ.Horo npcr 
6era HeHTpoHa ope pacc~BHHH, a qepe3 l (u) - nOJIHYIO . 
cpellHIOIO JlJIHHY CBOOoJJ.Horo npo6era. 

lf HCJIO HeHTpOHOB, yJJ.aJieHHblX H3 DOTOKa 6Jiaro~apH npcr. 
ueccaM pa~ceHHHH e saxeaTa, paBHO 

vN 
l (U) • 

(32) 

OrHeceHHoe K eJJ.HHHUe epeMeHH qecJIO CTOJIKHOBeHHli, 
KoTOpble HC.Db1TblB8IOT HeHTpOHbl CO CKOpOCTHMH, OnpeJJ.eJIHe­
MbIMH napaMeTpaMH fl'' u' B MOMeHT BpeMeHH t B TOqKe r' 
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p8BHO 
v'N(r, O'. u', /) 

ls (u') • 

06osHaqHM qepes f (µ 0 , u-u') aepoHT~OCTb Toro, IITO eeii· 
TpOH, HMeBUlHH ..u.o CTOJIKHO~eHHH CKOpOCTb, xapaKTepHsyc· 
MYJO seaqeHHHMH napaMeTpOB. { O', u' \, nOCJie cTOJIKHOBeHHH 
6y..u.eT HMeTb CKOpOCTb, xapaKTepHsyeMylO, seaqeHHHMH napa· 
MeTpOB {O, u}. 3..u.ecb 1-!-o = (0, O') - KOCHHyc yrJia pac­
ceHHHH eeiiTpoea. By..u.eM cqHTaTh, qTo <f>YHKUHH f (µ 0, u-u') 
HOpMHpOBaHa K e)lHHHUe, T. e. qTo 

J dO J f {µ0, u-u')du' = 1, 

2,-i 

J da J f(cosa, u)du = 1 
0 

(~0 =cos a). 

(33) 

qHCJIO ueATpOHOB, KOTOplie npHCQe..U.HHHIOTCH K paccMaTpH-... 
aaeMoMy noToKy HeHtpoHOB B pesyJihTaTe pacceHHHH, onpe· 
,lleJIHeTCH BlipaJKeHHeM 

u . 

J d , J tJ'N (r, O', u'. l)f ( . _ ')dn' 
u ls (u') µo, u u ~~ ' 

0 

(34) 

r..u.e BO BHyrpeHHeM HHTerpa~e HHTerpHpOBaHHe 
aceaosMOJKHhlM eanpaBJieHHHM O'. 

Be..U.eTCH no 

HaKOHeU, oooseaqHM qepes 

S (r, u, t) (35) 
~-

OTHeceHHoe K e..U.HHHUe BpeMeHH H e)lHHHUe o6'beMa qHCJIO 
HeiiTpOHOB, nopo>KJJ.eHHhlX B TOqKe r B MOMeHT BpeMeHH t. 

IlpHHHM8H BO BHHM8HHe ypaBHeHHe HenpepliBHOCTH H .HC• 
Il0Jlb3YH Bblpa>K.eHHH (31)-(35), 38KJIIOqaeM, llTO <f>yHKUHH 
N (r, 0, u, t) y..u.oa.neraopHeT cJieAyJOW.eMy ypaeHeHUIO nepe· 
noca: 

C: + (tt', grad Ni= 
u 

= J d , J tJ' N (r. fl'. u', t) f ( _ ') dO' + u . l,(u') µo, u u 
0 - -

· vN + S (r, u, t)- / (u) • (36) 
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Bao,nst eMeCTo cpyHKUHH N cpyHKUHIO 

~' (r, 0, u, t) = 1 ~u) N (r, Q, u, t) (37) 

H yqe.ThIBaSI, qTo 'V .= vi!, MO}KHO 330HC3Tb ypaBHeHHe (36) 
B 9KBHBaJieHTHOH <f>opMe: 

l(u) ( + :; + (0, grad 'IJ)) + 'IJ = 
u 

· J du' J h (u') 1jl (r, O', u', t)f (µ0, u- u') dQ' +s (r, u, t), 

. (38) 

r.ne / 
I (u) 

h (~) = ls (u) • 

c'.l>yHKUHSI 'I' BXO){HT B ypaeHeHHe (38) KBK no){ 3H3KOM npo-.. . 
H380,llHOH, TBK H no.n 3H3KOM HHTerpaJia; ypaeHeHHSI TaKoro 
BH,lla H33bIB3IOTCSI UHmeapo-auqxpepeHUiUllAbHbl.MU. 

OcHOBHaH 3a,naqa Teopee nepeHoca 3aKJIIOqaeTcSI e ·pewe­
HHH HHTerpo-.ne«txpepeHUH'BJibHOrO ypaeHeHHSI (38), qTo B 00• 
rn.eM cJiyqae conpsi*eHo c orpoMHblMH Tpy,nHOCTSIMH. Ilo,npoQ.. 
Hee o6 ypaeHeHHH nepeHoca CM. [36 ]. 

flpeee,neHHbie npHMepbl CBH,lleTeJibCTBYJOT 0 TOM, qTO HR· 
TerpaJibHhle ypaeHeHHSI BCTpeqaIOTCSI BO MHOfHX 38,I1.aqax, KBK 
qecTo MaTeMaTeqecKHX, TaK H. npHKJia)l.HblX. flpH .9TOM He- . 
KOTOpble H3 noCJJe,nHHX, e qacrHOCTH 3a,naqe Teopee nepeHoca, 
no cymecrey Tpeoym npeeJieqeHHSI annapaTa HHTerpaJibHhlx 
ypaeHeHHH. 

0,nHH H3 C03,ll3TeJieH KBBHTOBOH MeXaHHKH, B. reii3eH-
6epr, B ceoeii KHHre «<l>H3HKa H $HJI6co¢HSI» *) BblCK333JI 
npei.i.noJIO)KeHe.e, qTo OCHOBHOe ypaeHeHHe MaTepHH, paccMaT-

. ., 
peeaeMoe KaK MaTeMaTeqecKoe npe.ncraeneHe.e Bceu MaTepee, 
,llOJI)K~O HMeTb BH,ll CJIO}KHOH CHCTeMbl HHTerpaJibHblX ypae· .. 
HeHHH. 

•) r e li a e a 6 e p r B., <Pt1a11Ka H <tiHnoccxjmH, HJl., 1963. 
I 



fJlABA I 

TEOPHI .Z,PEJJ.fOJlbMA 

§ 3. 4>0PMY Jllil 4>pe.llrOJlbM8 

OoJIHoe HCCJie.n.osaeHe sonpoca o pasperuHMOCTH . ypas­
HeHH H 

h 

(1) 

c . eenpephlBHhlM HJI.POM K ( t, s) H csooo.n.ehlM qJieHoM f ( t) 
npH 8Ce803MO:>ICHblX seaqeHHHX napaMeTpa A. ObIJIO npose.n.eeo 
<I>pe.n.roJihMOM B 1904 r. 

cp ( t) = A. J K (t, s) cp ( s) ds + f ( t) 
a 

H.n.eH <l>pe.n.roJibMa, saMeqaTeJI.bHaH no csoeii npocrOTe 
H IlJIO~TBOpHOCTH, 38KJIJOqaJI8Cb B CJie.n.yiow.eM. 3a.n.aqa peme­
HHH HHTerpaJibHOro ypaBHeHHH (1) paccMaTpHB8Jl8Cb K8K aea­
JIHTRqecKHH aeaJior aJire6paHqecKOH npo6JieMhl pemeHHH 
CHcreMbI n JIHHeflHbJX aJire6paHqecKHX ypaBHeHHH c n He­
H3BeCTHblMH. 11.MeHHO, HHTerpaJJ B ypasHeHHH ( 1) 38MeHHeTCH 
HHTerf 8JlbHO' fl cyMMOH, OTBeqa10meA p' 830HeHHIO OTpesKa 
la, 'b H3MeHeHHH nepeMeHHOH s Ha n paBHbIX qaCT~H )J.Jl}{Hbl 

~ _ b.;_a 
u- • 

ll 

Toqeoe ypaseeeHe (I) saMeHHeT_cH npHOJIHJKeHHhIM 
. n 

cp (t) =A. ~ f( (tt si) cp (s;) o + f (t), 
. /=1 ' ' . ' 

(2) 

r..ne B Kaqecrse S; MOJKHO B3HTb, HanpHMep, 80cUHCCbl cepeJI.HH 
liHTepB8JIOB pa36HeHHH (pHC. 4). 

noJiaraH B. cpOpMyJie (2)' i = S1, S2, ••• , Sm IlOJiyqaeM 
JIHHeiiey10 aJrre6paHtretky10· c11creMy· areocliTeJibHO n eeHs­
secTHbIX cp (si): 

n 

cp (st) =A. ~ K (sh s;) q> (s;) o = f (s1) (i = 1, 2, ... ,n). (3) 
i=l 
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fiyJleM cqHTBTb, uo cp (s) H f (s) coxpaHSIIOT B i·M HHTepBaJie 
DOCTOSIHHble 3HaqeHHSI, paBHbie COOTBeTCTBeHHO cp (si) H f (st), 
a HJlpO K (t, s) coxpaesieT B K8}1{JlOM qacrHqHoM KBaJlpaTe 
c HHJleKcaMH i H j nocrosieeoe 3HaqeHHe, paseoe K (st, s;). 

OnpeJleJIHTeJib cHcreMbI (3) 

l - 'AK (s1, s1) 6 - 'AK (Si. ~}6 
-· 'AK (s2, s1) 6 l - 'AK (s2, s2) 6 

• # • • • • # • • • • • • # 

• • • 
• • • . .. .. 

- 'AK (sv Sn) 6 

;.- 'AK (ss. Sn) 6 

• • • • • • • 

(4) 
ecTb MHoroqJieH OTHOCHTeJibHO A. 

EcJIH A OT JIHqeo OT J<OPHSI MHoroqJieHa Dn (A), TO CH .. 
CTeMa (3) HMeeT e)lHHCTBeHHOe perneHHe np H JllOOblX npaBblX 

t'' 

h ----

~4 
Q ----

I 
I 
I 
I -

0 Q s,. S3 S,r S9 

l'HC. 4. 

I 
I 
l -

S5 S5 II s 

qaCTSIX, H 3TO pemeHHe MO}KeT 
OhITb HBHJleHo no H3BeCTHblM 
cpopMyJTaM KpaMepa. 'PemaH 
ee, Mbl H8H)leM ece cp (SJ H, 

I} II 

PHc. 5. 

T8KHM oopa30M, IIOJiyquM IIpHOJIH}KeHHoe Bblpa>KeHHe HCKO .. · 
MOH 4>YHKUHH cp ( t) . B 'au.n.e Kyco11eo·nocrosieeoii 4>YHKl.J.HH 
(p12 (t) (pHc. 5). MeTOJl 3aMeHbI HHTerpaJibHoro ypaeeeeusi 
CHCTeMOH JIHHeHHbIX aJireopau11eCKHX ypaB_HeHBH .n.o CHX nop 
mupOKO HCIIOJib3YeTCSI B npaKTHKe HH~eHepHbIX paClleTOB. 

qeM OOJibWe n, TeM Toqeee <f>YHKUHSI cp11 (t) annpoKCH~IH~ 
pyeT HCKOMy10· <J>YHKUHIO. 

B np.e.n.eJie npu n __. oo Jilieeiieasi cucTeMa (3) nep~xo.n.ur. 
B liHTerpaJibeoe ypaneeeue (I), a <l'n (t) nepexo.n.BT B HCKO .. 
Moe peweeue cp (t) HHTer~aJihHOro ypaBHeeusi (I). 
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5JCHO, qTO 3TH COOOp3»<~HHH HOCHT H8BO,nHIII,HH. xapaKTep 
H ey)KJl.8IOTCH B 00oCHOB8HHH. ' . 

Mo»<HO nocrynHTh ueCKOJibKO ueaqe. PemilB cucreMy (3) 
H no,nCT8BHB IlOJiyqeeHhie 3eaqe1I'HH cp (s1) B QJoPMYJIY (2), 
noJiyttHM npu6JIH»<eeuoe anaJIHTHqecKoe npe,ncTaaJieeue pe­
weHHH ypaBHeHHH (1): 

cp (t) ~ f (t) +A Q (t, S1, sljn ~(l)'. Sn; A.). • (5) 

Mo»<HO noKa3aTh, qTo ecJIH K (t, s) u f (t) HenpepblBHhI, TO 
qucJIHTeJJb u 3HaMeeaTeJih aToporo CJiaraeMoro a (5) npu 

0 = b - a __,.. 0 CTpeMHTCH COOTBeTCTBeHHO K npe.neJiaM 
n . 

b 

A.JD (t, ·s; A.) f (s)'ds u D (A.), 
a 

r.n.e D (A.) u D (t, s; A.) - eeKOTOpbie ueJible q>ynKUHH *) OT A.. 
flonaraH . 

R (t . 'l) _ D (t, s; A.) ( n-. ) 
, S, ,..., - D (A) pe30JlhBeHT8 -.,vpe.nr9JihM8 ' 

noJiyqHM H3HIII,HYIO clx>PMYJIY 
b 

cp(t)= f (t) +A. J R(t, s; A.)f (s)ds, (6) 
a 

onpe,neJIHIOl.UYIO pemeuue. yp·aaeeHHH (1) ,nJIH acex geaqe­
uuii A., npu KOTOpbix D (A.) + 0. . 

<t>pe.l{rOJihM. nocrpoHJI q>yeKUHH D ('1.) u D (t, s; A) a au.ne 
pH.nos no creneeflM A., noJiyqeeeblx qucTo <f>opMaJihHbIM npe· 
,ueJihHhIM nepexo.noM, H noKa3aJI, qTo npH D (A.) + 0 cpop­
MyJia (6) onpe,neJIHeT -e.nuecTaeuuoe pemeuue ypaaueenH (1) .. 

,UoK838TeJlbCTBO Toro, qTO pemeuue CHCTeMbI (3). npH 
n -to 00 CTpeMHTCH K pemeHijlO ypaBHeHHH (1), 6b1JIO npoae­
.n.euo n03)l.Hee fHJIWepToM ( (51)) ,nJIH cJiyqafl uenpepblB• 
uoro H.npa. 

HaiiJJ,eM J3bipa»<eeue ,nJIJJ D (A.), ucnoJIJ>3YH «npaa.n.ono.n.06· 
Hhle paccy>K,ll.eHHH». 

*) <liyHKUBJf. g (z) KOM.nJteKCHOro apryMeHTa z H83blBaeTca qeAOll, 
eCJIH OHa aHaJJHTH1JH3 BO Bceii IlJJOCKOCTB . c KOMilJJexcuoro nepeMeHHoro, 

T. e. He JHleeT KOHe'Ulbl.X oco6Ll.1 ro11ex (nOJJHHOM, 8z ff T. ,n.). 
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- AK (s1, 82) 6 - 'AK (sv Sa) 6 

Bo3hMeM n = 3. Tor.n.a 

l - 'AK (s1, Si) 6 

D3 (A.) = -'AK (s1• 81) 6 

- 'AK (s8 , s1) 6 

1 - iJ( (s,, &2) 6 · - iJ( (s2, s3) 6 • 

- 'AK (s3 , ~) 6 l - iJ( (sa. Ss) 6 

nonaraH .ZJ.JJH COKpaw.eeHH sanHCH K (si, s1) = Kif (i. i = 
= l, 2, 3), oy.n.eM HMeTh . 

Ku+ t Ku K1s 
D3 (A.)= (-M)3 K21 K22 + t K'l.a , (7) 

K:n Kas K:m + t 

t ::=: - 1/)J). 

OOJJOJKHM 

Ku+ t Ku K11 
F (t) = K21 K22 + t K2a (8) 

K31 Ks2 Ku + t 
5Icuo, qTo F (t) ecrh MHOroqJieu TpeTbeH creneHH OTHOCH· 
TeJihHO t. npe)l.CT8BHM p (t) no <t>opMyJJe Teiinopa no cre­
neHHM t; 

F (t) - F (0) + F'·(O) t + F' (O) t2 + F"' (O) t3 (9) 
- l l 21 3 t . • 

l13 (8) CJJe.n.yeT, qTO 

Ku K12 Kia 
F(O)= Ku K21 Kaa . (10) 

Kai K32 Ks,, 

CTo.npaBHJJY .ZJ.Hcl><PepeHUHpOB8HHH onpe.n.eJJHTeJJH 

l Kn . Kis K11 + t 0 Kl3 
F' It)«== 0 K2a + t K2a + K2i l K23 + 

0 Kat Ka3 + t K31 0 K33 + t 
K11 +.t K12 0 

+ K21 K22 + t 0 
' 

( 11) 
Ks1 Kn l 
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T8K qTQ 

F' (O) = K11 K,,a + Ku Ku'+ I Ku Ku j:. (l 2) 
Kat K31J K11 Kas Ku K,,2 . 

TaKHM oopasoM, BeJIHqHHa F' (0) paBHa cyMMe onpe}leJIH• 
TeJieH, noJiyqaIQID,HXCSI H3 onpe}leJIHTeJISI ( l 0) BbiqepKHB8HHeM 
i-ro croJioua H i-ii crpoKH. HeTp YJlHO BHJleTh, qTO 

8 8 . 

F' (O) , _!_ ~ ~ Ka1ci.i Ka,<Xt • (1 3) 
2 ! ~ ~ Kr:1.ta, Ka,.~ 

. a.1=1 a.!=l 

B caMOM }leJie, npH ct 1 = ct 2 onpe}leJIHTeJIH B npaaon qacrH 
(13) paBHbl HyJI10, a onpe}leJIHTeJIH, noJiyqa10ruuecsi OJlHH ·Hs 
.upyroro nepecTaHOBKOH H~}leKCOB a; 1 ·" ct 2t paBHbl Me>KJI.y 
coooii. 0rCIO}la CJie}lyeT cnpaBe}lJIHBOCTb Q>opMyJihI ( 13). 

· AHaJiorHqHo, aeJIHqHHa F (0) MOLKeT OhITb npeJlCTaBJieHa 
B BH}le 

s s s KrLi.a.i Kct.ia.a Ka1cts 

F (0) = * L L L Kr:1.t01 KrLtrLi. Kr:1.taa • (14) 
a.1==1 a.2:::ial a., ..... 1 Kaact.i Ka.p..; Ka.a.a 

llHqxJ>epeHUHpysi ( 11) no f H IlOJiaraSI 38TeM t == 0, .HaXOJlHM 

F" (0) == Kss- + Ks2 + Kss· + K11 + K"" + K11' 
T. e. F" (0) paa:Ho cyMMe «onpe}leJIHTeJieii» nepsoro nopSIJlKa, 
noJiyqa10ID,HXCSI H3 (10) BbiqepKHB8HHeM JlBYX CTPOK HOMe­
poB i H i H JlBYX CTOJIOUOB c TeMH )Ke HOMepaMH; 

8 

F"(0)=2 ~ Kr:1r:ti• 
a.1=1 

(15) 

HaKoHeu, F"' (t) = 6. 
TaKHM oopasoM,. 

s s s . Ka,a. Ka..a.2 Ka1r:t.i 
F (t) = * L L L Ka,,fLi_ Ka2a2 . l(a~a.a + 

. a.1=1 a.11=1 a.,=l Ka.p., Ka3a.a K~ 

(16) 

.. 
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' 
CosepmeHHO aHaJiorutIHO noJiyqaeM JJ.JIH JIIOOoro n: 

/ 

3aMeTuM, tITO cyMMa 

n n 

~ Ka1aifJ = ~ K (s;, s;)6 
Clo1=l j=l 

b 

a npeJJ.eJie npu fJ -+ 0 nepexoJJ.HT B HHTerpaJI J k. (s, s)d~ 

TaK Ha3blaaeMhIH ell.ea Rapa K (t,.s)~ 
TotIHO TaK JKe npH fJ -+ 0 cyMM"a 

n n Ka1a1 Ka1a2 • • • 

L ... L . Ka2a1 KCXt.~ ..• 
• . • • . . 

Ka1«m 
Ka,.am 
• . • 

Clo1=l a.m=l Kama1 KCXma1 ••• K~ 

nepeXOJJ.HT B HHTerpaJI 

b b I( (a1• a1) K (a1 • cr.z) ••• K (a1, am) 

a 

am 

Cm= J ... J ~ (~tt.«!) K. <:·.a~) :: · ~ (~1: ~m~ da1 ... dam 
a a K (am. a1) K (rx,,,,, ~) ••• K (am, <Jm) . 

(17) 
.. 
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(-l)m C J,,,m 
ml m ' 

(18) 

~ 

r.ne Cm onpe.neJIHIOTCH no c}>opMyJiaM ( 17), npHtieM C 0 = 1. 
DoKa)KeM, .tiro pHJJ. (18)' cxo.nHTCH ec10.ny, T. e. D (1) HB­

JIHeTcH ueJioli <f>YHKUHeii 1. BocnoJih3yeMcH eepaeeecTBOM 
A,naMapa: ecJIH i\. - onpe.neJIHTeJib n-ro nopHJJ.Ka, 

~11 au ... ain. 

i\= a21 a22 . . . a2n. . • • • • • . . . . . . 
am an2 . . . ann 

TO 
(19) 

') . .. 
r.ne err ecTb cyMMa KBa,npaTOB 9JieMeHTOB. t-H CTpOKH onpe.ne-
JIHTeJIH 

2 2 2 2 
eri = an + ai2 + · · · + llin (i=l,2, ... , n). 

B cJiytiae n = 3 9TO eepaeeecTBO HMeeT npocTOH reoMeTpif· 
tiecKHii CMhlCJI. B caMOM .neJie, CllHTaH ai 1, ai 2 , al3 Koop.nH· 
eaTaMH BeKTopa a1 (i = I, 2, 3), eaxo.nHM, tITO A eCTb cMe· 
maeeoe npoH3se.neeHe :BeKTopos a 1 , a 2 , a 3 , KOTopoe no aoco .. 
JIIOTHOH seJIHtIHHe paseo ooneMy napaJIJieJienHne.na, no­
crpoeeeoro ea seKTopax a 1, a 2, a 3. BeJIHllHHhl er 1, er 2, er3 
onpe,neJIHIOT )l.JIHHbl 9THX BeKTOpOB, )l.JIHHbl pe6ep napaJIJieJie­
nHne.n~. Hepaeeecreo (19) A.naMapa. Bh1pa*aeT s 9TOM cJiy­
IIae otieBHJJ.HhlH reoMeTpHtieCKHH <f>aKT: ooneM napaJIJieJienH­
ne,na ee MO)KeT OhlTb OOJihrue npoH3se.neeHH JJ.JIHH ero pe6ep. 
HepaBeHCTBO oopam,aeTCH B paBeHCTBO TOJlhKO B TOM CJIY­
IIae, Kor.na napaJIJieJienHne.n npHMoyroJihHhlH, T. e. Kor.na 
BeKTOphl a 1 , a 2 , a 3 nonapeo oproroeaJihHhl. 

,lloKa3aTeJihCTBO uepaeeecTsa A.naMapa MO)KHO ealiTH, 
HanpHMep, B [ 15]. 

IlycTb J K (t, s) I ~ M JlJIH ecex t, s, a~ t, s ~ b. Tor.na 
A.1H Cm noJiytiaeM CJie,ny10m,y10 oueeKy': 

b b . 

I Cm I~ J ... f Mmmm/2 da1.• •. dam= Mm~m/2 (b - a)m. 
a a 

2 M. JI. Kpacaoa 
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Cne,llOBaTeJihHO, p H,ll ( 18) ,llonycKaeT ¥8.IKOpaHTY 
00 

m/2 
1 + ~ mml [M (b-a)]m}.,m. 

m=l 

(20) 

pa.nu ye CXO,llHMOCTH p H,lla (20) 

R = lim Mm(b-a)mmm/2(m+ 1)1 = 
m-+m ml Mm+ 1 (b - a}m+l (m + l )m+l/2 

l 1. m + l 
== M b . tm ( l 12 

( - a) m-+CX> v m ·-t- l l + m) m 
=oo. 

3uaqHT, pH,ll (18) T8KJKe CXO,llHTCH npH acex suaqeHHHX ~. 
H onpe,lleJIHeT ueJiy10 <l>YHKUHIO D (A.), uasbiaaeMy10 onpeae .. 
11.ume11eM <PpeazoAbMa. 

AuaJioruquo MO/KHO ycraHOBHTb, qTo cpyHKUHH D(t, s; A.) 
onpe,lleJIHeTCH p H,llOM <l>pe,llrOJibM8 

r,lle 

b b /( (t, s) K (t. ~) .... K (t, am) 

Bm(t, s) = J ... J ~(~1: s! ~(~1·.:) • : . ~(~1·.~) 
a a K (am. s) K (am. ai) ••. K (am. am) 

npuqeM B 0 (t, s) = K (t, s). DTMeTHM, 11TO 
h 

Cn = J Bn-t (t, I) dt, n > 0 
a 

(21) 

(22) 

PH.ll (21) cxo,llHTCH npH acex saaqeuHHX A. H, c.ne.n.oaa-1 
TeJihHO, D (t, s; A.) ecTh ueJiaH auaJIHTHqecKaH <l>YHKUHH OT A, •. 
Ee uashraaIOT MUH.opoM onpe8e11ume11.R <t>peaeo11.bMa. 

· TaKHM o6pa3oM, peao.RbBeHma <PplWeo/l.bMll 

n(t . A.)- D(t, s; A.) 
"' ' s, - D (A.) 

H.e sasucum om f (t) u npeacmaeARem co6oiJ, ttacmHOe &yxi 
t(l!AblX aH.aA.Umu'U!CKUX </JYHKl.IUU, m. e •. RBllJlelTlCR MepOMOpt/>-. 
H.ou </JyH.Kt{W!U om A,. · ·' " 
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B JUOOOH KOHeqHofl qacTH /..,-nJIOCKOCTH OHa MO)KeT HMeTb 

B Ka qecTBe OC06bIX TOqeK JIHlllb nOJIIOCbl B KOHeqHOM qHCJie. 
no;nocaMH pe30JibBeHTbl MOryT 6hITb TOJihKO HYJIH D (/...). 

BepHo H o6paTHOe npeJJ.JIO)KeHHe: HYJIH D (/...) cyTh no1110cbl 
pe30JlhBeHTbl ( [31)) .. 

<l>OPMYJibl <I>pe)l.rOJihMa (18) H (21) n03BOJIHIOT nocTpOHTb 

pa3perna10111,ee HJJ.PO R (t, s; /..,) HHTerpaJihHOro ypasHeHHH ( 1). 
HeyJJ.o6cTBO nOJih30BaHHH 9THMH cpopMyJiaMH a TOM, qro 

pHJl.bl (18), (21), KaK npaBHJIO, CJIO)KHbl )l.JIH qHcJieHHblX pac­

qeTOB H3-3a KpaTilbIX HHTerpaJIOB, onpe)l.eJIHIOl.l.l;HX K09<1$H· 

utteHTbl pHJJ.OB. 
3HaqeHHH /..., )l.JIH KOTOpblX cy111,ecTByeT pe30JlhBeHTa ypaB­

HeHHH <I>pe)l.fOJlbMa, 6yJJ.eM Ha3hIBaTb peeyARpHblMU, a 3Haqe- • 
HHH /..., )l.JIH KOTOpbIX pe30JlbBeHTa He cymecTByeT, - xapaK­
mepucmu'l.eCKUMU. XapaKTepHCTHqecKHe qHcJia cosnaJJ.alOT 

c noJI10caMH pe30JihBeHTbl HJIH, qTo TO )Ke, c HYJIHMH D (/...). 
<l>yH)l.aMeHTaJibHbIH pesyJihT3T <I>peJJ.fOJibMa Mbl MO)KeM 

Tenepb c<PopMyJIHpOB3Tb T3K: 
EcAu ana'l.enue 'A peeyA11pnoe, mo unmezpaAbHoe yp(JJJHeHue 

b 

cp(t) = /.., J K(t, s) cp(s)ds + f(t) (1) 
a 

c Henpepb113HblM RapoM K (t, s) u np(JJJou 'l.acmb10 f (t) uMeem 
e8UHCmBeftftOe HenpepbUJHOe petueHUe, KOmopoe aaemCJl t/Jop· 
MY/lOU 

b 

cp (t) = f (t) + /.., J R (t, s; /..,) f (s) ds. 
a 

KaK CJie)lCTBHe noJiyqaeM: eCAU /.., peeyARpHoe, mo oano­
poanoe y p(JJJHeHue 

b 

cp(t) = J.. J K (t, s) cp(s) ds 
a 

UMeem mOAbKO mpUBUQAbftOe petueHUe cp ( t) = 0. 
Do3TOMY ecJIH O)lHopo)lHOe ypasHeHHe HMeeT HeTpHBHaJib­

Hhre perneHHH, TO 3TO B03MO)KH0 TOJibKO TOr)la, KOf)la 3Ha­
qeHHe /.., xapaKrepHcrHqecKoe. HerpHBHaJibHbie perneHHH 

0.JlHOpO)lHOro HHTerpaJibHOfO ypaBH~HHH H83blB810TCH co6-
CmBeftftb/,MU HJIH tfJyooaMeHJnaAbHblMU f/JYHKt{URMU RiJpa K ( t, s), 
COOmBemCmBYIOW,UMU aaHHOMy xapaK111epucmutteCKOMy tl.UCAy. 

2* 



36 

fl p B M e p. flocrpOHTb pe30JJbBeHTY $1,llpa 

K (t, s) = et-s, 0 ~ t, s ~ l. 

Pew e H H e. HMeeM C0 == 1, 8 0 = et-s. .llaJiee, 

1 

C1 = J B0 (a1, a 1) da1 = 1, 
0 

1 

c2·= J. 8 1 (a1, ~) da1 = O. 
0 

[fJI. f' 

. \ 

HeTpyAHO BH.n,eTh_, IJTO Bee Bk (t, s) H ck (k ~ 2) paBHbl HYJJIO, Tax 'IT~ 

D (A.)= 1-A, D (t, s; A.)= et-s 

H pe30JibBeHra <l>pe.n.roJihMa st)l.pa K (t, s) = ~t-s 6y.v.er paaaa 

el-s 
R ( t, s; 1) = 1 _ A. • 

Pe30JibBeHTa e'-s /(I - A.) aHaJIHTHqaa so eceii KOMnJieKcHoii A.-nJIO•. 
cKOCTH, aa HCKJIIoqeHHeM roqKH A= 1, HBJuuow.eiicB rrpocThlM nOJIIOcow 
pe30JJbBeHTbl. no.3TOMY .D.JJB Bcex 1 =F I HHTerpaJJbHoe ypaBHeHue· ' 

1 

q> (t) ='A j et-s<p (s) ds + f (I) 
u 

(/ (t) HenpephIBHa Ha (O, 1 ]) HMeeT e.zvrncrBeHHoe pememJe 

1 

<p (t} = f (/) + 1 ~A J e1
-

5f (s) ds. 
0 

n pH 1 = I COOTBfTCTBYIOW.ee O,lJ.HOpO.D.Hoe HHrerpaJibHoe ypaetteHHe 

1 

cp (/) = J et-scp (s) ds 
0 

BMeeT oqeaH)l.Hoe HeHyJiesoe pewettHe «p (t) = e1 -· co6crBeHHYIO cj>ynK· 
UHIO H,llpa /( (t' s) = et-s. Jierxo BH)J.eTb, lJTO <l>YHKUHH ,,, (t) = Ce'' 
f)le c - npOH380JlhH3H IlOCTOJIHHas. TaKme 6yJJ.yT co6cTBeHHblMH <J>YHK~ 
UHSIMH sroro BAJ>a. 
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TaK KaK D (A.) ecTb ueJiaH <f>yHKU.MH OT A, ae pasaaH 
TOJK,ll.eCTBeHHO HY JllO (D (0) = l), TO, KaK 9TO cne.n.yeT U3 
o6ruei1 TeopHH cpyHKUJiH, MHOJKeCTBO HyJieH D (A.) He MO>KeT 
11MeTh npeneJibHYIO TQqKy B orpaHHiieHHOH o6JiaCTH HJIO-

CKOCTH A. , 
CJienosaTeJibHO, B JII06oM Kpyre I 'A j·< R TaKHX ttyJieli 

MO/KeT 6bITb JIHlllb KOHeqHoe qHCJIO. npoaeneM OKPY.iKHOCTH 
B KOMnJieKCHOH 'A-nJIOCKOCTH c ueHTpOM B HaqaJie H pan11y­

ca.\1H I, 2, 3, ... 3TH OKPY*HOCTH pa3o6hIOT nJIOCKOCTb Ha 
cqeTHOe MHO>KecTBO o6J1acTeif. B Kpyre .mo6oro pa.LI.Myca n 
con.ep>KHTCH KOHeqttoe qHcJio ttyJiei1 · D (A.), H, 3H"'3tIHT, 

a Ka.iK,noM KOJibUe n < I 'A I ~ n + 1 HX T01Ke co,nep.IKHTCH 
JIHlllb KOHetIHOe qHCJIO. Ilo3TOMY MHO)KeCTBO Bcex HyJieH D (A.) 
ecrh o6oe,nHHeHHe CtieTHoro MHOMeCTBa KOHetIHblX MHOJKeCTB 

H, cJie,nosaTeJih.Ho, He 6oJiee IJeM cIJeTHo. HyJIH cpytt:KUHH 

D ('A) cyTh xapaKTepttcTHtiecKHe IJHCJia H,npa K (t, s), TaK qTo 

ypaerteHue <Ppea20AbMa (I) c HenpepblBHbtM RapoM. K (t, s) 
u.ueem He 6oAee Ctf.em1-w20 AtH001Cecmea xapaKmepucmu"l.ecKux 
tf.UCeA, KOmoptXe M02ym c2yw,ambCR mOAbKO Ha 6ecKOHe'l.HOCmu. 

§ 4. HHTerpam.Hble ypauaea1u1 c BblpOlK,JteHHWM BJJ.POM. 
TeopeMw 4>pe)lf.OJJbMa 

. . 
PaccMoTpHM ~,nHH qacTHhlH BH.D. HHTerpaJibHhIX ypasHeHHH _ 

<l>penroJibMa 2-ro po,na, Ha npHMepe KoTopbIX oTqeTJIHBO 

BHl(Hbl OCHOBH!)Ie pe3yJibTaTbl cppe.n.roJibMOBOH TeopHH TaKHX 
ypasHeHHH; . 

0 n p -e .n e !I e H 11 e. Jlapo K (t, s) ufllrteepaAb1to20 ypaB· . 
HeHuR Ha3bteaemcfl; Bbtpo:J1CaeHHbLM, ecAu eeo MOJICHO npeiJcma­
eumb e euiJe KOHetf.Hou cy.MMbt npouaeeaeHuu iJeyx </JYHKt{Uit, 
U3 KOmOpbtX oa1-ta 3a8UCUm mOAbKO om t, a iJpyeaR mOAbKO oms: 

n 

K (t, s) = ~ ai (t) bi (s). 
.. i=l 

(I) 

By,neM ctIHTaTb, tITO cpyHKUHH ai (t), TaK Me KaK H cpyHK­
UHH b1 (s), Me>K,ny coooii JIHHeH:ao He3aBHCHMbl (a npoTHBHOM 

CJJyqae MO.)KHO 6blJIO 6bl yMeHblllHTb 1lHCJIO CJiaraeMblX 
B cyMMe (1)). 

IlpeJJ,nOJIOlKHM, IJTO <j>yHKUHH ai (t) H b1 (t) HenpepbIBHbl 
Ha 0Tpe3Ke [a, b 1 H3MeHeHHH RX aptyMeHTOB; TOr,l.1.a 

-
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si.npo K (t, s) 6y.neT HenpepblBHbIM a npsiMoyroJibHHKe 
Q{a.~t,- s~b}. 

PaccMoTpHM HHTerpaJibHoe ypaaHeHue <I>pe.nroJibMa 
2-ro po.na c Bbrpo~eHHblM H)I.pOM K (t, s): 

n ti 

cp (t) ='A L ai (t) J bi (s) cp (s) ds + f (t), (2), 
i=l a 

r.ne f (t) - HenpepbIBHaH Ha OTpesKe [a, b 1 ¢YHKUHH. 
nycrb ypaaHeHue (2) HMeeT perneHue (j) = (j) ( t)_. OoJIOJKHM 

b 

C; = J cp (s} b, (s) ds (i=l, 2, ... , n). (3) 
a 

Tor.na us (2) noJiyquM 
n 

cp (/) = f (t) + 'A ~ ciai (t), 
i=l 

OTKy)I.a BH)I.HO, qTo perneHHe HHTerpaJibHOrO ypaaHeHHH c BbI­
pOiK)I.eHHblM H)I.pOM CBO,llHTCH K onpe.neJieHHIO IlOCTOHHHblX 
Ci (i = l, 2, ... , n). 3aMeHHM B paaeHCTBe (4) HH)I.eKC cyM ... 
MnpoaaHHH i Ha j, yMHOiKHM o6e qacru sToro paaeHCTBa 
Ha bi. (t) u npoHHTerpupyeM no t a npe.neJiax OT a .no b: 
b b 

J (j) ( t) bi (t) dt = J f (t) bi (t) dt + 
a a 

n b 

+'AL c1 J ai (t) bi (t) dt (i = l, 2, .... , n). (5) 
i=l (J 

Bao.nsi o6osHatteHHH 
b 

J a; (t) b; (t) dt = k11, 
a 

b 

J f (t) bl (t) dt = fl 
a 

. (i, j = l, 2, .•. , n), 

noJiyquM CHCTeMy JIHHeUHblX aJire6pauqecKHX ypaBHeHHH, KO• 
TOpoii He06XOJ(HMO )I.OJliKHbI y)I.OBJieTBOpHTb Ko9Qxt>uuueliThl c,: 

' n 

c,-A..~ kljCJ = f1 
i=l 

(i = l, 2, ••. , n). 
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EcJIH 9Ta cHcTeMa HepaspelllRMa, TO, oqeaH.n.Ho, HHTerpaJib .. 
HOe ypa.BHeHHe (2) T3K)Ke HepaspewHMO. . . 

ilycTb Tenepb CHCTeMa (6) HMeeT perneHHe C1, C2, ••• , Cn• 
DoJJ.CT3BHB 9TH 3HaqeHHH K09<jxpHUHeHTOB B QJoPMYJIY (4), 
noJiyqHM <PYHKUHIO cp (t), KOTopaH HBJIHeTCH pellleHHeM HH­
TerpaJibHOrO ypaBHeHHH (2), B qeM HeTpyn.Ho y6en.HTbCH He­
nocpe~CTBeHHOH npoaepKOH. 

TaKHM o6pa30M, HHTerpaJibHOe ypaaHeHHe (2) H CHCTeMa 
JIHHeHHbIX aJire6paHqecKHX ypaBHeHHH (6) 3KBHBaJieHTHbl 
B TOM CMbICJie, qTo paspelllHMOCTb CHCTeMbI (6) BJieqeT sa 
co6ofi paspelllHMOCTb ypaBHeHHH (2) H Hao6opoT. 

Onpe~eJIHTeJib cHcTeMbl (6) D (A.) paaeH 

l -l.k11 -A.k12 • • • -A.kv., 

D(A.)= -A.k21 1-A.k-a • . • -A.~n (7) 
• . . • • • • • • • • • . • • • 

-'A.kn1 -Akn2 • • • l -'A.knn 

D (A.) eCTb MHoroqJieH OTHOCHTeJibHO A CTeneHH He Bbuue n, 
... 

OT JI li qHblll OT TO)K~eCTBeHHoro HYJIH, TaK K3K 

l 0 0 • • • 0 

D(O)= 
0 l 0 • • • 0 

=L (8) 
• • • • • • • • ... 
0 0 0 • • • l 

CJie.noaaTeJibHO, D (A.) HMeeT He 6oJiee n pasJIHqHhIX KOpHefi. 
D (/..) HashraaroT onpeatAumeAeM c:/JpeazoAbMa ~JIH HHTerpaJib· 
Hora ypaaHeHHH (2), a ero HYJIH, T. e. KOPRH ypaatteHHH 
D (A.) = o~ H33blB3lOT xapaKmepucmuq,eCKUMU '1.UCAaMu Rdpa 
K (tf s) HJIH ypaaHeHHH (2) (cM. cTp. 35). 

I 0 • Ec.nH A. He coana~aeT HH c o~HHM H3 HyJieii D (A.), 
T. e. D (A.) + 0, TO CHCTeMa JIHHeHHblX ypaBHeHHH (6) O~HO· J 

3HaqHo paspelllHMa npH Jil06bIX npaBhIX. qacTHX f, (i = 
= I, 2, ... , n ). 

3HaqHT, ecAu A. He JUJAJterftcfl xapaKmepucmu'l.eCKUM 'tuc .. 
llOM, mo unmezpaAbrtoe ypaenenue (2) uMeem eiJuncmeennoe 
peUL£nue cp (t), onpeiJeAJteMoe t/JopMyAou (4), npu A1060M CBO .. 
6oiJHOM 'l.AeHe f ( t). . 

3-ro - n e p a a s T e o p e M a <I> p e ~ r o JI b M a. 
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' 

B CJJyqae D (A.) + 0 coo1'BeTCTeyromee OAHop-OJ.lHOe H~ 
TerpaRbHOe ypaBHeHHe 

n b 

cp (t) =A. ~ ai (t} f b, ('s) rp (s) ds, 
E-1 a 

(9) 

OTaeqaiom;ee "c.nyqaio f (t) = 0 Ha (a, bl, HMeeT TOJlbKO TPH··: 
B~a.llhHOe peweHHe q> ( t) = 0.. B CaMOM ,ne.net ecJIH I ( f) . a 
Ha [at bl" TO ace f, (i = I, 2t .... , n) pasHbI HYJIIO H en~ 
creMa (6) 6y11.er CHCTeMOH 0)1.HOpO)l.HblX JlHHeHHhlX ypaeHeHHH 
c onpe,2I.MHTe.neM, OTJIHqHblM OT HyJia. TaKaH cHcreMa HMeeT 
TOJlbKO HyJieeoe perneHHe C1 = C2 = ... = Cn = 0. CT03TOMY: 
n e p e y 10 T e o p e M y <I> p e )I. r o JI b M a HHOr)l.a ctx>p ... · 
MYJIHPYJOT TaK: 

/(All mooo '1.m06bl ypa1Jfteftue (2) uM.eAo eiJuftCtnBeftftOe pe­
U1£Hue npu A106ot1 </JyHK~uu f (t), H:eo6xoiJuMo u iJocmamo'l.ftO, 
ttmo6bl. co011UJemCmBPJ10UJl!e oiJHopoihtoe ypaBHeftue u.MeAo moAbKO 
mpUBUllllbHoe petueHUe qt (t) = 0. 

n p H M e P· PewHTb HHTerpaJibHoe ypaBHeHHe 
1 

cp (t) = I + l j (t - s)<p5s) <ls. 
0 

Pew e H He. 3anHmeu ypasneeue B BH.ne 
l . 1 

qi (/) = I -t At [ tp (s) ds +A J (-s) qi (s) ds. _ 

3.llecb /J1 (s) = I, b2 (s) = :.._s. flOJJo>ICHM 

Tor» . 

1 

CJ-= J' (s)ds, 

' 

1 

c, =Ji -s)ip (s}ds. _ 

(10) 

~MBOlKH» OOe lla<:Tll {10) !KlCQeJl()B3TeJlbHO Ha 01 {t} ff b, {I) R DpOHHte­
fPHpyeM no t OT 0 JJ.O 1. IlOJiyqHM 

l l 1 1 

J1p(t)dJ = i tit+ Ac1 } tdt+ M, 1 dt, 

1 1 1 . 1 

j (-'t) cp (t)dt = j (- t) dt + lc1 J (- t2) dt+ Ac2 J (- t)dl, 
g o a o 
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HJJH 

C1 ( l - ~ ) - Ac2 = I, 

'A ( A. ) l c1 - + 1 + - c2 = - - • 3 2 2 

Onpe.lleJIHTeJJb STOH CHCTeMbl 

1 . 
1-- -A. 

2 
D(A.) = =I 

A. 1+~ 3 2 

oTJIHtJea OT HYJI.51 npH JII061i1x .n;e.HCTBHTeJibHblX A.. 
no cpopMyJiaM KpaMepa HaXO,ltHM 

1 -A. 

A,2 

+ 12 

1 A. 
-2 I +2 12 

C1 = -· -------D (I.) = 12 + 12 ' 

A. 
1-- 1 

2 

A. l 
3 2 

C2 = -----.,,...--_;.. = ...._ 
D (A) 

B CHJIY (10) HMeeM 

t 1 
12At. 

<p ( ) :::::; + 12 + A,:a • 
6A. + A,2 6 (2 + 2At - A.) 
12 + A,2 - 12 + A,2 

( ecJIH A. =f= ± 2i V3). 
-

Ecnu pernaTb cncTeMy (5) no <f:>oPMY,JiaM KpaMepa, a saTeM 
onpe,lleJIHTeJIH, CTOHIIJ.He B QHCJIHTeJIHX, pasnaraTb no 3Jie­
MeHT8M CTOJloua CBOOOJJ.HhlX qJieHOB, TO nony11aTCff Bblpa>Ke~ 
HH.ft BH,lla 

(f = h 2, ... . , n), 

r,ne Dill (A.) - HeKOTOphle MHOroqJieHbl OT l. creneHH He 
Bhlllle n - 1. 
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no,ll.CT3BJHJH 3TH B&Ipa}{{eHHH lIJIH Ci B <f>opMyJiy (4), 6yl!eM 
HMeTb 

n n b 

q, (t) ~ f (t) + A ~ D ~J.) ~ D1.k (A.) at (t) J f (s) bk (s)ds, 
i=l k=l a 

HJlH 
b 

cp (t) = f (t) +A. JR (t, s; A.)/(s)ds, (11) 
a 

r ae 
l n n . 

R (t, s; A.) = D (J.) ~1 ~ 1 Dik (A.) a1 (t) bk (s). (12) 

<l>yHKUHH R (t1 s; A) ecrb pe30AbBenma (p03petua10utee RiJpo) 
HHTerpaJibHOro ypaBHeHHH (2). IlpH cpHKCHpOBaHHblX t, s OHa 
npe,ncTaBJIHeT co6oii ,npo6Hy10 pauHOH3JibHYlO cpyHKUHlO KOM· 
nJieKcHoii nepeMeHHOH A., u npu n1060M sHaqeHHH A., oTnuq ... 
HOM OT xapaKTepucTnqecKoro, R (t, s; A.) ecTh HenpepbIBHaH 
cpyHKUHH t, S. 

2°. Ilycrh Tenepb A coana,naeT c OJ{HHM us Hyneil onpe ... 
,neJIHTeJIH <l>pe,nroJibMa D (A), T. e. HBJIHeTCH xapaKTepHCTH ... 
qecKHM qucnoM n,npa K (t, s). , 

Tor,na onpe,neJIHTeJib cucTeMhl (6) 6y,neT paaeH Hynro. 
CooTaeTCTB y10w,an o,nHopo,nHaH cucTeMa 

n 

c,- 'A ~ kijcj = 0 (13) 
i=l 

HMeeT npu 9TOM fieKoTopoe qucno p (l ~ p < n) JIHHeiiHo 
He33BHCHMbIX HeHy JieBbIX BeKTOp~pemeHHft: 

{c<o c<O c< l) i 1 , 2 , • • ., n J (l = 1, 2, ••. , p). 

<l>yHKUHH 
n 

q>1 (t) = ~ c~0ai (t) (/ = l, 2,., .,p) (14) 
i=l 

., 6y11,yT HeTpHBH3JibHbIMH perueHHHMH COOTBeTCTBy10w,ero 0,l{HO• 
po,nHoro HHTerpanbHoro ypaaHeHHH 

n b . 

<p (t) =A~ at (t) J b, (s) <p (s) ds. 
i=l a 

(15) 
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KaK H B oorueM cJiyqae ypasHeHIHI c HeBblpO)K,lJ.eHHbIM HllPOMt 
He'fpHBH3JlbHble peweHHH OllHOPOllHOro ypasHeHHH H33bl• 
saIOTCH co6cmeeHHblMU HJIH tjJynaa.Menma.llbHblMU </JYHKt{U.flMU 
9TOrO ypa8HeHHH (HJIH H,lJ.pa .K (t, s)), OTseqa10ruHMH ,ll,3HHOMY 
xapaKTepHCTHqecKOMY qucJiy. lJHCJIO JIHHeHHO He3aBHCHMbIX 
<PYHKUHHt COOTBeTcrsy10ruee ll3HHOMY xapaKTepHCTHqecKOMY 
q11cJiy, HashIBaeTcH ero paHZO.M HJIH Kpamnocmb10. 

HerpylJ.HO BH,lJ.eTb, qTO ecJIH q> l (t) H 'P2 (t) - COOCTBeH­
Hbie <PYHKUHH, OTseqa10ruue 011.HOMY H TOMY )Ke xapaKTepH· 
cruqecKOMY quc.ny A, TO HX cyMMa 'P1 (t) + 'P2 (t) 6ylleT T3K• 
)Ke COOCTBeHHOH <PYHKUHeHt OTseqa10rueil 9TOMY )Ke qu­
c.ny A.. ToqHo TaK *e, ecJIH q> (t) - coocrseHHaH <PYHKUHH, 
TO CX.q> (t), r,lJ.e a - Jll003H IlOCTOHHHaH, 6ylJ.eT COOCTBeHHOH 
<PYHKuneil Hllpa K (t, s). 

TaKHM oopasoM, COOCTBeHHble <PYHKUHH 'Pr (t), OTseqa10· 
IUHe ll3HHOMY xapaKTepHCTHqecKOMy qHCJiy A, 06pasy10t AU· 

ner1noe npocmpancmeo, pasMepHOCTh KOToporo pasHa p. 
06m,HM peweHHeM O,lJ.HOpOllHOrO ypasHeHHH (15), OTBe-

qalOIUHM ll3HHOMY xapaKTepucruqecKOMY qncJiy' 6ylleT 
<i>YHKUHH 

p 

q> (t) = ~ cx.,q>, (t), (16) 
l=l 

r,lJ.e ex., - npOH3BOJibHble IlOCTOHHHble. 
HanoMHHM HeKOTOpb1e cse,lJ.eHHH us JIHHeilHoil aJireopbI 

(CM. (30 ]). , 
IlycTb HMeeM ,KBa,lJ.paTHYIO MaTpnuy nopH,lJ.Ka n 

.a1 ( )j=l, 2" .. ·• n 
~ = CX.ij i=l, 2, ..• , n (17) 

(ex.if - ,lJ.eHCTBHTeJlbHble quc.rra). 
MaTpnua ~ *, noJiyqa10m,aHcH H3 SJ.I, 3aMeHofI scex ee 

crpoK COOTBeTCTBYIOIUHMH CTOJIOU3MH H Hao6opOT, H33bl· 
saercH conpR:HCennou K MaTpnue ~. TaK qTo ecJIH ~ = 
= (cx.u), TO ~ * = (cx.u)· 

Ee.nu ,lJ.aHa cucreMa JIHHeHHbIX aJireopauqecKHX ypasHeHHH 

~X = F, (18) 
rlle 

' ' 
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TO CHCTeM3 

~*Y=G (l,9) 

H33blB3eTCH conpR31CeHHOU c CHCTeMOH (18) . 
MunopoM k-ro nopHJJ.Ka MaTpHUhl m, Ha3hIBaeTcH onpe.n.e­

JIHTeJih k-ro nopH,nKa, COCTaBJieHHblH 113 9JieMeHTOB al/ MaT­
PHUbl -21, pacnoJio)KeHHhIX Ha nepeceqeHnM KaKHX~JIH6o ee 
k ·CTpOK H k CTOJI6UOB (k ~ n). . 

- EcJIH y MaTpHUhl ~ ace MHHopb1 nopffJlKa k > r paBHhl 
HYJIIO, a cpe.nH ee MHHOpOB nopH,llKa r HMeeTCH XOTb O)lHH, 
OTJIHqHblH OT HYJIH, TO qffCJIO r H33hIRaercH ,paHZOM MaT-
p HUbl fil.. . 

T e o p e M a 1.1. EcJtu onpeaeJtumeJtb cucmeMbl. paeen 
nyJtto, mo oonopoonaR cucmeMa fil,X == 0 u conpR:11CenHaR 
~ * Y = 0 uMe10m Ka:HCOOR p = n - r JtUfletlno nesatJUCUMbLX 
petlf.,eflUU, eae r - paHZ Mampuqbl. ~. • 

Bne,neM C..rte.llyIDIU.He UOHHTH'1. IlyCTh HMeeM HHTerpaJibHoe 
ypaBHeHHe <Ppe.nroJihMa 

b 

_'P (t) =A J K (t, s) q> (s) ds + f (t). (20) 
a 

0 n p e .n e JI e H H e" J[iJpo K* ( t, p), nOA!J'laeMoe U3 
Riipa K (t, s) MMenotl t ua s u nao6opom, HQ3bl6l1£mcR conpR­
tJ/Ceflflbl.M c RiJpoM K ( t, s): 

K*(t, s) = K (s, /). (21) 

(B cJiyqae, Kor.na K (t, s) ecrh. KOMIIJieKct103HatIHaB q>y~KUHJI 
. ,a;eiicTBHTeJlbMWX apryMeHTOB t, s, noJiaraeM' IIO onpe,neJieHHIO 

K* (t. s) = K (s, t), 

r)J.e K {s, t) G3Haqaer BeJIH.l!HHy, KOMHJieKeHo -oonpfl1Keu11y10 
c K (s, t).) 

YpaaHeHHe 

b 

'I' (t) =A j K* (t, s) '¢ (s) ds + g (t) _ (22) 
a 

H33hlB3eTCH conpJUllCeHHblM (C0103HblM) c ypaBHeHHeM (20). . 
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,llJifl HHTerpaJihHOrO ypaaHeHHfl (2) c BblpOJK)leHHbIM flll­
poM conpHJKeHHoe c HHM ypaBHeHHe HMeeT BHJl 

b n 

~ (t) =A J L a, (s) b, (t) '¢ (s) ds + g (t). (23) . 
a i=1 . 

n 

¢(f) = g (t) +A L c;bi (t), 
i=l 

(24) 

rJI.e 
b 

c; = J '¢ ( s) a 1 ( s) ds (i = 1, 2, ... , n) . ( 25) 
a 

EcJIH g (t) 0, T. e. ypaaHeHHe (23) OJI.HOpOJI.Hoe, To JI.JIH. 
* ' onpeJI.eJieHHfl Ci IIOJiyqaeM O.ll.HOpOJI.HYIO CHCT.eMy 

(26) 
,., 

conpH>KeHHYIO c CHCTeMOH (13). 
B cHJIY TeopeMhl I. I o6e 3TH cHcTeMhl HMeIOT OJI.HHaKoaoe 

qHCJIO p JIHHeHHO He38BHCHMblX BeKTOp-pemeHHH. 

{ * (l) * (l)J - ·, EcJIH C1 , ••• , Cn (l - I. 2, ... , p) cyr& HeHyJie· 

Bhle BeKTOp-pemeHHfl CHCTeMhl (26), TO cpyHKUHH 
. n 

'¢1 (t)-= ~ c;(l> bi (t) (l = I. 2, ... , p) 
i=l 

6yJI.yT co6cTBeHHhlMH cpyHKUHHMH OJI.HOpOJI.Horo . ypaaHeHHfl 

n b 

¢ (t) .. A L bdt) J a, (s) '¢ (s) ds, (27) 
i=l a 

corrpH>KeHHOro c ypaaHeHHeM (9) . 
.HTaK, ec.11.u A ecmb xapaKmepucmu'lecKoe 'lUCAO RiJpa 

K (t, s), mo -OOnopoiJnoe unmezpaAbHOe ypasnenue (15) u co­
np R31Cennoe c HUM y paenenue (27) UMe10m oono u mo a1ee KO­
ne1.1.noe 'lUCAO AUHeuno ne3a6UCUMblX co6cmBeHHbtx </JYHKl{UU. 

3To - B T o p a fl T e o p e M a <l> p e JI. r o JI b M a. 
3°. PaccMoTpHM, HaKoHeu, HeoJI.HopoJI.Hoe ypaaHeHne (2) 

B cJiyqae, KOf.ll.8 A. - xapaKTepHCTHqecKoe 'IHCJIO. 
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KaK Mhl oTMeqaJIH, ero paspemHMOCTb 9KBHBaJieHTHa pas­
pemHMOCTH HeO)I.HOpO)l.HOH CHCTeMhl (6) JIHHeHHbIX aJire6paH­
qecKHX ypaBHeHHH 

n 

ci- 'A L kiici =ft 
j=l 

(i=l,2, ... , n). 

BocnoJib3yeMcH cJie)l.yIOmeii TeopeMoii ( [30]). 

(6) 

T e o p e M a 1.2. P.AR mo20 ttmo6bt neoanopoanaR cu­
cme.Ma AuneunbtX aA2e6pauttecKux ypasnenuu 6btAa paapeUlUMa, 
neo6xoau.Mo u aocmamottHo, ttmo6bt eeKmop ceo6o8HbtX ttAenoB 
amou cucme.Mbt 6btA opmo2onaAeH Ko eceM eeKmop-peUleHUflM 
conpR{Jl(;ennou oanopoanou cucme.Mbt. 

CorJiacHo 3TOH reopeMe, Heo)I.Hopo.ll.HaH cncTeMa (6) 6y· 
)J,eT pa3pemHMa TOf)I.a H TOJibKO TOr)l.a, Kor.n.a BeKTOp 
{11' f2, •• • , fn}. 6y)I.eT oproroHaJieH Ka.>K)I.OMY H3 BeKTOpOB 

{ 
*(l) *(/) *(/) ' 

C , C2 , ••• , Cn } (l = 1, 2, ... , p), T. e. KOf)J.3 

n 

~ fic;<n = 0 (l = I, 2, ... , p ). (28) 
i=l 

b 

Ho fi = J f (t) bi (t) dt, H, CJie)I.0BaTeJihH9, ycJIOBHe (28) 
a 

MO/KHO 33IlHC3Th TaK: 
b n b 

f f (t) ~ c; U> bi (t) dt = J f (t) 11Ji (t) dt = 0 
a i=l a (29) 

(l = I, 2, ... , p). 

TaKHM o6pa30M, neoanopoanoe UHme2paAbHOe ypaene­
HUe (2) c Bbtpo{Jl(;aeHHbtM R8poM npu xapaKmepucmu"l.ecKo.M 3Ha· 
tLeflUU A 6yaem paspeUlU.MO mo2aa u moAbKO mo2aa, Ko2aa 
ceo6odnbtu t1AeH f (t) 6y8em opmo2onaAen Ko ece.M pewenuRM 
conpR{Jl(;eHH020 oaHopoaH020 Uflme2paAbfl020 ypasHeHUfl (27). 

3To - T p e T h H T e o p e M a <I> p e .ZI. r o JI h M a. 
Oo.n.qepKHeM, qro BOnpoc 0 pa3peIDHMOCTlf ypaBHeHHH (2) 

Tpe6yeT npoBepKH KOHe~HOcO qffcJia p ycJIOBHH 
b ff (t) 1Pt (t) dt = 0 . (l = I, 2, ... , p). 

a 
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EcJIH 9TH ycJIOBIHI BbIIlOJIHeHbi, TO ypaBHeHHe (2) HMeeT oec­
llHCJieHHOe MHO}l{eCTBO perneHHH. Bee OHH OilHChIB8IOTC.ff 

cpopMyJIOH 

<p (f) = <pO, 0 (/) + <pH (f), 

r)le <p8 ( t) - KaKoe-JIH6o perneHHe HeO){Hopo.rtHoro ypaaHe­
HHSI (2), a <p0, • (t) - oomee peIIIeHHe COOTBeTCTBYIOIUero 

OAHOpO){HOfO ypaBHeHHH. 

n pH Me p. PacCMOTpHM ypaaHeHHe 
l 

<p (t) =A J (ts2 + st2) <p (s) ds + f (t), 
-1 

r ne f ( t) aenpephlaHa Ha [-1, l ]. 
3anHIIIeM ypaBHeHHe B BH.lle 

H IlOJIOLKHM 

Torlla 

1 1 

cp {t) = A.t J 52 cp (s) ds + A.t2 J s cp (s) ds + f (/) 
-1 -1 

1 

C1 = J 52 cp (s) ds, 
-1 

1 

C2 = J S cp (s) ds. 
-1 

J].Jrn. onpe,neJieHHSI K09$l>HUHeHTOB C1, Cz no.nyqaeM CHCTeMY 

1 

c,1 - ! A.c2 = J t2f (t) dt, 
. -1 

1 -+ AC1 + C2 = J tf (t) dt. 
-1 

(30) 

(31) 

(32) 

Onpe.zteJIHTeJih D(A.) CHCTeMhl (32) paaeH 1 - 1~ ).2• EcJIH A. =I= ± VT512. 
TO CHCTeMa (32) HMeeT e,ztHHCTBeHHoe pemeHHe npH JIIo6hlX npaBhlX 11BCTHX 

H ypaBHeHHe (3) O.llH03HaqHo paspeWHMO npH JII06oli HenpepbIBHOH Ha 
(-1, l ) cf>YHKUHH f ( t). 

Ilycrb renepb A= V 15/2. Tor.na O.ILHopo.D.Hasi CHCTeMa 

2 
C1 - 5 AC2 == 0, 

, ; 

(33) 
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orBe1rn10iua11 cHcreMe (32), 6y.D.eT nMer& tteHynesoe pememm 
{ V 3! 5, C, C}, r ,LJ,e C - Juo6oe. 

CJie..rr.oeareJihHo, o.z:r.Hopo,D.Hoe HHrerpaJibttoe ypaaHettne 

1 

<p (t) =A. J (ts2 + s/2) q> (s) ds, · (34) 
-1 

oreetJa1omee .n.attnoMy, npu A. = VT5!2 HMeeT HeHyJiesoe pewettHe 

(35) 

51.D.po HHTerpaJibHOfO ypaBHeHHH (30) CHMMeTpHqHO! . 

K (t, s) ~ K (s, t); 

no3TOMY conp.H>KeHHoe O,ZJ.Hopo.z:r.ttoe HHTerpaJihHoe ypaatteHHe coana,ZJ.aer 
c ypaeHeHHeM (34), H, 3HaqHT, peweHHe conp.H>KeHHOfO ypaBHeHHSI ecrb 

"'<'> =CV : , + ") c. (36) 

Heo.D.Hopo.ntta.R cHcreMa aJire<SpaHqecKHX ypasaettHH: (32) npH A= V 15/2 
,npHHHMaer BH,ll 

- 1 

Ci - y + C2 = f t2 f ( /) di, 
. . -1 

1 

Ci-Y: C2= s (- y: t)t<t)dt, 
- 1 

OTKy).la cpa3y BH,lJ,HO, qro Otta 6y.D.eT pa3peI.UHMa, TOJlbKO eCJIH 
. 1 1 s 12

{ (I) di= s (-v : 1) f (/) dt 
-1 -1 

HJIK, qro TO >Ke, 

. (37) 

T. e. Kor.z:ta f (t) 6y.D.eT oproroHaJI&Ha mo6oMy peweauro ¢ (/) conpsnKeH· 
m>ro ypaaHeHHSI (CM. (36)). 
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TaK, ecJIH f (t) = I, To yCJiosHe (37) He BhIIlOJIHeHo H ypasHeHHe (30) 
uepa3pernHMo. 

3 . 
EcJIH f (t) = t3 ~ 5 t, TO yp'asHeHHe (30) HMeeT 6eclfHCJieHHOe M HO-

>KeCTBO perneHHH 

(C - mo6oe). 

AHaJJOfHllHO HccJie.nyeTcSI CJiytiaH: A = - V 15/2. _ 

y CJIOBHH (29) 6y)l.yT sase)l.OMO BbIIlOJIHeHbl,. ecJIH BblilOJI­

HHlOTCH yCJIOBHH 

b 

J f ( t) bi ( t) dt = 0 (i = I, 2, ... , n). 
a 

KaK cJie)l.crsue H3 JI.OKa3aHHhIX reopeM BhITeKaer Ba>KHaH 
T e o p e M a o 6 a JI b T e p H a T u B e. EcAu oiJnopoiJ-

11oe unmeapaAbnoe · ypaenenue <PpeiJaoAbMa c BbtpoJ1CiJennbtM 
RiJpoM uMeem moAbKO -mpuB_uaAbnoe peurenue, mo coomeem-· 
CmBYIOU{ee neoiJnopoanoe ypaenertue eceaiJa UMeem oiJHO U 
mOAbKO OOHO petuenue. ECAU ~e oanopoanoe ypaenenue uMeem . 
11empuBUaAbnoe petuenue, mo neoiJnopoiJnoe unmezpa1tbnoe 
y paenenue B 3aBuCuMocmu om ceo6oiJnoao 'lAena f .. ( t) Au6o 
BOBce He u.Meem petuenuR, 1tu60 uMeem 6ecKonettnoe 'I.UC/lo 
petueHUU. 

'3 a M e q a H H e. Pe3yJibTaTbl OCTaIOTCSI B H3BeCTHOM CMbICJie cnpa­
Be.D;JIHBhlMH H .D;JISI CJiytiaSI, Kor.n;a ai(t), bi(t) Hf (t) aHaJIHTHtieCKH 33BHCHT 
or napaMeTpa A, T. e. .zvrn ypaatteHHH BH.n.a· 

b n 

cp (t) =A. J ~ ai (t, A.) ht (s, A.) cp (s) ds + f (t, A). 
a i=l 

B 3TOM CJiyqae kii H f i cTaHOBHTCH aaaJIHTHllecKHMH <f>YHKU.HHMH o'r Jv, 
a onpe.n;e.rrnreJib D (A) 6y.n;er y>1<:e He MHoroqJieHoM oraocHTeJibHO A., a aHa -
JIHTHlleCKOH <f>yHKUHeii A OOJiee o6meif npHpO.D;hl. no3TOMY MO>K:eT OK333TbC ff, 
llTO xapaKrepHCTHlleCKHX llHCeJI BOBCe He cymectsyer, ITOCKOJibKY HeaJI­
re6paHqecKa.H aHaJIHTHllecKaH <f>YHKU.HH MO>K:eT He H MeTb HyJieii. 

IlyCTb· Tenepb HMeeM HHTerpaJibHOe ypaBHeHHe 
b 

fP ( t) =A J K (t, s) fP (s) ds + f (t) 
a 

(38) 
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c npOH3BOJibHbIM (HeBblpO)KJleHHhIM) HenpepbIBHbIM ff.lI.POM 
K (t, s) H HenpephIBHOH f (t). Mo)KHO noKa3aTb (cM. Htt)Ke, 
§ 14), qTo ecJIH nocTpoHTb .nocTaToqHo 6JIH3KOe K HJJ.PY K (t, s) . 
BblpoJKJI.eHHoe H.lI.PO H (t, s), TO, pelllHB ypaaHeHHe c BhipoJK .. ~ 
.n.eHHhIM HJJ.POM H (t, s), Mhl nonyq11M perneHHe, 6JIH3Koe : 
K pemeHHIO ypasHeHHH c HnpoM K (t, s) npH Toii )Ke. npaaoH: . 
qacTH. BoJiee Toro, ecJIH MbI nocTpOHM noc.11e)J.0BaTeJibHOCTh .· 

t H n ( t, s)} BhlpO>K)J.eHHbIX Hir.ep, paBHOMepHO CXOJJ.HW.YIOCH 
K HJlPY K ( t, s), TO nocJie)lOBaTeJibHOCTb {Zn (t)} pellleHHH 
ypaaHeHHH c HJJ.paMH H n (t, s) 6yJJ.eT paBHOMepHO CXO)lHTbCH • 
K pemeHMIO q> ( t) ypaaHeHHH (38) c HJJ.POM K ( t, s). 

Cnoco6h1 nocTpoeHHH BhipO)KJJ.eHHhIX HJlep, 6JIH3KHX K .naH .. · 
ROMY H..npy K (t, s), Moryr 6hITb caMhIMH pa3JIHqHhlMH. -
HanpHMep, H.npo K (t, s) MO:>KHC?, np06.110:>KaTb qacTHqHhIMH · 
cyMMaMH creneHHOrO HJIH . .l{BOHHOrO TpHrOHOMeTpHtieCKOfO 
rHJJ.a, eCJIH HJJ.PO K (t, s) pa3JiaraeTCSJ B paBHOMepHO CXO.ZI.H .. 
IUHHCSJ B npHMoyroJibHHKe Q \a ~ t, s <: b} CTeneHHOH HJIH 
rpHronoMerpnt1ecKHH pHJl, HJIH npH6JIH:>KaTh ero a.nre6paH· 
'leCKHMH HJIH TpHrOHOMeTpHtiecKHMH HHTepnOJISJUHOHHbIMH 
MHOroqJJeHaMH. 

n p H M e p. HaiiTH peweHHe 1rnrerpaJibHOfO ypaBHeHH.B 
1 

<p (I) = J I (I - e'') <p (s) ds +el -1. 

Rnpo ypasHeHHH I( (t, s) = t (l - ets) annpoKCHMHpyeM cyMMoA nepsbl» 
rpex VJettoa pa3JJO>KeHHH K (t, s) a psi.n TeliJJopa, T. e. noJIO>KHM 

tasl. f4sa 
H (t, s) = -/2s -

2 
-

6 
, 

e BMecTO HCXO)lHOro ypaBHeHHj) paccMOTpHM HHTerpaJibHoe ypaBHeHHe 
1 

z (t; = - J ( /2s + '~2 + 1
'; ) z (s) ds +et - t. 

0 

9To y>Ke ypaBHeHHe c Bb1pO>K.ZJ.eHHblM H.ZJ.pOM. PeweHHe ero umeM a BHJle 

z (t) = e1 
- t- c1t

2 
- c2t

3 -c:/', 
l',ll,f 

1 

c1 = J sz ( s) as, 
0 

1 

c3 = J ~ z ( s) ds. 
0 
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.[{JUI onpe,rr.eJieHHSI IlOCTOHHHhlX C1, C2, C3 IlOJiyqaeM CHCTeMy 

5 1 1 2 
4c1 +5c2 +5ca = 3' 

1 13 1 9 
5c1 +5c2 +1 Ca =e-4, 

1 1 49 29 
5c1 -+7c2 +8 c3 =s-2e. J 

PemaSJ ee, noJiyqHM 

C1 = 0,5010, C2 = 041671, C3 = 0,0422, 

TaK tITO 

z (t) = e1 - t- 0,5010t2 -0,167lt3 -0,0422t4
• 

ToqHoe pemeHHe HHTerpaJihH"oro ypaaHeHHH fP (t) = 1 . .[{.rm Haii,neHHoro 
npHOJIH>KeHHoro pemeHHH npu l= O; 0,5; 1,0 HMeeM z (0) = 1,0000, · 
z (0,5) = 1,0000, z (1) = 1,0080, T. e. paCXOJK)leHIIe c roqHbIM peme-
HHeM acero 0,008. -. 

• 



r·JJABA II 

TIPHHQHTI C)KATblX OT06PA)l(EHHil 

BnoJIHj;j._3JieMeHTapHbIM n a TO· JKe apeMsi oqeHb n.no.nooj 
TBOpHbIM npHe.MOM .II.JISI ,llOJ{838TeJlbCTBa TeopeM cymecTBOBa~ 
HllSI H e.nHHCTBeHHOCTH pemeHHSI aJire6panqecKHX, .nnqxpepeH.i 
UH8JlbHbIX, HHTerpaJibHbIX H .npyrHX cpyHKUHOH8.libHbIX ypae• 
HeHHH SIBJISieTCSI npHHUHn, ccpopMyJIHpoBaHHblH B 1922 r~ 
C. .B aHaX-OM.. .: 

3roT npHHUHn SIBJISieTCSI 4>YHKUHOH8JibHO-f00MeTpHqecKO~ 
o6pat'.5oTKOH HJleH IlHKapa - MeTo.na nocJie,lloaaTeJibHhIX npn~ 
OJIHJKeHHH H HOCHT H83B8HHe npUHl{Una c~ambl.X omo6pa:m:e1 

. HUU. OOJlbilIOe ,llOCTOHHCTBO 3T0f0 npHHUHna COCTOHT B TOM~ 
qTo OH He TOJibKO rapaHTHpyeT npH onpe,lleJieHHbIX ycJIOBHSI~ 
0.llH03HaqHyro. pa3pernHMOCTb ypaaHeHHSI, HO H MOJKeT CJIY~ 
>KHTb ,llJIH noJiyqeHHff npH6JIHiKeHHblX pemeHHH. 

§ 5. ~eTpHqecxHe npOCTpaHCTBa 

0 n p e .n e JI e H H e. Mno31eecmeo M Hl13bl8aemcR Mempu~ 
'l.ecKUM npocmpaH.c11UJoM, ecA.u Kaxaou nape ezo aA.eMeHmoo x, ~ 
nocmaeAeHo e coomeemcmsue H.eompul{ameAbHoe aeacmBu~Ah1 
Hoe 'IUCAo PM· (x, y), tUl3blBaeMoe paccmoRHueM Me~ay 3AeMeH~ 
ma.Mu x u y u yaooAem1JopmoUJf!e cA.eay10U{UM ycAoeuRM (aKCu1 
o.MaM .MempuKu): ·· 

l) PM (x, y) = O#x = y (aKCuoMq, mo:HCaecmea); . 
2) PM (x, y) = PM (y, x) (axcuoMa cu~Mempuu); 1 

3) PM(x, y)+ PM(y, z)~PM(x, z)(aKCuoMa mpeyeoAbHUKa)~ 
. 3JieMeHThl MeTpnqecKoro npocrpaHCTBa Mhl 6y.neM Ha3h11 

B8Tb TaKJKe TOiIKaMH 3T0f0 npocTpaHCTBa. 
n p H M e p bl. I. MHOJKecraq .a;efiCTBHTeJlbHblX qHceJJ 

. c paCCTOSIHHeM 

P (x, y) ~ Ix - y I 
o6pa3yeT MeTpHqecKoe npocrpaHcTBO. 
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Cnpaae.rv1u8ocTb aKcHoM I) H 2) oqesHJI.Ha. AKcHoMa 'Tpe­
yrOJihHHKa CJJe.llyer H3 HepaBeH~TBa 

1x-z1 = lx-y+ y-zl lx-y~ + ry~z1. 
2. Muo>Kecrso ynopSI.llPqeHHhlX cosoKynHocTeH H3 n .lleii­

crBHTeJibHblX quceJI x = (x_}, x 2, ••• ' Xiz) c p accTOSIHHeM 

: p(x, Y) =-. ( ± {Y1i-.xk)2 v k=l 
(1) 

06pa3yeT MeTpHqecKoe npocTpaHCTBO, KOTopoe Ha3~BaeT~SI 
rz-MepnblM eeKAuaoeblM npocmpaHcmeoM Rn. 

YD pa· >K He H He. Ilpqaepbte BblDOJIHHMOCTb aKCHOM MeTpHKH 
Jl/lH 3TOf0 CJiyqafl. , 

3. IlycTh M - MHO*ecTBO scex HenpepblBHbIX cpyHKUHH, 
3a~aHHhlX Ha oTpe3Ke {a, b J •. Bse,lleM MerpuKy, noJiaraSJ 

p (x, y) = max l.x (t)-y (t) I· 
a <:,.t <:,.b · 

IlpoaepHM BhlilOJIHeHHe aKCHOM MerpHKH. 51CHO, qTo 
p (x, y) ~ 0 u p (x, y) = 0 # x (t) = y (t). TaK*e oqe­
BHJJ:HO, qTo p (x, y) = p (y, X). nposepHM BhlilOJIHeHHe aKC H• 
01\fbl TpeyrOJibHHKa; JlJISJ JIIOOOfO t E [a, b] HMeeM 

Ix (t)-z (t) I= I tx(t)- y(t)J + lY (t)-z (t)J I~ 

~ l x (t)- y (t) I + l y (t) - z (t) I ~ 
~ max I x(t)-y(t) J + max J y(t)-z(t) I= 
a~t~b a~t~b 

= p(x, y) + p (y, z). (2) 

DOCKOJibKY HepaBeHQTBO (2) sepHO )lJijf Vt E [a, b), TOH 

p (x, z) = max lx(t)-z(t) I ~p(x, y) + p (y, z), · 
a·~ t ~ b . · . 

llTO .llOKa3I:MBaeT cnpaBe,llJIHBOCTh aKCHOMbl TpeyrOJibHHKa. 
MHo*ecTBO scex HenpephlBHhlX cpyHKUHH, 3a,llaHHhlX Ha OT· _ 

pe3Ke [a, b ], B KOTOPOM MeTp}iKa BBe,lleHa yKa3aHHhlM o6-
pa30M, Ha3blB8eTCH npocmpa,Hcm80M Henpepb18Hb/,X tf:JYHKL{Utl 
u o6o3HaqaercSJ C [a, b L · 
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HaAJJ.eM, HanpnMep, paccrosrnue p (x, y) B C (0, 1 ], eCJIH x (t) = t, 
Y (t) = t2 Ha (0, 11 (puc. 6). ' 

Ilo OnpeJJ.eJieHHIO 

p (x, y) = max It - t2 I = max (t .:.._ /2). 
O~t~l O~t~l 

CneJJ.oBaTe.n&Ho, HaJJ.O HBHTH HaHooJI&mee 3Ha11eHne <PYHKU.HH 

f (t) = t - /2 Ha {O, 1 J. 

Ha KoHu.ax oTpesKa (0, 1] 3Haqeau.H f (t) paBHhl aymo. Haxo.n.si ,npous .. 
BO.l\HY10 f' (t) H npHpBBHHBaa ee HYJIID, noJiy1rnM t = 1/2. &ro - TOtJKH­

MBKC~MyMa <PYHIW.HH f (t), npuqeM .. 
f (1/2) = 1/4. 3HBIJHT, 

(I, I) 

0 

Puc. 6. 

l 
P (x, y) = T· 

4. PaccMoTpHM onSITh co- . 
BoKynuocTh acex (JJ.elicTBH·: 
TeJihHbIX)- <)JyHKUHH, uenpepbIB~ 
HblX Ha OTpesKe [a, b J, HO 
paccTOSIHHe onpeJJ.eJIHM HHat1e, 

t IlOJIO>KHB 

p (x, y) = (J (x(t)-y (t)]2 dt )1~ i 
CnpaaeJJ.JIHBOCTh aKCHOM I) H 2) MeTpHt1ecKoro npocTpaucTBaf 
OlleBHJJ.Ha. AKCHOMa TpeyroJibHHKa CJieJJ.yeT H3 HHTerpaJibHOI'01 

uepaaencTBa KowH-Byus:1KOBCKoro · 

( 

b )2 b b I x (t) u (t) dt ..;;;; I;.(/) dt I !f (t) dt, 

' KOTopoe noJiyt1aercs:1 TaK. 
D.JISI JllOOOro )leHCTBHTeJibHOro iv 

b 

J [x(t) + A.y (t)]2 dt ~ 0, 
a 

- HJIH 
b b b 

J x2 (t) dt + 21 J x (t) y (t) dt + 12 J y2 (t) dt;;;:;: o. 
a a a 

(3) 

(4)~ 
,f 
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DOJIOJl{HM 

b 

J y2 (t) dt = a, 
a 

b 

f x ( t) y ( t) dt = ~' 
a 

Tor,lla HepaseHCTBO (4) npHMeT BH.ll 

aA.2 +2~A.+y~O. 

h 

J x2 
( t) dt = y. 

a 

55 

B JieBOH qacTH CTOH~ KBa,llpaTHhlH TpexqJieH OTHOCHTeJihHO A.. 
Ero HeOTPHU3TeJibHOCTh CBH,lleTeJihCTByer 0 TOM, qTo OH .. - .. 
He HMeeT pa3JIHqHhlX ,lleHCTBHTeJihHblX KOpHeH, T. e. qTo 

~ 2 
- ay -< 0, HJIH 

( 

b )2 b b 

J x ( t) y ( t) dt ~ J x2 (I) dt . J y2 ( t) dt. 

9To H ecTh HepaseHCTBO Kol.llH-ByHSIKOBCKoro ,llJISI HHTe­
rpaJIOB. 

Mhl xoTHM nposepQTh cnpaBe,llJIHBOCTb aKCHOMhI TpeyroJih­
HHKa, T. e. qTO 

p (x, z) ~ p (x, y) + p (y, z), 

HJIH 

I b )1/2 ( b )1/2 lJ [z (t)-x (t)]2 dt . ..::;; J (Y (t)-x (t)]2dt + 

( 

b )1/2 
+ J [ z ( t) - y ( t) )2 dt • (5) 

TioJIO)f{HM y - x = u (t), z - y = v (t); TOf,lla HepaseH­
CTBo (5) nepenHI.lleTCSI TaK: 

( 

b )1/2 ( b )1/2 ( b )1/2 J (u (t) + o (1))2 dt ~ J u8 (t) dt + J rJ (t) dt • (6) 



TIP'HHUHH CJKArhlx OT05PA.')l(EHH:A [rn. Vf 

l1cnoJih3YH uepaBeHCTBO Komu-ByHHKOBCKOro (4), HaXOJJ.HM 

'b ,,. b•. ,,. 

j (u+v)2 dt= j u2 dt+2 j uv_dt+ J v2.dt~ 
a a a a 

b ( b )1/2 ( b )1/2 b 

~ J u1 dt + 2 I u1 dt I rJ' dt + I rJ' dt = 

[( 

b )1/2 ( b )1/2] 2 
= J u1 

dt + J ci2 di 

H3BJieKaH KBa.Jl.paTHhl.Jl KopeHb H3 o6eux 11acTeH noCJie).J.He"t 
uepaseHCTBa, IlOJiyqaeM Tpe6yeMoe HepaBeHCTBO (6). \~ 

TaK onpe..u.e.neHHOe MeTpuqecKoe npocTpaHCTBO oy..u.eM o6~ 
3HaqaTh C ~(a, bl H Ha3~BaTb npocmpaHcrnooM HenpepweH"'l 
</JYHKl{UU c KBaiJpamuttHOU MempUKOU. . ·.~ 

5. DycTh M - MHO~ecTBO scex <l>YHKUHH, HHTerpupyei' 
MhlX c p-if CTeITeHblO (p ~ I) Ha [a, b ]t T. e. TaKHX, qTiil .,, 

. J I~ (t) Ip dt < + oo:, 
a 

r..u.e HHTerpaJI noHHMaeTCH B CMhlCJie Jle6era ( (27 )). By..u.e~ 
I'OBOpHTh, IJTO TBKHe <f'YHKUHH npHH3.llJie)f(aT lp (a, b J. j 

ECJJH x (t) E lp (a, b r H y (t) E Lo (a, b ), 'TO noJiarae.1 

p(x, y) . (j 1 x(t)-y (t)I° dtrp. <1 
'i 

AKCHOMa CHMMeTpHH oqeBH.llHa. lITO KacaeTCff aKCHOMbl 
TO>KJJ,ecTBa, TO, KaK uerpy.llMO BH.lleTb, p (x, y) =0 :f=-> x (t) ~ 
= y (t) Ha [a, b } . ~ 

To)K.!tecTBeHHhlMH cquTaeM <l>YHKUHH, OTJIHqa10muecH JlHmti 
' .... ·l 

·Ha MHO~ecTBe Mephl HYJih. ; 
TaKHM o6pasoMt 9JleMeHT3MH Lp la .. b] SIBJl.ffK>TCB, no c~ 

mecTBy, He <l>YHKUHH, a KJiaCChl cpyHKUHH. ; 
AKcHOMa rpeyroJihHHKa c.ne..u.yer H3 uepaseHCTBa MHH• 

KOBCKOfO .llJlff HHTerpaJIOB (CM'. ll 9 )) . : 
0 n p e .ll e JI e H H e. H a308eM wapoM. ( coomtJemclll6eH~ 

saMKH!JmblM wapoM) c qe1tmpoM e moiuce a u paiJuyco.M. ' 
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coootqJnHOctnb lJP!X mot/£K x MempUt/i!CKDZo npocmpaHcmea M, 
yaooAemeopJUOU{UX HepaoeHcmoy 

PM (x, a)< r (coomeemcmeeHHO PM (x, a)~ r). 

ByaeM o003HallaTb TaKoii- map S (a, r) (cooTBeTCTB.eBHO 
S (a, r)). 

n p H M e p bl. 1. nycTh M = R3 ~ TpexMepttoe eBKJIH· 
noao npocTpaHCTBO. Tor~a 

S (a, r).: { kf 1 (xk - ak)' < r, 
tfJIH 

. 
&ro - OOhlqHfiH map pannyca r c uee1'poM a TOqKe (a1, a 2, a3). 

J; 

0 q b t 

PHC. 7 .. 

2 .. IlycTb M = C (a, b }. lliap S (x0 , r) - coeoKynHOCTb 
BCEX HenpepblBHblX Ha [a, bl <l>YHKIUIH x (t) TaKHX, qro 

, max I x(t)-x0 (t) I< r, 
a.;;;t<;.b 

n' CJJe.n.oBaTeJibHO, TaKHX, 'iTO 

Xo (t)-r < x(t) <x0 (/) + r yt E (a, b}. 
f eQMeTpHqecRH 9TO COBOKYilHOCTb HenpepbIBHblX Ha {a, b) 
<PYHKUHH x (l), rpacpHKH KOTOpwx UeJIJIKOM JJe:>KaT B IlOJIOCe 
mnpHHOH 2r, o6pa30BaHHOii KpH'BhlMH x = Xo (t) - ' H 
x = x0 (t) + r (pee. 7) ... 
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§ 6.. no.11awe npocTpaacTea 

0 n p e .ll e JI e H H e. floc11£iJoeameAbHocmb lxn} 8/leMeH· 
moo MemputtecKOzo npocmpaHcmea X Ha3bleaemcR. cxoiJR.u;eiicR. 
e ce6e UAU <jJyHiJaMeHma,1-bHotl noc11£iJoeameAbHocmb10, ecAu i}/IJI, 
.!U06ozo 'I.UC.Ila s 9 0 HauiJemcR HOMep N 0 (s) ma1Wu, wno 

Px (Xm Xm) < e npu n, m > N 0 (e). 

EcJIH nocJie)loBaTeJihHOCTh { Xn} cXO.lllITCH K npeJleJIY 

Xo Ex' TO OHa cpyH)laMeHTaJihHa. 
B caMOM )leJie, nycTh x 0 = lim Xn. Tor)la .llJIH nioooro 

n-+ro 

s > 0 HaH.lleTCH HOMep N 0 (s) TaKOH, 'ITO 

Px (Xn, x 0) < s/2 npH n > N0 (s). 

OTclO)la 

Px (xm Xm) ~ Px (Xn, x 0 ) + Px (x . .,u x0 ) < 8 npH n, m > N0 (s), 

a 9TO 03HaqaeT, cor nacHo onpeir.eneHHIO, qTo nocJie)loBaTeJih· 

HOCTb \ Xn.} - <j>yH.z:r.aMeHTaJihHaH. 
0.ztHaKo cymecTBYIOT MeTpHqecKHe npQCTpaHCTBa, B KOTO­

phIX HMeIOTCH 'nocJie)loBaTeJihHOCTH, CXO)lHIUHecH B ce6e, HO 

He CXO)lHIUHecH HH K KaKOMY npeir,eJiy (B 9TOM npocTpaHCTBe). 

IlycTh, HanpHMep, X - MHO:>KeCTBO paUHOHaJihHbIX qH-­
ceJI, npHqeM paccTOHHHe onpe)leJIHeTcH no cpopMyJie 

P ( r 1• r 2) = I r 1 - r 2 I· 
' 

Tor)la X - MeTpttqecKoe npocTpaHCTBO. 

PaccMoTpHM nocJieir.oaaTeJihHOCTh {rn.~ , rir.e rn. = 1/2n.~ 
3Ta nocJie)loBaTeJihHOCTh CXO)lHTCH H B ce6e, H K npeir,eJiy 
r0 = OeX. · 

Bo3&MeM Teneph nocJieir,oaaTeJihHOCTh c o6IUHM qJieHOM 

3Ta IlOCJie)lOBaTeJihHOCTh CXO)lHTCH B ce6e, HO He HMeeT npe .. 

)leJia B npocTpaHCTBe x' TaK KaK 

lim 1 +- =e "( I )n 
n..:;ro n 

He HBJIHeTCH· pauHoHaJihHbIM qffCJIOM .. 
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0 n p e .ll e JI e H He. EcAu B MemputtecKOM npocmpan-
cmee X KaJ1CiJaR <jJyniJaMenmaAbHaR nocAeiJoeameAbHocmb cxo­
iJumcR K HeKomopoMy npeiJeAy, JlB/lRlOUJ/!MYCR 3AeMeHmOM 
mozo O/Ce npocmpancmefl,, mo npocmpancnwo X Ha3blBaemcR 
nO.llHblM. 

TaK, npocTpaHCTBO C [a, b] HenpepbIBHhIX Ha OTpe3Ke 

[a, b] <l>YHKUHH c MeTpHKOH 

p(x, y)= max Jx(t)-y(f)I 
a~t.,;;;;.b 

ecTb IlOJIHOe npocTpaHCTBO. 

, B caMOM .u.e.n:e, nrcTh ~aHa nocJie)lOBaTe.JihHOCTh { x11 (t)}, 
r.u.e Xn (t) E C [a, b (n - l, 2, ... ), H nycTb 

·p(Xm Xm) __,... 0, T. e. Vs>O 3N0 =No(s), 

V n,.m>No max Jxn(t)-xm(t)I <s. 
a.i;;;;t~b 

3To 03Haqaer, qTo ,ll,JIH nocJie)lOBaTeJibHOCTH {xn (t)} BbIDOJI­

HHeTCH KpHTepHH KolllH paBHOMepHoii cxo)lHMOCTH Ha [a, b J .. 
nycTb Xo (Q - npe)leJI OOCJie,ll,OBaTeJibHOCTH {xn (/)}. KaK 
npe.u.e.n: paBHOMepHO CXO,ll,HUJ,eHCH IlOCJie)lOBaTeJibHOCTH Henpe­

pbIBHbIX <l>YHKUHH, 9Ta cpyHKUHH Xo (!) TaKme HenpepbIBHa 
Ha [a, b). TaKHM o6pa30M, x0 (/)EC [a, b] H p(xn, x0)-+ 0. 

Uie)lOBaTeJibHO, npocTpaHCTBO c (a, b] DOJIHO. 
MomHo noKa3aTh, qro LP (a, b ] (B qacTHOCTH, L 2 [a, b ))­

noJIHhle npocTpaHcTBa •. 
CTpOCTpaHCTBO Q paUHOHaJibHbIX qHCeJI, KaK Mbl BH,ll,eJIH, 

He HBJIHeTCH IlOJIHbIM npocTpaHCTBOM. 

§ 7.. IlpHHU.HD ClKaTblX OT06paEeHHH 

nycTb x H y - MeTpHqecKHe npocTpaHCTBa, D - HeKO­
Topoe MHOmecTBO B npocTpaHCTBe x. 

EcAu KaJ1CiJou mot/..K.e x e.D no HeKOmopoMy saKOHY no­
cmafJ.AeHa · B coomf.nmcm8ue onpeiJe.AeHHaR mottKa y E Y, mo 
e080pRm, ttmo Ha MHOO/Cecmse D sa0an onepamop A co ana­
t/.eHURMU e npocmpancmee Y, u nutuym 

y =Ax. 

MHomecTBO D Ha3bIBaIOT 06Aacmb10 onpeot1AeHUR onepa­
mopa A; x Ha3bIBaIOT apeyMeHflWM onepanwpa A. Kam)lyID 
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TOCIKY y e Y TaKyro, qTo y = Ax, Ha3hIBalOT o6pa30M cooT­
BeTcTey10meFi Toqxn x E D. OrHocHTeJihHo onepaTopa A roao­
pHT, qTo OH ycTaHaBJIHBaer OT06pameHHe MHO.>KecTBa D 
B npocrpaHcTBo Y: 

A 
D_,.. Y. 

EcJIH coeoxynHOCTh 3HaqeHHH oneparopa A coena,ZJ.aeT co 
eceM Y, To roeopHT, qTo onepaTop A oToopaJKaeT D Ha 
npocTpaHCTBO Y. . 

n p H M e p bl. L nycTb x - npocTpaHCTBO C[a, b] 
cpyHKUHH x (t), HenpephlBHblX Ha oTpe3Ke [a, b). KaX<JI.OH 
<l>YHKUHH x ( t) E c [d; b ] IlOCTaBHM B COOTBeTCTBHe <l>YHKUHIO 

b 

y (t) = J K (t, s) x (s) ds, 
a 

r.ZI.e K (t, s) - sa,ZJ.aHHaH, -HenpepweHaH B KBa.l{pare 
Q ta~ t, s ~ b} 4>YHKUHll. 9THM Mbl oupe;teJIHM Ha c {a, bJ. 
HHTerpan&HhlH onepaTop 

b 

Ax = J K (t, s) x.(s) ds, 
a 

KOTOpbIH, ·KaK 6y,ZJ.er IlOKa3aHo HH.>Ke, nepeBO)lHT npocTpaH· 
CTBO C [a, b] B COOH. 

2. 06o3HaqnM qepe3 C'° (a, b) coBoKynHOCTh Q>yHKUHH 
x (t), .onpe,ZJ.eJieHHbIX B (a, b) H 6ecKoHeqHo ,ZJ.Hc}>cPepeHUHpye-
MblX B 3TOM HHTepeaJie. KaJK.lJ.oii cpyHKU.HH x (t) E Ceo (a, b) 
IIOC'raBHM B COOTBeTCTBHe ee npoH3BO,ZJ.HyIO x' (t). 3THM Mbl 

onpe,neJIHM oneparop Jl:H«}xl>epeHU.HpoBaHKR dldt, .ZI.eflcTBYK>· 
I.ti.HR H3 cco (a, b) B C00 (a, b). 

flpHHUHil C.>K8ThlX oro6pa.>KeHHH Bbipa)KaeTCH CJleJlyIOUleii 
TeopeMoif: 

T e o p e M a 2.1 (C. BaHaxa). flgcmb B no.llHOM Mempu .. 
tteCKOM npocmpancmee X iJaH onepamop A, nepeaoihiwµu !Ille· 
MBHtnb/, npocmpancmea X CH()(J(J a a;reMeHtnb/, amoao npocmpaH· 
cmea, m. e. 

A x--:+ x.. , 



§ 7) nPHHU.Hil C)KAT~X OTOliPA/KEHHB 

flycntb, KpoMe mozo, iJAJl ecex x, y U3 X 
. p (Ax, Ay) ~ ap (x, y), 

ziJe 0 <a< 1 u He 8lUJucum om x, y. 

61 

(l) 

T02iJa cyw,ecmByem oiJna u mo.11.bKO oiJna moll.Ka x0 mtlKaR, 
• 

Axo =Xo· 

Oneparop A, o6Jiana10w.Hli. caoiicTBOM (l),_ Ha3blBaIOT one· 
pamopoM ·c~amuR, a ToqKy x 0 TaKy10, qTo Ax0 = x 0, Ha3bl· 
aalOT HenoOtJUOICHOti mot/JWti onepaTopa A. 

Boo6m.e, onepaTop A Mo>Ker H ee HMeth eeno,ZJ.BH)KHbIX 
ToqeK. IlpocTeHIIlHH npHMep - oneparop C,llBHra B R1 : Ax = 

"" ,,., 
= x + x, x + 0. B ycJIOBHHX TeopeMhl Baeaxa Heno,ZJ.BH>K· 
HaH TQqKa cymecTByer, H npHTOM TOJibKO O,ZJ.Ha. 

ll 0 K a 3 a T e. JI b c T B o. -Bo3hMeM npOH3BOJibHbIH <l>HK• 
CHpoaaHHhlH 3JieMeHT x EX. H noJIO>KHM 

. . 
.x1 =Ax, X:1 = Ax1 , ••• , , Xn = Axn-t t ••• 

DoKa>KeM, qro ·nocJienoaaTeJihHOCTh {xnl <l>yenaMeHTaJihHasi. 
)lJIH si;-oro 33MetHM, lJTO 

p (x1, X2) .= p (Ax, Ax1) ~ ap (x, x1) = ap (x, Ax), 
p (x,, Xa) = p (Axb At,)~ ap (x1; x1) ~a2p (x, Ax), 

• • • • • • • • • • • • • • • • • • • • • 

P (Xn, X11+1) ~ anp (x, Ax), 

" . . . . . . . . . . . . . . . . . . . . 
)laJiee, 

P (Xm Xn+,,) ~ P (X~, Xn+l) + P (Xn+b Xn+2) + ... · 
• ' • + P (Xn+P-lt Xn+p) ~ an ( 1 + a + .. . . + aP-1) p (X, Ax) =­

an -t:J!'+P = l -a p(x, Ax). (2) 

T aK KaK no yCJioBHIO 0 < a ~ l, ro 
. a,n 

p (Xm Xn+p) < 1 _a p(x, Ax), 

OTKy,ZJ.a B CBOIO oqepe,ZI.b CJie,ZJ.yeT, qro p (Xm Xn+p) -+ 0_ 
JipH n ~ 00 H JIIOOoM p p 0. 
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3ua1n1T, nocJie,lloBaTeJibHOCTb { Xn l CXO.lI.HTCH B ce6e (cpyH­
.lI.3MeHT3JibHaH). B cHJIY noJIHOThI npocTpancTaa X cyru;ecTayer 
9JleMeHT XoEX, HBJlHIOlllHHCSI npe,lleJIOM 9TOH nocJie,llOBa­
TeJibHOCTlf, 

noKa:>KeM, qTo Axo = Xo. 
B caMOM neJie, 

P (x0 , Ax0) ~ p (x0, Xn) + p (xm Ax0) = 
= p (Xo, Xn) + p (Axn-b Axo) p (xo, Xn) + ap (Xn-h Xo). 

TaK KaK x0 = lim Xm TO .lI.JlSI JIIOooro e ? 0 npH .lI.OCTa-

Toquo 6oJiblllOM n 

P (Xo, Xn) < 8/2, 

CJie.u.oaa reJihHO, 

p (x0, Ax0) < e. 

T aK K3K 8 > 0 npOH3BOJlbHO, TO OTCIO,lla CJie.u.yeT, qro' 
p (x0, Ax0) = 0, T. e. x 0 = Ax0, q. T • .u.. . 

JloKa:>KeM e,llHHCTBeHHOCTb HeilO.llBH>KHOH TOqKH y onepa­
Topa C>K3THSI. 

npennoJIO>KHM, qTo cymecrnyioT .u.aa 3JleMeHTa Xo, Yo·EX 
TaKHe, qTo 

Tor.u.a 

P (xo, Yo)= P (Axo, Ayo)~ ap (Xo, Yo). 

EcJIH nonycTHTh, qTo p (x0 , y 0) > 0, TO H3 npe.llhl.U.YIUero 
c.ne.u.yer, q'fo a ~ 1. Ho 9TO npoTHBopeqHT ycJioBHIO a < 1. 
3uaqHT, Hallie nonymeuHe, qTo p (x°' y 0) ~ 0, ueaepuo H 
Xo = Yo· ,,--. 

IlepeXO,llH B cpopMyJie (2) K npe.U.eJIY npH p -+ oo, IlOJIY· 
qaeM oueHKY Oll1H6KH n-ro npH6JIH:>KeHHH: 

a,n 
p (xn, x0) ~ 1 -a p (x, Ax). (3) 

0.u.uoapeMeHHO (3) CJIY>KHT. H oueHKOH CKOpOCTH CXO.ll.HM<>_CTH. 
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3 a M e q a H H e I. TiocTpoeHHe noc.ne.ztoaaTeJibHhIX nput5JIH»<:e· 
HHH { Xn}' CXOJlSIUl,HXC.SI K HeilO.llBH>KHOH TOtJKe Xg, MO>KHO npOH3BO,nHTh, 
HCXO,l(.SI H3 JllOOOro 9:71eMeHT3 x E x. Bb160p 9JieMeHT3 x 6y.neT CK33bIB3ThC.SI 
JIHllib Ha OblCTpOTe CXO.llHMOCTH {xn} K caoeMy npe.zteJiy. . 

3 a Me q a H He 2 • .¥c.noaHe 

p (Ax, Ay):::::;;;; cip (x, y) · (0 <a< 1) 

HeJihS.st, Booe>me roaopst, saMeHHTh Ha 6onee CJia6oe 

p (Ax, Ay) ~ p (x, y). (I') 

B caMOM .nene, nyCTh X = R1 - MHOR<ecmo ,neACTBHTeJlbHhTX quceJJ 
c ecTecTBeHHOH MeTpHKoii p (x, y) = Ix - y I H nycTb 

n 
Ax= 2 + x-arctgx. 

Herpy.n.uo BH,QeTb, qro. Heno.namKHb!X roqelc y onepaTopa A eeT: ypaBHe· 
·HHe x· = Ax, dnpe.ne.nsnomee tteno.lJ,BHR<Hhle TOtJKH onepaTopa A, B .naHHOM 
cJlyqae npHHHMaeT BB.it 

n 
x =-+ x-arctgx . 2 

R pemeHHA He HMeeT. ' 
BMecre c reM, ecrro.nbayst reopeMy JiarpaHR<a, nonytiaeM 

p{Ax, Ay) = l·Ax-Ayl = 

In n . I == 2 + x- arctgx- 2 -u+ arctg y :::s 

= Ix - y - (arctg x - arctg y) I = 
=Ix::- y- 1. ~ ~.i (x- y) I= 1 ! s2 Ix -y < p (x, y), 

T. e. yCJioaue (I') BhlIIOJIHHeTCsr. 

§ 8. IlpHMeHeHHe npHHU,Hna C1KaTblX OTOopalKeHHH 

K HHTerpanbffblM ypaeneHHHM 
' 

.. 

I 0 • IlpHMeHHM npHHUHII C}K8ThIX oTo6pa}KeHHii .nnn .ztoKa~ 
88TeJibCTB8 CY.W.eCTBOB8HHH H e.ZJ.HHCTBeHHOCTH pellieHHSI He­
o.nHopo,nHoro }IHHeii:HOl"O HHTerpaJibHOro ypaBHeHHH <I>pe.u.· 
roJihMa 2-ro po.na 

b 

<p {t) =A J K (t, s) <p (s) ds + f (t). (I) 
a 

npe.nnoJIO»CHM, QTO HJJ.pO K (t,. s) HenpepbIBHO B S8MKHYTOM 
HBa.llpaTe Q {a,~- t, s ~ b} H, CJie~oBaTeJibHO, orpaHHqeHO 
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B HeM: I K (t, s) l ~ M V (t, s) E Q. Ope.nnoJIO>KHM TaK>Ke, 
lITO f (t) EC [a, b ]. By.neM HCKaTb peweHije ypaaHeHHH (I)· 
a· KJiacce C [a, b] cpyHKUHH, Henpep~BHblX Ha [a, b ). 

IlpH 3TOM petueHue.M. UHme2pa!lbNOeO ypaeHeHUJl (1) 6yiJeM 
Ha3blBamb 8CRJ\,Y10 </>YHKl{U10 <po (t) E c [a, b ], KOmOpail, 6y .. 
iJyttu nodcmaa1reH.a B ypaBHeHUe (1), o6paw,aem ezo B mo:HC­
iJecmeo no t Ha la, b ]: 

h 

<p0 (t) A J K (t, s) cp0 (s) ds + f (t). (2) 
a 

011eBH.llHO, 1110 npH ;\ = 0 ypaaHeHHe (1) HMeeT e,ZJ.HHCTBeH· 
Hoe Henpepbla~oe peweHHe cp 0 (/) f (t). 

IloKa>KeM, 1ITO ypaBHeHHe (1) O)lH03Ha1IHO pa3pemHMO. H 
npH acex A, )lOCTaT01IHO MaJihlX no a6cOJIIOTHOH BeJIH1IHHe .. 
By,ZJ.eM paccMaTpHBaTh npaaylO 11acTb ypaaHeHHH (1) KaK one­
parop Atp, onpe.ne.neHHhlH a npocTpaHCTBe C [a, b ], 

b 

Acp = ;\ J K(t, s)cp(s)ds+f(s). (3)'. 
a 

BcHKYIO cf>yHKUHIO cp (t) e C [a, b 1 onepaTop A nepeao,ZJ.HT 
.... 

a HeKOTopy1a, aoo6me .npyry1a, cpyHKUHIO cp (t), onpe.neJieH--. 
. HYEO Ha TOM >Ke oTpe3Ke [a, b .. J. l1 aonpoc o cymecTaoaaHHH · 

pemeHHH <J>o (t) HHTerpaJibHOfO ypaaHeHHH (1) TeM CaMhlM 
CBO,llHTCH K Bonpocy 0 Ha.TIH1IHH Heno}lBH>KHOH T01IKH y one­
paTopa A, T. e. TaKoH cpyHKUHH cp 0_ (t), KoTopaH oneparo­
poM A nepeao.nHTCH B ce6H: cp 0 · Acp 0• 

PaccMOTpHM, HanpHMep, ypaaHeHHe 
1 

cp (t) = 2 J t2scp (s) ds + 1. 
0 

OnepaTop, OTBe11aromHfl sToMy ypaaHeHHIO, 
1 

Aqi = 2 J t2
sqi (s) dS + l. 

no JI a r a H cp (t) = 1, HMeeM 
1 

Acp = 2 J t2s • 1 ds + 1 = t~ + 1, 
0 

( 1 ') 
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T. e. 
A 

- I --+t2 + L 

noJIO>KHM Tenepb <p (t) = 2t2 + 1. Tor.na 
1 

Aqi = 2 J /!s(2s9 + l)ds + 1=212+1, 

T. e. 
A 

2/! + I --.. 212 + I • 
TaKHM o6pa3oM, «ToqKa» cp (t) = 2t2 + I ecTh Heno.nBH>KHaH 
roqKa onepaTopa A - perneHHe HHTerpaJJhHoro ypaBHe­
HHH (I'). 

TioKa>KeM, qTo orrepaTop A, orrpe.ne.neHHhIH cpopMy JIOH (~) • 
.nefrcmyer H3 noJIHoro rrpocTpaHCTBa C [a, b J orrHTh 
B C [a, b I, T. e. qTo ecJIH g (t) = Acp (t), r.ne fl' (t) EC [a, b ), 
ro H g (t) e C [a, b I. . 

,Il.eflCTBHTeJihHO, rryCTb t ........ npoH3BOJihHaH TQqKa 0Tpe3Ka 
[a, b J H rryCTb At - JIOOoe, JIHillh 6hI t +Ate [a, b ). 
HMeeM 

b 

I g (t +At)~ g (t) I :._ Ii. J K (t +At, s) cp (s) ds + f (t -f- At)-
a 

b 

-AijK(t,s)cp(s)ds-f(f) ~ 
a 

b 

~I Ail JI K, (l +At, s)-K (t, s) 11 cp (s) l·ds + l f (t + At)-f (l) I· 
a , 

(4) 
B03hMeM mo6oe 8 t> 0. no yCJrOBHIO f (t) E c [a, b ), H 
IIOTOMy 3 61 p 0 TaKoe, qTo 

" If (t + At)-f (t) I<! s/2 rrpa V &t: (At I <:i 61• (5) 

IlycTh, ztaJiee, 

a>= max I cp (t) f. 
· o<t<b 

3 M. JI. l(pacaos 
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SJJ(po K (t, s) HenpepbIBHO a saMKHYTOM KBa.l(paTe Q u, SH*' 
IIHT, paBHOMepHO HenpephIBHO B Q. Il03TOMY llJIH Bhl6pa~-; 
Horo e t::> 0 HaH,l(eTCH cS2 !:> 0 TaKoe, IITO . ' <. 

' ~ :'--1\ ·'!"'. ~ ~ ~ 

I K ( t ~ L1t, s )-K ( t, s) f < 2ex> Cb ~ a) 11" I 

npH I At I ~ cS 2 H Jiro6oM s E fa, b ). ; 
Bo3hMeM: cS = min {cSh cS 2}. Tor;Zta rrpH V At raKux, IITC>. 

I At) < cS, 6y.l(yT O.l(HoapeMeHHO BblnoJIHHTbCH HepaaeHcTna: 
(5) H (6) H B CHJIY HepaBeHCTBa ( 4) noJiyqHM, IITO 

I g ( t + At)-g (t) J < e V At: I At I < cS, 

qro H .l(OKa3blBaeT HenpepblBHOCTb <l>YHKU.HH g (t) B JIIOOoil; 
TOIIKe t OTpeaKa [a, b }. 

J1TaK, ·' 
l 

A 
C [a, bJ-+ C [a, bJ. 

BhIHCHHM reneph, npH KaKHX yCJioBHRX 
(5y.l(eT C>KHMalOlll,HM. 11MeeM 

onepaTop A.; 

p (A<ph A<p2) =max J A<p1 (t)-A<p1 (t) I = 
a<,t<,b 

b b 

=max A J K (t, s) 'Pt (s)ds-A J K (t, s) <p2 (s) ds = 
a.,;;,t1',b a a 

=max 
a.,;;,t.,;;,b 

b 

A J K (t, s) l<rt (s)-<p1 (s)] ds ~ 
a 

~I A IM (b-a) max I 'Pt (s)-<rs (s) (. (7) 
a.,;;,s.,;;,b 

BcnoMHHaH, qro max I 'Pt (s} - 'Pt (s) I = P (<J>t, <rJ. 
a<.s<.b 

HepaaeHCTBY (7) npH.l(a.l(HM CJie.l(yIOUJ.HH BH,l(: 

p (A<rtt A<p2) ~I A JM (b-a) p ('Ptt <rs), 

OTKy.l(a BH.l(HO, IITO npH I A, I < 1/ M (b - a) onepaTop A 6y.n;e1 
oneparopoM c:>KaTHH. 

l13 npHHUHna c:>Karax oTo6pa>KeHHH saKJ110qaeM, 11TO JJJUI 
BCHKOro A TaKoro, IITO 

1 
l A I <! M (b - a)' 

._,, 
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yp.aaHi~HHe <I>pe.n.roJihMa (I) c HenpepblBHhlM H,npoM K (t, s) 
iI''irteripepb1lJ~1f'b1M'..;caoqoAHhIM qJieHOM f (t) HMeeT e,nHHCTBeHHOe 
HenpepbIBHoe petueaae. 

IlocJie,noaaTeJihHhie npu6JIH:>KeHHH q:> 0 (t), ... , cpn (t), ..• 
. .. 

K 3TOMY pellleHHIO onpe,neJIHIOTCH H3 COOTHOilleHHH 

b 

<JJn+t (t) =A J K (t, s)cpn (s) ds + f (t) (n = 0, 1 , ••• ), (8) 
a 

r,ne B KaqecTBe cpo (t) .MO.>KHO B3HTb JII06yl0 _HeIJpepbIBHYIO 
Ha [a, b I <l>YHKUHIO. 

n p HM e p. PemHTb HHTerpaJihHoe ypaBHeHHe 

. 1 

<p (t) = ~ t + { J tsq> (s) ds. (9) 

0 

Pe m. e H He. · SI.llpo K (t, s) = ts HenpepLlBHO B KBa.llpare 
Q{O~t,s~I}, npHlleM . 

I K (t, s) I= I ts I~ I= M. . . 

naJiee, A= 112, a= 0, b = 1, T3K qro l/M (b - a)= I, H yCJIOBHe 
I A. I~ l/M (b - a), ,o6ecneqHBaromee C}K3TOCTh oro6pa>KeIJHH, s,l{ec& · 
BblilOJIHeHo. Ilo9TOMY 1'HHTerpaJihHoe ypaBHeHHe (9) MO:>KeT 6b1Tb pemeHo 
M ~To)loM noCJie)loaaTeJihHhlX np116JIH:>KeHHil •• no.no:>KHM q>0 (t) = 0. Tor.l{a, 
cornacuo (8), · 

1 

<p1 (t) = ~ t + ~- J scp0 (s) ds =·~ t, 
0 

1 

5 tJ 5 5 ( 1) q>2 (t) = - t + - s -· s ds = - t 1 + -6 2 6 6 6 ' 
0 

. . . . . . . . . . . . . . . . . . ............ . 
4Pn (t) = : ( (I + ! + ... + 6~_1 ) = t (I - 6~) · 

OrcIOJ.la 

<p (t) = lim <pn (t) = lim t (1 - ~) = t. (10) 
n.+O) . n.+~ 6 . 

3• 
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. t 

Ec.nB 83JITh 1Po (J) = t I 1~) t5yltJI BMeTb 'Pf (t) = t I + f J'-·ds ~:It 
. 0 

fP2 ( /) = t R T • Jl. . . · ~ . ; , · ... 
. TaKHM o6paSOM, Mhl cpaay DOJ1y11ae1t1 pemeu~. am UK pas DO){· 

11epKHB8eT, 11TO y.l(aqHblH Bbl(fop H8lf8JlbHOA 4>YHKI.(HB ~<J>o (t) MO>KeT 3HC1• 
'IHTeJihHO coKpatHTb npouecc Haxo}K,l(eHH.SI peweHH.H HHTerpaJibHoro ypas· 
HeHHSI. 

B.epHeMCfl CHOBa K HHTerpaJibHOMY ypaBHeHHIO ( 1): 

b 

<p (t) =A J K (t, s) cp (s) ds + f(t). (1) 
a 

By.D.eM no-npe:mHeMy npe,Z1.11onaraTb, qro 51.D.po K (t, s) H f .(t) 
lienpephlBHbI. Hcxo.n.st H3 MeTpHKH npocTpaHCTBa · C [a, b ), 
Mbl IlOK838JlH, qTQ ypaBHeHH~,:~( 1) HMeeT e.n.HHCTBeHHOe Henpe­
pbIBHOe. ·pemeHHe q> ( t), ecJIH 1 J.v I ~ 1 IM ( b -- a), r.D.e 

M = max l K ( t, s) ~-
a<t<b 
a<;s<;b 

. IloKaJKeM renepb, IlOJib3YHCb. MeTp¥KOH . ~pocrp~HCT· 
Ba L 2 [a, b J ·. 

p (x (f), y (t)) -:-(J [y (t)- x (t)]2 dt Y/2, 
qTo· .9TOT pe3yJibT8T cnpase.n.JIHB B 60.nee lllHpOKOM HHTepBaJie 

_ sttaqeH~H napaMeTpa A. . _ 
JI e M M a. fl pu 1uo61JM x (t) E L.2 [a, b J, m. e. maKOM, 

ttmo 
b 

J x2 (t) dt ~ + oo, 
a 

c/JyHKt{UJl 
b 

y ( t) = J K ( t, s) x ( s} ds . 
a 

itenpepbleHa Ha [a, b ). . . . 
Jl o Kasa Te JI h c TB o. BosbMeM mo6yro· Toq:Ky 

to e [a, b J. no ycJIOBHIO H.npo K (t, s) HenpepbIBHO B 38MKHY• 
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TOM KB3Jl.P~Te Q {a~ t, s ~ b} H, 3H3tIHT, paBHOMepHO 
uenpepbIBHO ~ HeM. Ilb3TOMY )l.JlH BCHKOro e ~ 0 cymecTByer 
raKoe 6 > 0, CITO )l.JJH acex t raKHX, tITO I t - t 0 1 <2 6, 
cnpaBe)l.JlHBO HepaBeHCTBO 

I K (t, s)-K (t0 , s) 1< e VS E (a, b). 

CT03TOMY 

b 

I Y (t)-y(f0) I= J [K (t, s)-K {t0 , s)]x(s) ds ~ 
a 

b ( b )1/2 
E<;;e I jx(s)lds~eVb-a J x1 (s)ds • 

B CHJlY npOH3BOJlbHOCTH e E:> 0 OTCIO)l.a H BblTeKaeT Henpe .. 
pbIBHOCTb cpyHKI.lHH y ( t) B JIIOOOH TOtIKe t E [a, b 1. JleMM3 
)l.OK333H3. 

l13 JleMMbl CJie)l.yeT, tITO npaaaH tI3CTb (1) ecTb HenpepblB .. 
HaH cpyHKUHH npH JIIOOoii q:> (t) e L 2 [a, b]. CJie)l.oaaTeJihHO, 
Jl.OJDKHa OblTb HenpepbIBHoii H JieaaH qacTb. 

TaKHM oopa30M, cpeiJu BceX c/JyHKl{UU, 8XoORu;ux 6 L 2 [a' b 1, 
peuteHUJlMU ypaBHeHUR. (1) Moeym 6blmb miJAbKO 1tenpep1:J1,61tble 
£/JyHKl{UU. 

ByJJ.eM paccMaTpttaaTb npaay10 qacr& (1) KaK onepa­
Top A q:>, 3a)l.aHHhlii a npocTpaHCTBe L 2 [a, b J. 

B CHJIY JJeMMbl 

A 
L,[a, b]--+ C [a, b] c L,. [a, b]. 

floJIO:>KHM 

( 

b b )1/2 
B= J J K.2(t, s)dtds 

H noKa:>KeM, tITO npH I A. I <3 1/ B onepaTop A - C'.>KHMaIOlll.Hii. 
I1MeeM 

b 

Acp2 -Acp1 =A. J K (t, s) [ q:>1 (s)-cp1 (s)] ds. 
a 
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HcrroJib3Yff HepaaeHcrno KolliH-ByHffKOBCKoro, 0TC10.n.a rro­
JiyqaeM 

[A'P2- A<p1)
2 = (Al K (t, s) [<p2 (s)-<p1 (s)} ds J.;;;;; 

b b 

~A2 J K.9 (f, s) ds J [<p2 (s)- <p1 (s)]2 ds. 
a a 

I 

HHTerpHpyff o6e qacTH IIOCJie.n.Hero HepaaeHCTBa IIO t OT a 
.zr.o b, H8H)J.eM 
b 

J [A<p2 (t)-A<p1 (t)]
2 dt ~ 

a 
b b b 

~ A2 J J K2 (f, s) ds dt J (<p2 (s)- <1'1 (s)]2 ds, 
a a a 

HJIH 

OTKy.zr.a 

CJie.zr.oaaTeJibHO, npH I A. I· B < 1, T. e. rrpH j A, I <3 1/ B, orre­
parop A - c'1CuMa10u;uu. H aHaqHT, npu I"' I ~ 1/ B uHme· 
epaAbHDe ypaBHeHue (1) UMeem eauHcmBeHHOe HenpepbliJHDe 
peiueHue <p (t). 

011:eBH)J.HO, ll:TO B ~ M ( b - a) (paaeHCTBO B03MO:>KHO 
JIHIIlh rrpH I K (t, s) I = M) H HHTepaaJI I A. I <:! 1/ B, -Boo6m.e, 
I11upe, 11:eM HHTepaaJI I A. J <::: 1/ M ( b - a). 

TaK, B paCCMOTpeHHOM BhIIIle rrpHMepe HMeeM 

( 
1 1 )1/2 

B = J l t2s2 dt ds = 1/3 

H )I.Jiff A, rroJiy11:aeM cne.zr.y10m.y10 oueHKy: I A. J <'.! 3. 
0.zr.HaKo ecJIH 11 M (b - a) <::: I A. I ~ 1/ B, To )I.Jiff nocJie­

.zr.oaaTe.nbHbIX IIpH6JIH:>KeHHH <l'n (t) MO:>KHO rapaHTHpOB8T& 
JIHIIlb CXO)J.HMOCTb B cpe.zr.HeM, a He paBHOMepHyIO CXO)J.HMOCTh. 
HMe10m.y10 MecTo npH I A. I ~ 1/ M (b - a). 
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· 3 a Me q a H He. Moarno OTK3.38TbCH OT HenpephlBHOCTH rK (t, s) 
lfJf (t)· 11•00Tpe6osaTD JIHllib, qTCrobl f (t) E L 8 [a, b] H K (t, s) a L, (Q)', 
T. e. 

b b J J K2 (t, s) dt ds = B2 < + oo. 
a a 

B STOM cnyqae ecTecrseHHO HCK8Th pemeHHe cpe.nH <f>YHKUHH H3 L3 [a, b]. · 
MmKHo noxasaTh, qTo H s 3TOM CJiyqae npH I A. I < I/ B ypasHeHHe ( 1) 
HMeeT e,AHHCTBeHHoe pelIIeiiHe. Ho sro peweHHe y>Ke He o6SI3aHo 6h1Tb · 
HenpepbIBHOii <l>YHKUHeit, a ero e,AHHCTBeHHOCTb 03H8ll8eT e.nHHCTBeHHOCTb 
c TOllHOCTbIO .no $yHKUHH, noqTH scio.ny paBHhIX HyJIIO. 

2°. PaccMoTpHM HHTerpaJibHoe ypaaHeHHe Bonhreppa · 
BToporo pol{a 

t 

cp(f) =A J K (t, s) <p (s) ds + f(t). (11) 
a 

Bhlme OTMeqanocb, qTo aTo ypaBHeHHe MO.>KHo paccMaTpHBa~h 
KaK 1{3CTHblH cny11aii ypaBHeHH.ff <l>pe.n.roJihMa, l{OOnpe,n,eJIHB 
H.llPO K (t, s) paaeHCTBOM 

K (t, s) =0 npH s> t. 
OttHaKo, a OTJIHtIHe OT ypaaHeHHH <l>pettroJthMa, K ypaBHe­
HH.HM BoJihTeppa npHHUHD c.>KaThIX OTo6pa.>KeHHH (To11He.e, 
O,llHo era o6oomenHe) npHMeHHM npH scex 3Ha11eHH.HX A. 
BaetteM npettsapHTeJihHo cne.n.y10mee noHHTHe. 

TiycTb X H Y - MeTpH11ecKHe npocTpaHCTBa. Orrepa­
Top A, 0Toopa.ma10ruH:H MHO.>KeCTBO DcX B npocTpaHCTBo Y, 
Ha3blBaeTc.ff Henpepbt8HbtM e mottKe x 0 ED, ecJIH JlJUI n106oro 
e >O cymecTsyer TaKoe li >O, tJTO ,llJI.H scex x e D, Y.llOBJie­
TBop.HIOIIJ.HX · ycnoBHIO 

Px (x, x0 ) < cS, 
HMeeT MecTO HepaBeHCTBO 

py (Ax, Ax0 ) < e. 
(3.lleCh Px, Pv - paccTOHHHH Me.>K.llY aJieMeHTaMH npo­
cTpaHCTB x H y COOTBeTCTBeHHO.) 

OnepaTop A Ha3hrnaeTCH npocTo HenpepbtBltbtM, ecJIH OH 
• u . 

HenpepbIBeH B K3.>K,llOH TOlIKe Toro MHO.>KecTBa, Ha KOTOpOM 
OH 33,ll3H. 

TiycTh onepaTop A .n.e:HcTeyeT H3 X a X. Bo3hMeM JI106oif 
9JleMeHT x Ex. tTOr,lla Ax oy.n.eT OilHTh rrpHH3,llJieLK3Tb npo .. 
CTpaHCTBY X HK HeMy cHoea MO.>KHO npHMeHHTh onepaTop A: 

A. (Ax). 
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OrrepaTop, cocTOHtnHH B rrocJie,noaaTeJibHOM rrpHMeHeHHit j 
.naa1K,nhl orrepaTopa A, 6y .neM o6o3H81l8Tb CHMBOJIOM A 2 H • 
H83blB8Tb KBaopamoM onepamopa A. ,; 

AHaJiorHtIHO orrpe){eJIHIOTCH orreparophl A 3, A 4 H Booome ·. 
J1106aH ueJiafl rroJio>KHTeJibHaH cTerreHb An orrepaTopa A. . 

T e o p e M a 2.2. flycmb A - maKoe Henpepbl.BHoe onzo..! 
6paJJCeHue no.1tHoeo Memputt.ecKOeO npocmpaHcmea X o ce6Jl, .· 
ttmo onw6paJ1CeHue An npu HeKlJnwpO'M n RBJIJlemcR c31CatnblMe:,~ 
Toeoa yptuJHeHue Ax = x U.Meem, u npumoM eauHcrruJeHHoe,~ 
petueHue. l 

06pBTHMCH K HHTerpaJibHOMY ypasHeHHIO (11) :; 
~ 
,; 

t ~ 

rf..(t) =Iv J K (t, s) cp (s) ds + f (t). · (11); 
a 

·' 
Ey.neM rrpe.nrroJiaraTb, tITO f (t) E c [a, b] H tITO H,npo K (t, s)1 

A { 
a~t~b, :i 

HerrpepbIBHO B 33MKHYTOM TpeyroJibHHKe : -:::= ~ ·~ 
. a~s~t. 

Bae.neM onepaTop Acp, orrpe,neJIHB era cpopMyJioii ' 
t 

Acp t: A f K (f, s) cp (s) ds + f (t). (12l 
a 

He-rpy,nHo ycTaHOBHTh, tITO 

C [a, b] ~ C [a, b]. 

noxa1KeM, tITO A - HerrpepbIBHblH orrepaTop. j 
nycTb CV1 (t), CV2 (t) - JII06ble .nae «l>YHKUlflf lf3 c [a, Q J~ 

Tor.na 
t 

A<p2 (t)-Acp1 (t) I = A J K ( t, s) [ cp2 (s)- cp1 (s)J ds ~ 
a " ·~ 

(13) 
' 

~I A IM (t- a) max I CV2 (s)-cp1 (s)l. 
a~st:;;b 

M = max I K ( t, s) f. 
(t, s) e & 

J13 oueHKH (13) rroJiyqaeM, tITO Vt e [a, b J 

J Acp2 (t)-AC,,1 (t) J ~I A JM (b- a) p ( CV1, CV2), 
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TaK 'ITO 

p (Acp1t A_cp2) ~I"- t M (b-a) p ( ci>1t ci>2}• 

BosbMeM .ruoooe e E> O. Tor Aa np H 6 == s/J A- J M ( b -:--- a) HS 
ycJIOBHH p (cplt cpJ ~ 6 6y.n.eM HMeTb . 

p (Aq:>1, Acp2) <::! e, 

Cor Jiacno onpe.n.e.neHHIO, sro H osnat1aeT, tITO onepaTop A, 
ohpe.n.eneHHblH <P<>PMYJIOH (12), eCTb HenpepblBHhlA onepa­
TOP HS C [a, b I a C [a, b J. 

llaJiee, HCilOJlb3YH oueHKY (16), HBXO){HM 

I A2cp2 (t)-A2cp1 (t) I=== 
t 

c:: A. f K (t," s) [Acp2 (s)-Acp1 (s)] ds ~ 
a 

n, aoo6me, 

l 
· Mn (t a)n 

An cp1 (t)-Ancpl (t)l ~ (A. fn n ~ P (cp1' Cf>2) ~ 

· li•ln Mn(b-ar 
~ n ! p (cplt ·ci>2)• (14) 

HepaseHCTBO (14) aepHo .llJI.R JII06oro te {a, b ], H, 3HatIHT, 

I A. In Mn (b - ar · 
p(A"cp1t Ancp2)~ n! p.(cph cp2). (15) 

npH JII060M 3HatieHHH A qHCJIO n MOiKHO Bb16p8Tb H8CTOJlbKO 
60JibllIHM, tITO . 

C.Tie.n.oaaTeJJbHO, onepaTop An 6y.n.e-r C>KHMBIOUI.HM npH .n.ocTa­
TOtIHO 60JibllIOM n. 

B CHJIY TeopeMbl 2 .2 OTCIO.ll.8 38KJIIOtI8eM, tITO C8M onepa .. 
rop A HMeeT e.n.HHCTBeHHYIO Heno.n.BH>KHYIO TOt1Ky H, ·sHatIHT, 
ypfJBHeHue BoAbmeppa (11) npu 111060.M A, uMeem, u npumoM. 
eiJuHcmBeHHoe, pew.eHue. 
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9ro pemeHHe MO/KeT 6b1Tb HaH;l{eHO MeTO)J;OM noc.Jie,Z{OBa· 
T€JlbHbIX npH6JUDKeHHH, KOTOpbie CTpOSITCH. no .cxeMe 

t 

ci>n+1 (t)° = A.'J K (t, s) ci>n (s) ds + f (t)~ '. •'(ir~ O,· t,: ~·-. '.); -
a 

f,lle 8 KaqecTBe. Q>o (t) MO.>KHO B3HTb J1106y10 <l>YHKUHIO H3 
C[a, bl. -

n p H M e p. MeTO,llOM IlOCJie,ltOB8TeJibHblX 'npH6JIHB<eHHA pemHT& 
-earerpaJILHoe ypasHeaue 

t 

cp (t) = t - J (t - s) cp (s) ds. 

P e m e H H e. • B .u;aHHOM CJiyqae f (t) = t II K (t, s) = t - s (s < t) 
HenpephlBHbl H-, SHatIHT, ypaBHeHHe HMeeT -e,llHHCTBeHHoe HenpephlBHOO 
peuteHHe. 

By.AeM ero BCK8Tb MeTO,llOM IlOCJie,ItOB3TeJlbHhlX npH6JIH>KeHHii. no .. 
JIO>KHM cp0 (t) = O; Tor.zta nonytIHM 

fP1 {t) = t . 
.llanee, 

. Jt tS 
cpz (t) = t - (t - ~) s ds = t - ·3f, 

t 

I - ( SJ) . 13 t' cp3 ( t) = t - (t - s) s· - -- ds = t - _,..:_ + - , 
' 3! 31 51 

. 0 - . 

• • • • • • • • • • • • • • • • • • • • 

ta 12n-l 
· n-1 

«pn (t) = t - 3f + • • • + (- l) (2n- 1) I • 

SJCHO, lJTO .. 
<rn (t) --i> sin t. 

n-i> co 

Henocpe.llCTBeHHOH npoaepKoii y6e>K.n;aeMc.H, qro <f>YHIC.U.HH q> (t) = sin t 
ecTb peWeHHe .ll.8HHOro HHTerpaJibHOro ypaBHeHH.SI. 

3°. IlpHHUHn C)KaThlX oToopa.>KeHHH rrpHMeHHM K peme­
HHIO HeKOTOpbIX BHJJ.08 HeJIHHeHHbIX HHTerpaJihHblX ypas­
HeHHH. 

IlyCTh HMeeM ypaaHeHHe 
. b 

q>(t) =Ai J K (t, s; cp (s)) ds + f (t), (16) 
a 
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-
r.n.e f (t) H K (t,_ s; z) - HenpephlBHhre tj>yHKUHH caoux apry· 
MeHTOB JI.JUI a < t, s < b, -oo<z< +oo. 

· IlycTh, KpoMe ioro, K (t, s; z) y.n.oaJieTBopHeT ycJIOBHFO 
Jlunrnuua no CBOeMy «tj>yHKUHO_HaJibHOMy» a pryMeHTY z, T. e. 

I K (t, s; Z2)-K (t, s;' Z1) I~ re I Z2 - Z1 ,, 

r.n.e re - HeKOTOpaH nOCTOSIHH8H, He ~SaBHCHlllaH OT BblOOpa 
zit Z2• 

PaccMOTpHM oro6pail<eHHe g = A<p noJIHoro npocTpaHCTBa 
C [a, b] B ce6H, r.n.e 

b 

A<p = 1" J K(t, s; <p(s))ds +f(t). (17) 
a 

IlycTb <JJ1 .(t), <JJ2 (t) - .r1106ble JI.Be tj>yHKUHH H3 c la, bl. 
Tor.n.a . 
I A<p2 -A'PI I =-= A. j [K (t, s; <p2 (s)) - K (t, s; <pi( s))],ds I ~ 

~ 11" I Il' (b- a) max I <JJ2 (s)-<p1 (s)I. (18) 
a<s<b 

OueHKa (18) cnpaae.n.Jiuaa JJ.JIH J1106oro tE [a, b ]. 3HaqnT, H 

!J18X I A<p2 (t)- A<p1 (t) I = 
a<t<b 

= p (A<ph A<p2) ~I A I re (b-a) p (<pi, <JJ2). 

Cne.n.oaaTeJihHO, npu I Iii \ ~ 1 / !Z ( b - a) onepaTop A 6y )leT 
<;il<HM8lOlllHM H, B CHJIY TeopeMbI 2.1, HHTerpaJibHOe ypaBHe­
IJHe (16) 6y.n.eT HMeTb npu TaKHX Ai e.n.HHCTBeHHoe HenpephlB· 
Hoe perneHHe. 

3To perneHHe MOil<eT 6bITb Han.n.eHO MeTOJJ.OM nocJie.n.oaa­
Te.TlbHbIX npH6JIHil<eHHH no cxeMe 

b 

<IJn+l (t) =A J I) (t, s; <IJn (s)) ds + f (t) (n = 0, 1, ••• ), 
a 

rn.e B KaqecTBe <JJo (t) MOil<HO B3SITb JI106y10 tj>yHKUHlO 83 
C [a, b }. 
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3 a M e · q a H n e. EcJIH_ tJ>ynKU.HH K ( t, s; z) HMetrr orpa­
HHqeHny10 qacTHYIO npoH3BO.ztHyro· no z: 

ro TaKaH cpyHKUHH y.noaJieTsopHeT ycJIOBHIO Jlunllluua no z 
c KOHCT8HTOH ~ < A .. 

B caMOM AeJie, socnOJib30BaswHcb TeopeMoii Jlarpae1Ka, 
6y,ZJ.eM HMeTb 

K (t ) K (t · ) iJK (t, s; ;) .( , ) · , s; z2 - , s; z1 = iJz z,-z1 , (19) 

r){e. ~ 38KJIIOlJeHO MelK,lJ.Y Z1 H Zz. 
Ma ( 19) noJiyqaeM 

I K (t, s; z,)-K (/, s; z1) 1 = \ ~~ I! z,-zd..;; A lz2-Zt ],-

qro H AOKa3bIBaeT Hallie YTBep>l<AeUHe. 
n p H M e p. PeWHTb HHTerpaJibHoe ypaBHeHHe 

1 

<
t> . 1 I . ,, . d +· ,· 

<p · = T I + cp2 (s) s . • 
-1 . 

ts 
Pe m: H H e. <llyHKQHa K (t,· s; z) = 1 + zt ecT& Henpep&1B~a• 

<f>yHK-UHH CBOH}( apryMeHTOB i OHa HMeeT orpaHlf'leHHytO npoH3BOAHYIO no ZS 

I ~~ I = i- cl ~~2)2 I ~ 1 
• 

- 1 ~I, s ~ 1, - oo < z < + oo, 

H, CJle,?toBaTeJibHO, y,n;oBJieTBop.HeT ycJIOBHlO JlH-IIUIHlla 110 z, npR'leM B Ka• 
qec'fBe flOCTO.R'H

0

HoA JIHmn11u.a Mbl MOJKeM B3HTb ~ z:: 1. ,ll&nee, J. = t/J. 
a = -1, b = I, raK qro yCJioBHe 

. 1 
p. I < 2' (b - a) ' 

o6ecnequearow.ee c>KaTOCTb OT06pa>KeHHSI, 3.!(ec& BblUOJIHeHO. IlpHMCHHal 
ftieTO,D. TIOCJie)(OBareJlbHblX np116JmHreHHA, B3SIB sa HyJieaoe npH6..zIH­
lKeHHe q> 0 {t) .= I. Tor~a 
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Slcao, 11TO . fPn (t) == 1 . (n = 2, 3, ••. }, oTxy;n;a 

q> (t) == lim Cf>n (t) = 1. 
n-+oo 

Henoc~JlCTBe1'oHOA npoBepKofr. y6e>K,iaeMc.sr, ttTo cf>YHKIUrn q> (t) = I 
ecTh peweHHe .n.aaaoro HHTerpaJibHOro ypaBHeHHSI (KcTaTH, npu JII06oM . 
SHaqeaHH A.). · . ·· · 

4°. c H c T e M bl " H Terp a JI b H bl x . y pa B He·" HA. 
CttcTeMa HHTerpaJibHblX ypaBHeHH:A <l>pe,ll.roJibMa BToporo 
po.u.a c 0.ZJ.HO~ He3BBHCHMOH nepeMeHHOii HMeeT BH){ 

. n b 

<pi (t) =A~ J K11 (l, s) cpi (s) ds .f- f, (t) 
. /=1 a 

(i = 1, 2, •• '.9 , n). (20) 

DycTb H.ztpa Kl/ (l, s) HHTerpHpyeMbI. c KBaJJ.f.aTOM e 
Q \ a <: t, s <: b}, a ceo60,ll.H1>1e qneHhI f, (t) E L 2 [a, b . By.ll.eM 
HCK3Tb perneHHe fP1 (t), CJ>2 •(t), •.. , cpn '(t) CHCTeMbl (20) 
TaKJKe e KJiacce L 2 (a,· b ) . IlocTyntfM cJie.u.y101.I).HM . o6pa3oM. 

Cee.n;eM cHcTeMy (20) K o,ll.HOMY HHTerpaJihHOMY ypaette:­
n1110 THna <l>pe.u.rOJibMa, HO TOJlbKO Ha HHTepBaJie, B n 'paa 
OOJibllieM HCXO.ZJ;HOro .. neJiaeTCH STO TaK. Onpe.n.eJJHM cpyHK· 

· UHH <D (t) H F (t) Ha oTpeaKe a <: t <a + n (b - a), no .. 
JIOJKHB 

eCJIH 

<D (t) = cp, (t-(i- l) (b-a)), 
F (t) == f 1 (t-(i---1) (b-a)), 

a +(l-1) (b-a) <:t <:a +i(b-a) (i=l,2, ••. ,n). 

· TotiHo TaK )Ke 3a.u.a~HM H.n.po K (t, s) B KBa.n;paTe 

a <: t, s <. a + n (b - a), · 

DOJIO)KHB 

K(t, s) = K 11 (t-(i-1)(b---a), s-(j- l)(b-a))~ 

eCJIH 

a+ (l- l)(b-a) ~ t <a+ i (b-a), 
a+ u~ l)(b-a) ~s< a+ j(b-a) 

(i, j = 1, 2, •• ,, n), 
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Tor)J.a CHCTeMa (20) 33IlHllleTCJl B BH)l.e O)l.HOrO ypaBHeHHH 
<tlpe)l.rOJibMa: 

a+n '(b-a) 

<D (t) =A f K (t, s) <I> (s) ds + F (t). (21) 
a 

HeTpy)l.HO BH)l.eTb, qro nocTpoeHHOe HaMH st)l.po K (t, s) HH .. 
TerpHpyeMO c KBa)l.paroM 

{
a< t <a+ n (b-a), 

8 
Qi a<s<a+n(b-a), 

a caooo)l.HhlH qneH F (t) EL 2 [a, a + n (b - a) I. JleflcTBH .. 
TeJibHO, 
a+n (b-a) n a+i (b-a) 

J I F ( t) 1
2 dt == ~ f l F ( /) 12 dt = 

a l=l a+ (l-1) (b-a) 
n a+l (b-a) 

= ~ J 1/1 (t-(i-1) (b-a)) 12 dt = 
i=l a+ (i-1) (b-a) 

• 

ToqHo TaK JKe 
a+n (b-a) a+n ( b-a) 

f J I K (t, 
a a 

s) l2 dtds= 

n b b 

- n b 

= ~ J It, (t)l2 dt <! + oo. 
i=l a 

= ~ J JJ K1j(f,s)l
2
dtds=Bf<J+oo. 

l, i=l a a 

HTaK, Mbl CBeJIH CHCTeMy ypaBHeHHH (1) K O)l.HOMY HHTe .. 
rpaJibHOMY ypaaHeHHIO <I>pe)l.rOJibMa c H)l.poM K (t, s)esL 2(Q1) 

H caooo)l.HbI~ qJieHoM F ( t) EL 2 [a, a + n ( b - a) ] . 
IlpHMeHHH K HeMy paccyJK)l.eHHH n. 1°' nonyqaeM, QTO 

ecJIH I A I < I I B 1t TO ypaaHeHHe (21) HMeeT e)l.HHCTBeHHoe 
perneHne B KJiacce L 2 [a, a + n ( b - a) I. .3ro nocJie)l.Hee 
MOJKeT ObITb Haii)l.eHo MeTO)l.OM nocJie)l.oBaTeJibHbIX npHOJIH-.. 
JKeHHH. 

CJie)l.OB3TeJibHO, H )l.JIH CHCTeMbl (20) IlOCJie)l.OBaTeJibHbie 
npHOJIHJKeHHH CXO)l.HTCH B cpe)l.HeM K perneHHIO CHCTeMbl, 

KOJib cKopo I A I < l/ B 1t r)l.e 
n b b 

Bi= ~ j JI Ki1(t, s) l2 dtds, 
Ii L=l a a 



fJIABA BI 

JIHHERHblE ODEPATOPbl. 
JIHHERHblE HHTEfPAJibHblE l'PABHEHHjl 

Ilpu paccMoTpeHHH oom.Hx caoiiCTB JIHHeHHblX HHTerpaJib· 
HblX ypaBHeHHH Il0Jle3HO HCilOJlb30B8Tb HeKOTOpble peayJib­
T8Tbl TeopHH JIHHeHHblX oneparopoa. 3ro TeM 6oJiee ecre­
CTBeHHO, l.ITO C8MH HHTerpaJibHble ypaBHeHHSI IlOCJJYlKHJIH 
OTnpaBHOH TOl.IKOH Jl)IH IlOCTpOeHHSI oomei\ TeopHH JIHHeHHhlX 
onepaTopoa. 

§ 9. JIHHeiiH&1e HopMHpoeaHHble npocTpaHcTea 

I. JlHHeHHOe npocTpaHCTBO 

0 n p e JI. e JI e H H e. fl ycmb E - MHo;acecmeo SAeMeH­
moo, yaoe11emeopmoiu;ee c11eay10WsuM aKCU.OMaM: 

1°. E - a6e11eea. epynna omHocumeAbHO epynnoeou onepa­
quu C/lO{)IC{!HUR. 3ro 3H81.IHT, l.ITO onpeJI.eJieHa cyMMa x + y 
n106blx .llBYX aJieMeHTOB x, ye E, HBJIHJ91Ilasica aJieMeHTOM 
Toro :me ~Ho:mecTaa, npu1.1eM onepauusi cJioJKeHHSl yJI.OBJieTBO­
psieT yCJioBHSIM: 

1) X + y = y + X (KOMMYT8THBHOCTb); 

2) x + (y + z) = (x + y) + z (accouwaTHBHOCTb); 
3) cymeCTBYeT OJl.H03H81.IHO onpe,ll.eJieHHblH SJieMeHT 0 Ta-.. 

KOH, l.ITO 

x+ 0=x VxE E; 

4) ,l1.JIH acsiKoro x e E cymecTayeT OJl.HOSHa1.1Ho onpe.n.e­
JieHHbIH SJieMeHT (-x)eE T8KOH, l.ITO 

x + (-x) = e. 
SJieMeHT e H83blB8eTCSI HyAeBbtM aJieMeHTOM HJIH HYAeM 
rpynnbl. SJieMeHT (-x) H83b1BaeTcsi a.neMeHTOM, npomueono­
./l031CHblM X. 
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EcTecTBCHHO BBOAHTCH.onepauHH, oopaTHaR K onepaUHH 
CJIO)KCHHH 3JICMCHTOB, KOTopylO Ha3blBalOT BblQHTaHHCM: IlOJ( 
pa3HOCmblO x - y noHUMarom x + (-y). 

2°. OnpeoeAeHO yMHoxeHue DlleMeHmoo x, y, z, ... 
MHO;J1Cecmea E Ha eewtctrteeHHble (KOMnAeKCHOte) tt.UcAa 

. A., µ, 'V' • • • ' npUt{,tM /..,x CHOOa H8AJU!tnCJI, 8AeMelUnOM MHO· 
0teecmea E u 6btMAHmDmcR ycll08uR.: 

1) A (µx) = (Aiµ) x (3aKOH accoquamWJHocmu yMHoxeHuR); 

2) A (x + y) = AX + Ay, · 
3) (A + µ) x = AX + µx (aaKOHbl. oucmpu6ymuoHocmu). 

MHo3/Cecmeo E, yiJOB.llemBOPRIOf4ee aKCUOMci.M I u I I, Ha· 
Bbl.BaemcR AUHeUHblM (eeKmOpHblM) npocmpaHCmBOM. 

B 3aaHCHMOCTH OT Toro, Ha KaKHe QHCJia, aemecrneHHhie 
HJIH KOMllJICKCHble, J(OnycKaeTCH yMHO)KCHHe 3JICMCHTOB MHO· 
)KecTBa 'E, pa3JIHQalOT aemecTBCHHOe HJIH KOMilJICKCHOe JIH .. 

. HeflHoe npocTpaHCTBO. 
n p H M e p bl. 1. CoaoKynHOCTb acex BCKTOPOB IlJIOCKO· 

CTH c OObtQHblMH onepauHHMH CJIO)KCHHH- aeKTopoa H yMHO­
*CHHH HX Ha AeHCTBHTeJibHOO QHCJIO o6pa3yeT JIHHeHHOe 
npocTpaHCTBO. 

2. CoaoKynHOCTb 3JICMeHTOB npOCTpaHCTBa c [a, b J 
c OOblQHhlMH onepauHHMH cJio)KeHHH tPYHKUHH H yMHO*eHHH -
tJ>yHKUHH Ha QHCJIO o6pa3yeT JIHHeHHoe npocTpaHCTBO. HyJih · 
3TOro npocTpaHCTBa - tPYHKUHH x (t) = 0 Ha [a, b ]. 

C Apyrou cTopoHhl, coaoKynHoCTh aeKTopoa Ha nJiocKo-­
cTH, HaQaJia KOTOpblX HaXO,D;HTCH B HaqaJie KOOp,D;HHaT' a 

. KOHllbl - B npe,n;e.nax 1-A QeTBepTH, JIHHeHHOro npocTpaHCTBa 
He o()pa3yeT, TaK KaK B npe,n;e.nax ·aTOH COBOKYllHOCTH H~b3H 
YMHO)KaTh Ha (-1). 

AHaJiorHQHO, KJia cc acex MOHOTOHHblX Ha [a, b] cpyHKUHH 
He o6pa3yeT JIHHeiiHoro npocTpaHcTaa c OOblQHOH oilepauHeii 
CJIO)KCHHH tPYHKUHH. 

. TaK, tPYHKURH x 1 (t) = sin t + 2t H x2 (t) = sin t - 2~ . 
MOHOTOHHbl Ha [-n, n ], HO HX cyMMa x (t) =Xi (t) +x2 (t) ::I 

= 2 sin t He MOHOTOHHa Ha (-n, n). ! 

KJiacc acex nepHo,n;HqecKHX tPYHKUHfi TaK*e He o6pa3yer . -~ 
JIHHCHHoro npoc.TpaHCTBa. TaK, Ka*,n;as H3 tPYHKUHH sin t 
H sin at (a HppauHoHaJibHO) nepHO,l(HQeCKaH, HO HX cyMMa ' 
sin t + sin at eCTb lJ.>YHKUHH HenepHO~HQCCKaH. i: 

.. 
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II. R H H e ft H 0 e H 0 p M H p 0 B a H H 0 e 
npocTpaHCTBO 

81 

0 n p e .!\ e JI e H H e. M HO:J1CectnBO E Ha3bl.eaemca AuHea­
HblM 1iOpMUp08QHltb/,M npocmpaHCtnBOM, eCAU: 

1°. E - AUHeuHoe npocmpaHcmoo. . . 
2°. Ka:J1Cd0My 8AeMeHmy xeE nocmaBAeHO e coomsemcmBue 

iJeucmeumeAbHoe <tucAO, KOmopoe H03bl8aemca HOpMou amoeo 
a.IU!MeHma, o6osHattaemca cuMBOAOM ll x II u yiJoeAemeopaem cAe­
oyroU{UM YCA08UJlM (aKCUOMbl HOpMbl): 

I) 11 x 11 ;-;::: o, 11 x 11 = o # x = 0; 

2) II x + y II < II x II +II y II (aKCuoMa mpeyzoAbHUKa); 
3) II AX II = I A f 11 x II (oiJHopoiJHocmb HOpMbl). . 
3TH caoH:cTaa - ecTecTaeHHoe nepeHeceHHe caoH:cTB 

HopMhl (,n.JIHHhl) aeKTopa a o6hrqHoM TpexMepHoM npocTpaH· 
CTBe Ha SJieMeHTbl JII06oH npHpO,l\bl. 

. B JIHHeAHoM HOPMHpoaaHHOM npocTpaHCTBe M:o:iKHo BBecTH 
MeTpHKY nocpe,l\CTBOM paBeHCTBa 

p(x, y) =11x-u11. (I) 

JierKo npoaepHTh, 1ITO TaK BBe.l\eHHoe paccTOSIHHe y.l\OBJieTBO· 
pSieT BCeM aKCHOMaM MeTpHKH. 

TaK KaK x - 0 = X, TO H3 onpe,l\eJieHHSI (I) CJie,l\yeT, 1ITO 

!!xii =II x-0 II= p(x, 0), 

TaK 1ITO HOpMa JII06oro iJieMeHTa paBHa ero paCCTOSIHHIO OT 
HyJisi. Bae,l\H MeTpHKY, MOIKHO onpe.l\eJIHTh cxo,l\HMOCTh n<>­
CJie,l\oBaTeJihHOCTH SJieMeHTOB {Xn} K Xo, a HMeHHO: 

ecJIH 

x0 = limxm 
n.+oo 

II Xn -xo 11-~0. 
n.+ oo 

Onpe,l\eJieHHasi· TaKHM -06pa3oM CXO.l\HMOCTh B JIHHeHHOM 
HOpMHpoaaHHOM npocTpaHCTBe Ha3hlBaeTcSI cxoiJuMOcmbro no 
ljOpMe • 

. . Ecne JIHHeH:Hoe HOpMHpoaaHHoe npocTpaHCTBO SIBJISieTCff 
hOJIHblM B CMhlCJie CXO,l\HMOCTH no HOpMe, TO OHO H33blB3eTCSI 
npocmpaHcmeoM EaHaxa HJIH npocmpaHcmeoM muna B. 
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n p H M e p bl. I. n-MepHoe BeKTOpHoe npocTpaHCTBO 
c o6hlqHhlMH onepaUHHMH cJio>KeHHH aeKropoa u yMHO>KeHHH 
HX Ha qucJio H HOpMOH 

11 x n = Ct, s~) 112

• 

x = (s1. s,, . .. .. £n), 

ecTh npocTpaHcTBo Tuna B. 
2. C [a, b] ecTb npocTpaHCTBO THna B. CJio>KeHHe cpyHK·· 

uuii u yMHO>Kettue Q>yHKUHH Ha qucno onpe.n.e.rrHeM o6hlqHhlM 
o6pa30M. TioJIO>KHM 

11 x JJ =max Ix (t) I;. 
a~ttt;.b 

Tor.n.a 

p(x, y) =II x-·y II= max I x(t)-y (t) I, 
a~tt;.b 

. 
TaK qro MerpuKa nonyqeHHoro npocTpaHCTBa coana.n.aeT c MeT-
puKoii, paHee aae.n.eHHoii ·B C [a, b ). · 

KaK 6b1JIO noKa3aHo, C [a, b) noJIHo B 3TOH MeTpHKe u, 
CJieJJ.OBaTeJibHO, ecTb 6aHaXOBO npocTpaHCTBO. :; 

3. Lp [a, b J ecTb npocTpaHCTBO Tuna B. 3Aecb \ 

( 

b )1/p 
II x D = I Ix (I) IP dt • 

4. PaccMoTpHM JIHHeiiHoe np ocTpaHCTBO Q>yHKUHH x (t)t,~ 
HenpephlBHhlX Ha oTpesKe [a, b J. Ero MO>KHO c.n.e.rraTh nop'"'.~ 
MHpOBaHHbIM npocTpaHCTB OM, IlOJIO>KHB ! 

b 

n x 11 = J J x ( t> l dt. 
a 

By.n.eM aTo npocTpaHCTBO o6o3HaqaTh C 1 (a, b ). 3.n.ech 

b 

P < ~, y > = J I x < t) -- y < t) I dt. (2~ 
a i 

' " 
TipocTpaHCTBO c 1 [a, b) He IlOJIHO. IlP.HBeJJ.eM npHMep' 

. (CM .. [5)) Q>yHJJ.aMeHTaJibHOH nocJieJJ.0BaTeJibHOCTH H3 cl la, b Ji~ 
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He HMelOllleli- npe.u.eJia a C 1 fat. b]. EepH JI.JI.ff npocTOTbl OT­
pesoK (0, 1 ), paCCMOTpHM 4>YHKUHIO (pHC. 8) 

{ 

I npH 0 :=s;; t ~ 1/2, 
Xn (t) = n + 1-2nt npH ~/2~t~1/2 + 1/2n, 

0 npH 1/2 + 1/2n ~ t ~ 1. 

B CMhICJie MeTpHKH (2), T. e. no HOpMe, nocne.u.oeaTeJihHOCTh 

Q I I I 
T ZJ7i I t 

PHc. 8. 

,.._.... __ 

0 
I 

I 
l 

{Xn (t)} CXOJJ.HTCH K 4>YHKUHH (pHC. 9) 

L(eHCTBHTeJibHO, 

{
1 npH O~t~l/2t 

x (t) = 0 n pH 1/2 < t ~ 1. 

1 , 

P (Xm x) = J I Xn (t)- X (t) I dt = 
0 , 

I t 

l/2+1/2n 

J (n + 1-2nt) dt~ 1/2n, 
1/2 

H Il09TOMY Xn (t) -+ X (t). . 
Orcro.u.a cne.u.yer, qTo noCJieJJ.OBaTeJihHOCTh Xn (t) cpyH.u.a· 

MeHTaJihHa a C 1 [a, b), HO- npe.u.ena a C 1 [a, b) oHa He HMeeT, 
TaK KaK CXOJJ.HTCH K ya3pMBHOH cpyHKUHH. 
. IloSTOMy c 1 [a, b ecTb llHHeHHOe HOpMHpoaaHHOe npo- . 

CTpaHCTBOt He HBllHIOlUeecH OaHaXOBbIM npOCTpaHCTBOM. _. 

,' 
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5·. IlpocTp8HCTBO C,, [a, b) HenpepbIBHhlX Ha [a, b j 
tYHKUHH X(~ C HOpMOA 

11 x u = (j I x < t) la dt r2 

He HBJIHeTCH B·npocTpaHCTBOM. Mo>KHO noKa3aTh, tITO nocn~ 
.D.OBaTeJibHOCTb HenpepbIBHb1X Q>yHKUHfl j 

Xn (t) = arctg nt, ....... 1 < t < I, 

cpyH~aMeHTaJibHa, HO CXO~HTCH B CMblCJie cpe~Hero KBa~p~ 
THtIHoro yKJIOHeHHH K pa3phIBHOH Q>yHKUHH 

·{- n/2 npH t < 0, 
X ( t) = 0 np H t = 0, 

n/2 npH t > O. 

nJIH 6aHaXOBbIX npocTpaHCTB cnpaae~JIHBO BCe, tITO HMee:J 
MecTO .D.JIH IlOJIHbIX MeTpHtieCKHX npocTpaHCTB (B tiaCTHOCTH,. t 
B-npocTpaHcTaax pa6oTaeT npHHUHn c>KaThIX oTo6pa>KeHHA}' 

' 

§ 10. JleHeHHble onepaTopbl. HopMa onepaTopa ·i 

IlycTb E n E - JIHHeHHble npocTpaHCTBa. OnepaTop Al 
p,e11cTBYIOlllHH H3 E a E, Ha3blBaeTCH AUHeUHblM, ecJIH oj 

I) a.z:tnHTHBeH, T. e. 

A (x + y) =Ax·+ Ay ~JI.ff JII06hIX x, yeE: 

2) o~Hopo~eH, T. e. 

A (ax) = aAx ~JI.ff JI106oro xeE H JI106oro tIHCJia a. 

Henocp~CTBeHHO H3 onpe~eJieHHH JIHHe:HHoro onepaTOt>J 

CJie~yeT, tITO Bcer~a Ae = e, A (-x) = -Ax. 
¥.fa I) H 2) JierKo 110Jiy11aeM 

A (a1Xi + ... + a,;xk) = a1Ax1 +. ~. + akAxk 

~JI.ff JII06blx x 1,. •• , xk H3 E H. JII06hIX tIHCeJI alt a 2, • · •• ,~: 
n p H M e p bl. I. OnepaTop 0' nepeBO~HlllHH Ka>K~ : 

~JieMeHT x _npocTpaHCTBa E B Hy Jieao:H sJieMeHT npocTpaHc · ~, 
£: Ox = e v XEE, HBJIHeTCH JIHHeAHhlM. OH Ha3b1Baercl 

nyAe8blM onep~Top~M. 
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2. OnepaTop I, nepeBOJI.fllllHH Ka)K,ZJJ:idi .sneMeHT npo .. 
cTpaHCTBa E e ce6H: 

Ix= x, 

JIHHeeH. OH Ha3b1BaeTcH eiJuHUtlHbl.M HJfH moJ1C0ecmseNHblM 
onepaTopoM;-

3. OnepaTop A, nepeeo.u.RIUHH Ka>KJI.hlH .sneMeHT xeli 
B 3JfeMeHT ·'Ax (A - cpHKCHpOBaHHoe llHCJfO), ecTb JfHHeHHhlH 
onepaTop, tta3bleaeMhIH oneparopoM noiJo6uR. 

4. IlycTh A - JfHHeffHhIH onepaTop, oTo6pa.>KaIOIUHH n .. 
MepHoe npocTpaHCTBO Rn c 033HCOM elt re2, ••. , en B m­
MepHoe npocTpaHCTBO Rm c oa3HCOM /It I 2t ••• , Im• 

EcJIH x E Rn, TO 
! n 

x = ~~,et 
i=l 

H, e CHJIY JIHHeffHOCTH onepaTopa A, . 
n 

Ax=~ g,Ae,. 
i=l , 

TaKHM oopa30M, oneparop A oyJI.eT 33,lI.aH, ecJIH H3BecTHO, 
BO llTO OH · nepeBO,lI.HT 033HCHbie BeKTOphl e lt e 2t • • • , en• 

. Pa3JfOlKHM BeKTOp Ae ,E Rm ITO 6a3HCY I 1t I 2t ••• ' f m· 
ByiteM HMeTh 

m' " {") Aei = ~a/ Ii 
f=l 

(i = 1, 2, ••. , n). 

0Tc10.u.a HCHO, llTO onepaTop A onpe.u.enHeTCH MaTpttueii· 
KO~HUHeHTOB (aV>){ - l, 2' • •• , m CTOJfOU3MH KOTOpOii ..7'f:"t' J i - 1, 2, . . . , n , 
cny.>Kar Koop.nttHaThl eeKTOpos Aeh Ae 2 , ••• , Aen OTHOCH· 
TeJibHO 033HCa flt f 2, • • ·, f m· ... 

IlycTb E H E - JIHHeHHhie HopMHpoeaHHhle npocTpaHCTBa. 
0 n p e .u. e JI e H H e. Onepamop y = Ax c 06Aacmb10 

onpeiJeAeHUJl D Ac.E u co sHa'l£HUH.MU e E Ha3'bt8aemcR Henpe­
pb1.81tb/,M 8 motlKe x0ED At ecAu iJAJl 8CJlKOZO e > 0 cy£1iecmeyem 
6 >OmaKoe, tlmOiJAJl8CeXXEDA maKUX, q,mo~X-Xoll!I<6, 
BblnOAHRemcJl HepaBeHCtnJJO 

~Ax-Axo~e <e. 
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3aecb ~ ~Et ~ ~E --:--- HOpMbl e npocmpaHcineax Et E coom-
eemcmeeHHo. , 

llacro oblaaer yJJ.o6Ho cJieJJ.y10m.ee (paaHOCHJibHoe) orrpe-
JJ.eJieHHe HenpepbIBHOCTH onepaTOpa. '' 

Onepamop A H.enpepbl8eH 8 mottK.e XoED At eCAU allJI, AJ06oil 
nocAeaoeameAbHOCmU 9AeMeH11W8 {xn}t XnED At .cxoiJR~UCR 
" x 0 no Hop Me npocmpaHcmea Et coomeenwmey10UJ,aJ1. nocAeao­
eameAbHocmb {Axti} cxooumcR K 9AeMeHmy Axo no HOpMe 
npocmpancmea E, T. e. 

n.+ oo 

n p H M e p bl. 1. .nycTb E = i~ = c [a, b). ,[lJIH npo­
H3BOJibHOH Q:>yHKUHH x (t) E C [a, b] noJio:>KHM 

-b ' 

y(t)= J K(t, s)x(s)ds, (l) 
a 

rJJ.e K (t, s) - HeKOTopan Q:>HKCHpoaaHHaH HenpepbIBHa.ff cpyHK· 
UHH JJ.BYX nepeMeHHblX B K~a)l.paTe Q{a'< t, s-<: b}. 

HcnoJib3YH paaH0MepHy10 HenpepbIBHOCTb K (tt s) B Q, 
noJiyqaeM, QTO Q:>yHKUHH y ( t) HenpepblBHa )I.Jiff JII06o:H He­
npepblBHOH cpyHKUHH x ( t), TaK QTO paaeHCTBO (I) onpe.D.MHeT 
onepaTop y = Ax, JJ.eiicTBYIOJ..UHH H3 npocTpaHCTBa C [a, b J 
B C [a, b ]. Ero Ha3blBaIOT uHmezpaAbftbl.M onepamopoM <Ppea- · 
zoAbMa c (HenpepbIBHbIM) HJJ.POM K (t, s). JlHHenHOCTb sroro~ 
onepaTopa oqeBHJJ.Ha: 

b 

I) A (x1 + x2) = J K ( t, s) [ x1 ( s) + x2 (s)] ds = 
a 

b . b 

= J K (t, s) x1 (s) ds + J K (t, s)x2 (s) ds = Ax1 + A.tai 
a a 

b 

2) A (ax) = J K ( t, s) ax ( s) ds = 
a 

b 

=a J K (t, s) x (s) ds = aAx (a =r: const). 
a 
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HenpepbIBHOCTb onepaTopa A cne.n.yer H3 TOro, IITO cxo~H­
MOCTh B npOCTpaHCTBe c [a, b ] ecTh paBHOMepHaH CXO)I.H· . .. .. . 
MOCTh, npH KOTOpOH -B03MO.>KeH npeJI.eJihHhIH nepexo.n. no.n. 
3H3KOM HHTerpaJia. Il03TOMy, ecJIH Xn (t) --+- Xo (t)_, TO 

b 

lim Axn =Jim J K (t, s)xn (s) ds = 
n~oo n~oo a 

b .. b 

= J K (t, s) (lim Xn (s)) ds = J K (t, s) x0 (s) ds = Ax0• 
a n~oo a 

2. IlycTb Teneph E = E = L 2 [a, b ]. BHOBh paCCMOT· 
pHM HHTerpaJihHhIH onepaTop cfJpe.n.roJihMa 

l 

b 

y=Ax= J K(t,s)x(s)ds, (I) 
a 

Ho Tenepb 6yJI.eM npe.n.nOJiaraTb, IITO H.n.po K (t, s) HHTerpR· 
pyeMo c Kaa.n.paTOM no o6nacTH Q {a < t; s < b }: 

b b 

. J J 1(2 (t, s) dt ds = B2 < + oo. (2) 
a a 

IloKa.>KeM, IITO cpopMyJia (I) onpe.n.enHer onepaTop, .n.eiicTay10-
11u1H- H3 L 2 [a, b) a L 2 [a, b ). 

B cuny TeopeMhl <I>y6HHH (cM. [27]) H3 yCJioBHH (2) CJie· 
.n.yer, IJTO HJI.po K (t, s), KaK cpyHKUHH OT s, npuHa.n.Jie>KHT 
L, [a, b J. 3HaIJHT., HHTerpan (I) cyruecTayeT JI.JIH JI106oiI 
cpyHKUHH x (t) E L2 [a, b J. no TOH >Ke TeopeMe <I>y6HHH 
cpyHKUHH 

( 

b )1/2 
k (t) = J K2 (t, s) ds 

npHHaJI.Jie>KHT L 2 [a, b ), npuIIeM 

b b b 

J k2 (t) dt = J J K2 (t, s)as dt = B2 < + oo. 
a a 
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HcnoJih3YH HepaaeHCTBo Kom11-ByHHKOBcKoro, HaXO,ll;HM . 

b b{b }2 
}lf(t)dt=[ JK(l,s)x(s)ds dt~ 

b{b b } . 
~ l l K' (t, s) ds l r (s) ds dt = •. ·, 

b b b 
= J x2 ( s) ds J J K2 

( t, s) ~ dt ==- 11 x IF B2, (~ 
a a a 

T. e. y (t) E L 2 [a, b J. 
HepaaeHCTBO (3) MO>KHO 3anHcaTh a an,ne 

II y IP ~ JJZ 11 x IF. 

H3BJieKaH KBa.D.paTHblH KOpeHb H3 ooeHX qacTeH 3TOro Hepa~ 
BeHCTBa, oy )J.eM HMeTh ·~ 

tl 

II Y II:::: H Ax 11~B11 x JI. · (4J 
··~ 

JlHHeiiHOCTh onepaTopa A oqeBH,ItHa, a ttenpepbIB~ocTh erq 
CJie)J.yeT H3 HepaaeHCTBa ( 4), IlOCKOJibKY ecJIH Xn --+- x OJ- 'I'd 

JI ~Xn -Ax0 II= II A (Xn - X0) II ~ B JI Xn-:- Xo II~ 0, 
n-+ oo 

H, 3HaqffT, 

y n p a >K H e H H e. noxaaaT.b; qro B KOHeqHOMepHOM npocTpaHCT• 
? 

BCRKHH nHHeHHbl'H onepaTop Henpephl.BeH. 

T e o p e M a 3.1 JluHJ!uHbtu onepamop y = Ax, onpe~ 
.11.eHHblU Ha AUHi!UHO.M rtop.MupoeaHHOM npocmpartcmee E 
u omo6paJ1Ca10WiUU E 8 AUHetlHoe HOpMUpOBaHHoe npocmpaHJ, 
cmoo E, HenpepbUJHb/,U 8 oartotl mO'iKe Xo EE, Henpepbl8eH H4 
eceM npocmpartcmee E. 

,UeiicTBHTeJihHO, nycTb x - n106aH ToqKa H3 E H x,,," ~ ~ 
Tor.D.a Xn -- x + x0 ~ x0 • TaK KaK A aenpephIBeH B TOqKe xol 
TO 

lim A(xn-x+x0)=AXo· 

Ho B CHJIY JIHHeiiHoCTH onepaTopa 

A (Xn-X + x0) = Axn-AX + Ax0 , 
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lim Axn -Ax + Ax0 = Ax0, 
n~oo 

OTKyJI.a 
lim Axn =Ax, 
n~ co 

nocJieJ].Hee 03HaqaeT, COf JiaCHO onpeJJ.eJieHHIO, qTO onepa .. 
Top A HenpephlBeH B TOqKe xeE. · 

0 n p e JI.en e H u e 0). JluHeuHblu onepamop A, oeu· 
cmey10u;uu us E B E, Ha3bwaemcR ozpaHutteHHbtM, ecAu oH 
onpeoeAeH Ha eceM E u cyUJ/!cmeyem maKaR fWCmoRHHaR 
M ~ 0, ttmo 

11 Ax ll ~ M II x II VxeE. (5) 

3oeCb II Ax II ""'- Hop Ma B npocmpaHcmee E, II x II - HOpMa B npo· 
cmpaH.CrnBe E. , 

CorJiaCHO 3TOMY onpe.u.eJieHHIO, orpaHHqeHHbIH onepaTop 
nepeBOJJ.HT Ka>KJ].Oe orpaHuqeHHOe MHO)KecTBO .sJieMeHTOB 
{x\cE B orpan11qeHHoe /Ke MHOJKeCTBO .sneMeHTOB {Ax} c E. 

Me>KJJ.y orpaHuqeHHOCTblO u .HenpepbIBHOCTbIO JIHHeiiHhlX 
onepaTopoB cyruecTsyeT TeCHaH CBH3b, KOTopaH Bblp~>KaeTCH .. .. 
cne.u.y10rueu TeopeMOH. 

T e o p e M a 3.2. $.AR moc.o ttmo6bl AUHeuHhlU onepamop A 
6bt.ll Henpepbl8eH, He06XoOUMO U OOCmamO'lHO, 'lm06bl OH 6btA 
ozpaHU'l£H. . 

HHor.u.a 6hlsaeT y.u.o6Hee noJib30BaTbCH HHblM, paBHOCHJib· 
HbIM npeJI.bIJI.yIUeMy, onpe.u.eneHHeM orpaHnqeuHoro orrepa· 
TOpa. . 

0 n p e JI. e JI e H H e (II). Onepamop A Ha3bl8aemcJl ozpa· 
HU'leHHhlM, eCAU OH ozpaHUtteH 8 eoUHU'lHOM wape s 1 : ~ x II ~l 
npocmpaHcmea E, T. e. CYWf!CrnByem ttUCAO :It max:oe, ttnw 

II Ax 11 ~:It (6) 

OAR ecex x maKux, ttmo II x II :::::;; I. 
IloKa>KeM .SKBHBaneHTHOCTb onpe.u.eneHHH (I) H (I I). 
IlycTb onepaTop A orpaHuqen B CMbICJie BToporo onpe .. 

.ne.rreHHH. Ilono>KHM Mo= sup!IAxjj, TaK qTo UAx~ ~ M 0 , 
. !!xii~ 1 
Kor.u.a ij x ll ~ 1. Ecnu Tenepb x 0 - nio6oii .sneMeHT H3 E, 

TO ti; II ES 1, H noToMy II A ( 11 : 11 ) II ~-M 0, OTKyJI.a II Ax~~ 
~ M ~Ix II, TaK qro ycnosue (5) BhlnOJIHHeTCH c M = M 0 • 
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Ilpe,nnOJIO>KHM, HanpOTH.S, qTo BblilOJIH.ff eTCJl. ycJIOBHe (5). 
Tor.Ila .zvu1 II x II ~ 1 .· 

JI Ax II~ M, 

T. e. A - orpaHHqeHHhlii onepaTop a CMhlCJie eToporo onpe~ 
.neJieHHH. 

0 n p e .it e JI e u H e. l/ acAo . M 0, onpeaeAReMoe paBeH· 
Ctn80.M ' 

· M 0 = sup II Ax II, 
llxl\~1 . 

(7) 

Ha3bloaemcJl 11,opMou onepamopa A u 06o31tattaemcR cu.MBO· 
/lO.M II A 11. 

TaKHM oopa30M, ){JI.ff JIIOOoro x E E 

If Ax 11~11A1111x11· (8) 

QqeeHJtHO,_ qTo M 0 = II A~ ecTh HaHMeHhIIJaH H3 KOHCTaHT, 
yqacTBYIOIIi.HX B HepaeeHCTBe (5). 

B caMOM .nene, ecJIH Ohl 3TO OhIJIO He TaK; TO uawJioc& 6b1 
qHcJio M 1 < M 0 TaKoe, qTo v x E E 

11 Ax II~ M1ll x II· 
Tor.na ,nJIH V x ES 1 Mhl HMeJIH Ohl 

II Ax 11 ~ M1, 
OTKy,na 

qTo HeB03MO}KH0. 

no3TOMY HOPMY II A 11 .. onepaTopa A MO}KHO onpe.neJJHTb KaK 
HH>KHIOJO rpaHb acex qHceJJ M, npH KQTOphlx HMeeT Mecro 
HepaBeHCTBO (5): 

llA 11 =inf M. 

n p H M e p. PaccMoTpHM s npocTpaHCTBe C [a, b] onepaTop 

Ax= tx (t), 

Ha3hlBaeMhlH onepa'i'opoM yMHO>KeHHH Ha He3aBHCHMyIO nepeMeHHYIO~ 
OtreBH,llHO, 

A 
C [a, b]-+ C [a, b]. 

Jl.JHI npocroThl 6y,lleM cquTarb, rITo 0 < a < b •. . 
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JIHHERHblE onEPATOPbL HOPMA onEPATOPA 

· Il..rrn JIJo6oii <f>YHKUHH x (t) e C [a, b J, II x II~ 1, HMeeM 
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llAxll= max ftx(t)l~b max lx(t)l=bllxll~b. (9)-
a<:,t <.b a:s:;.t ~ 

llAll~b. 

. . ECJJH. B9.HTb cpyHKUHIO. Xo (t) = 1 Ha [a, b ], TO }1,JHI Hee 

11 Axo II= max f txo (t) f . max ft f = b. 
a~<,b · a~t""b 

R U09TOMY 

!IA 11 =sup II Axll~ll A.toll= b. 
llxll ~1 . . 

(10) 

Ha (9) H (IO) BhITeKaeT, tJTo II A II= b. 

BbiqJicJteHne HopM KOHKpeTHbIX onepaTopoe ooblqHo 
·aec&Ma 33TPY.l1.HHTeJibHO. 0.n.'HaKO qacro 61>1eaer ,ltOBOJibHO 

nerKo oueHHTh Hop My oneparopa ceepxy, llTO no-po:H ~ oKa3bl· 
c BaeTCH .lJ.OCTaroqHbJM. 

· PaccMOTpHM, HanpHMep, a npocrpaHCTBe C [a, b] HH-
TerpaJI&Hhlii oneparop <l>pe.nroJihMa · 

b 

Ax= J K (t, s) x (~) ds, x(t) e C [a, b], 
a 

c HenpepbIBHhIM e Q{a ~ t, s ~ b} B.ll.pOM K (t, s). 
TiycTb . M = max I K (t, s) J. )lJISI x (t) e C [a, b l, 

(t,s)EQ 

flxll ~ 1, HMeeM 
b .. 

II Ax II =max J K (t, s) x (s) ds ~ 
a~t~b a 

b 

·~max J I K (t, s) 11 x (s) I ds ~ 
. a~t""b a 

~ M (b-a)maxlx(s) I= M (b-a)llxll ~-M (b-a). 
a""t<b · 

Orc10.n.a 
11A11 = sup ·II Ax 11~ M (b _.:.a). 

II x II ""1 
( 11) 

OueHKa (11) HBJIHeTCH eechMa rpy6oii, XOTH H HCIIOJih3yeTCH 
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BO MHOfHX paccy>K.neHHHX. JierKO BH.neTb, QTO cnpaae.nJIHBa 
6oJiee TOQHaH oueuKa 

b 

11 AU~max J [ K (t, s) Ids. 
a1',t 1',b a 

Mo.>KHO noKa3aTb ( [191), QTO a .naHHOM cnyqae 
b 

fl A fl= max JI K (t, s) Ids. 
a1',b1',b a · 

B 3aKJIIOQeHHe np~ae.r_~M ·npHMep JIHHeliHoro, HO He orpa .. 
HHQeHHoro onepaTopa. 

IlycTb E = E = C [a, b ). 
PaccMoTpHM onepaTop .nHQxt>epeHUHpoaaHHH 

d 
Ax:: di x (t). 

:9-roT onepaTOp JIHHeeH. 0.nHaKO OH onpe.neJieH He Ha BCeM 
c [a, b ), a JIHllib Ha no.nMHOJKecTBe cu> [a, b J c c [a, b I 
cpyHKUHH, HMeIOW.HX HenpepblBHYIO npoH3Bo.nHy10. OnepaTop 
A Ha C [a, b] He BBJIHeTCH orpaHHQeHHhlM. B caMOM 
.neJie, nycTb Xn (t) = sin nt Ha [-:rt, :rt). Tor.na 

a 

fl Xn fl = max I sin nt I = I, 
-n1'.t~ 

II Axn II = max 1-ffr sin nt { = n max f cos nt I = n, 
-n<t~n -n<t~n . 

H n0.9TOMy 

sup JI Ax JI = + oo. 
11xu~1 

§ 11. OpocTpaecTao onepaTOpOB 

3acpH·KCHpyeM .nsa JIHHeHHbIX HOpMHpOBaHHblX npocTpau­
CTBa E H E H 6y.neM paccMaTpHBaTb aceao3M01KHhle JIHHeii· 
Hble onepaTop_bl A, B, ... , .neiicTay10m.He H3 E a E. 

naa onepaTopa A H B CQHTaeM paBHb/,MU H nHllieM A = B, 
etJIH OHH COBna.naIOT Ha BCeM E, T. e. 

Ax= Bx V xe.E. 



§ 11] flPOCTPAHCTBO onEPATOPOB 

Onpe.neJIHM cyMMy oneparopoa H npoU31leiJenue onepamopa 
Ha ff.UC/lo cne.n:yrom.HM oopasoM: 

(A+ B)x=Ax+ Bx, 
(A.A) x =:&A.Ax:. 

N 

9To 6y.nyT CHOBa onepaTopbI, ,neftcTay10m.He H3 E B E, H no 
OTHOllleHHIO K TaK BBe.D.eHHblM onepaUHHM MHO.>KecTBO acex 
'f3KHX JJHHeHHblX oneparopoB B CBOIO oqepe.LJ.b o6pasyer 
JJHHeliHoe npocTpaHcTao. HyneM aToro npocTpaHcTBa 6y.neT 
Hyneaoli onepaTop, onpe.nenHeMhIH paaeHCTBOM 

,., 
0x=0 VxeE, 

BoJiee roro, 9Ta cqaoKynHOCTb oneparopoa 6y .neT JIHHeHHbIM 
HOpMupoeaHHblM npocTpaHCTBOM. B caMOM .n.ene, .LJ.JIH Ka.>K.noro 
onepaTopa A onpe.neJieHa HOpMa 9Toro onepaTopa II A 11-­
HeoTpHUaTeJihHOe llHCJJO, paaHoe sup ti Ax II, H OCTaeTCH JIHlllb 

11xii~1 
npoaepHTb BblilOJIHeHHe aKCHOM HOpMbI. 

IlpoaepHM~ HanpHMep, BblilOJIHHMOCTb 3KCHOMbl TpeyrOJib• 
HHKa. l1MeeM . 

II A + B II = SU p II (A + B) x II = 
nxu <;;l 

= sup II Ax+ Bx II~ sup {II Ax II+ II Bx II} ~ 
!lx\1<;;1 . \IX\1~1 

~ sup 11 Ax ll + sup H Bx II= ll A II+ II B·ll, 
l\xlj<;;l l\xll<;;l 

T3K llTO aKCHOMa TpeyroJibHHKa·.n.JIH HOpM OK33blBaeTCH Bbl• 
TIOJlHeHHoH. 

HTaK, coaoKynHocTb acex JJHHeHHbIX onepaTopoa, . .neii .. 
cT:ey10m.HX H3 E a E, ecTh JIHHeH:Hoe HOpMHpoaaHHoe npo• 
cTpaHCTBO. By.neM ero ooosHatiaTb CHMBOJJOM. (E ~ E). 

Mo.>KHO no Kasa Th ( [38)), llTO ec.llu E - no.llnoe npocmpaH· ,.,, 
cmoo~ mo npocmpaHctnBo .llUHeuHblx onepamopoo (E ~ E) 
maK;m;e no A Hoe. 

l1MeHHO, nycTh HMeeM nocne.noaaTeJibHOCTb onepaTopou 
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T. e. 110CJ1e,noeaTeJ1hHOCTh {An} 011epaTopoe <f>YHJJ.aMeHTaJibHa. 
Tor)J.a cym.ecTeyeT 011epaTop A = Iim An TaKon, qro 

HA -All-+ 0 II n n~ro • 

.9TY CXO.lt,HMOCTh TIO HOpM:e B IlpOCTpaHCTBe 011epaTopOB H33hl­
B3IOT paeH.OMepHOU CXOOUMOCmblO IlOCJie)J.OBaTeJihHOCTH 011epa­
TOpOB. 

IlycTh E - JIHiienHoe 11pocTpaHCTBO. PaccMoTpHM MHO­
>KecTeo (E ~ E) ecex JIHHeHHhlX 011epaTopoe, 011pe.neneHHhlX 
Ha E c o6naCThIO 3HaqeHHH, pac11ono>KeHHOH B TOM >Ke 11po­
CTpaHCTBe. KaK Mhl Il0K333JIH, .9TH 011epaTOphl oopa3y10T· 
JIHHeHHOe 11pocTpaHCTBO •. 

011peJJ.MHM 11poH3BeJJ.eHHe 011epaTopoe A, B H3 (E ~ E) 
tPoPMYJIOH 

(AB) x =A (Bx). 

JlerKo BHJJ.eTh, qTo AB cHoea JIHHeliHhIH 011eparop. B caMOM 
JI.Me, 

(AB) (x1 + x2) =A (B (x1 + x2)) =A (Bx1 + Bx2) = . 
==A (Bx1) + A.(B~) = (AB)x1 + (AB)x2, 

(AB) (A.x) =A (B (A.x)) -=A (A.Bx)= A.A (Bx)= A. (AB) x. 

Ilo HHJJ.YKUHH Ollpe)J.eJIHeTCH 11pOH3Be)J.eHHe JIIOOofO qHCJia 
011epaTopoe. B qacTHOCTH, AA = A 2, A 2A = A 3 H T. JI. •. 

HeTPYJJ.HO 11poeepHTh, qTo 

(AB) C = A (BC), 

(A + B) C = AC +BC, 

C (A + B) = CA + CB. 

,llanee, cym.eCTByeT e)J.HHHqHhIH 011epaTOp /, 011pe)J.eJIHeMbU'i 
paeeHCTBOM 

lx=x VxeE 

H TaKoA, qTo A I = I A = A )J.JIH .mo6oro 011epaTopa A. 
0 11 p e JI. e JI e H H e. H a308eM KO.llblfOM R MftO{)ICecmoo 

8AeMeftmOB X, y, Z, • • • C aeyMR onepatfUJUtU, fta3bl8aeMblMU 
C.llO{)ICeHueM u yMHO{)ICeftueM, KOmopbte aanuCblearomcn, coomBem­
cmBeHHo KaK: cyMMa u npoU38eaenue, u yaooAemBOp!UOtJiUX . 
cAeaylOU{UM YC.llOBURM; 
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I) Om1tocume11.bH.O cAO~HUR R-a6eAesa zpynna. 
2) JlMH.OO!CeHue accottuamusHo: (xy) z =.x (yz). 
3) G.llR .lll06bl.x xy, z e. R 

(x + y) z = xz + yz, · 
( + ) + (ouompu6ymus1«Jcmb). 

zx y=zx zy 

KoJibUO R Ha3blBaeTCH KOMMymamusHbl.M, ecJIH e HeM 
TOIK)lecTBeHHO 

xy = yx. 

TaKHM o6pasoM, MH001Cecrrt80 (E -+ E) /lUfleUHbl.X onepa­
mopoB o6pasyem KOJlbtp c eiJuHul41!iJ. I. (MHoJKecTBO qe'l'HhlX 
qHCeJI c oohlqHhlMH onepaUHHMH CJIOJKeHHH H YMHOJKeHHH 
o6pa3 ye'I' KOJibUO 6es e,n:HHHUbI.) 

KoJihUO onepaTopoe HeKoMMyTaTHBHO, TaK KaK, eoo6m.e 
rOBOpH, 

AB+ BA, 

qTo BH.D:HO XOTH 6bl Ha npHMepe MaTpHqHblX oneparopoe. 

§ 12. OopaTHYe o,nepatopy 
. 

BaJKHbIM noHHTHeM HBJIHeTCH noHHTHe o6pamHooo onepa- · 
mopa. CorJiaCHO OOW.eMy onpe,n:eJieHHIO o6paTHOrO 9JieMeHTa. 
KOJihUa c e.l{HHHUeii, oneparop B Ha3bteaeTCH Ae8b/,M o6pam­
Hbl.M .D:JIH JIHHeliHoro onepaTopa A, ecJIH 

BA= I. 

ToqHo TaK JKe onepaTop C ea3blBaeTCH npaBblM o6pamflbl.M 
,n:JIH onepaTopa A, ecJIH 

AC= I. 

EcJIH onepaTOp A HMeeT JieBbIH oopaTHbIH B H npaBbIH o6-
paTHblH C, ro OHH paBHhl: 

B = B (AC) = (BA) C = C. 

B aTOM · cJiyqae roeopHT, qro onepaTop A HMee'l' o6paTHhlH 
onepaTop A-1• TaKHM o6pa3oM, ecJIH· A-1 cym.ecTeyeT, TO 

AA-I =A-IA = I. 
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C IlOHHTHeM oopaTHOrO onepaTOpa CBH3aHbl BOI1pOC~ 0 cyme• 
CTBOBaHHH H ~HHCTBeHHOCTH peweHHH onepaTOpHbIX ypaBHe· 
HHii BH)J.a 

Ax= f, (l) 

r)J.e f - H3BecTHhIH 3J'IeMeHT npocTpaHCTBa E, x - HCKOMblK 
sJieMeHT Toro .>Ke npocTpaHcTaa. 

K ypaBHeHHHM BH)J.a (I) OTHOCHTCH JIHHeHHble aJire6pa11-
qecKBe CHCTeMbl, JIHHeHHble .11.H<JxPepeHUHaJibHble, JIHHeHHble 
HHTerpaJibHble H .11.pyrHe JIHHeHHble ypaBHeHHH. 

·· PaccMOTpHM ypaBHeHHe (1) 11 11pe)J.110JIO.>KHM, tITO onepa· 
Top A HMeer o6paTHhlii A-1• Henocpe.11.CTBeHHOH 110)1.cTaHOB· 
KOH y6e>K)J.aeMCH B TOM, qro 

x = A-1{ (2) 

ecTb perneHHe ypaaHeHHH (I). He-rpy.11.HO noKa3aTh, qro aro 
perneHHe e)J.HHCTBeHHO. 

PaccM,9TpHM )I.Ba JIHHeiiHblX orpaH11qeHHhlX onepaTopa A 
H B, oT<>Qpa.>Ka10mHx JIHHeiiHoe Hop.MHpoaaHHoe npocTpaH· 
CTBO · E B ce6H. Tor.11.a HMeeT CMblCJI npoH3Be)J.eHHe AB one­
paropoa. IloKa.>KeM, qro 

II AB II ~ 11 A 11 U B fl. 

.lleAcTBHTeJibHO, )1.JIH JI106oro x e E . 

II ABx II ~ II A 1111 Bx II ~ ll A 1111 B 1111 x JI .. 

Cne)J.OB a Te.TibH o, 

II AB II= sup II ABx II ~II A lfll B II, 
n x II::;;; t 

qTo 11 .l.lOKa3btBaeT yTaep}K)leHHe. · 
· HMeeT Mecro aa.>KHaH )1.JIH )1.aJibHe:ffrnero reopeMa. 

(3) 

(4) 

T e o p e M a 3.3. llycmb AUH£UHblu ozpaHU'lf!HH.bl.U ·one­
pamop A omo6paJJCaem 6aH.axoeo npocmpaHcmoo E tJ ce6a 
u II A II ~ q ~ I. ·Toma onepamop I + A, zoe I -- eiJuHufl­
Hbl.u onepamop, U.Meem o6pamH.bl.u .11uHeil.Hblu ozpaHUt.teHHbtu 
onepamop. 

Jl o K a s a T e JI b c T B o. B· npocTpaHCTBe onepaTopon 
{E ~ E) paccMOTp HM p H.11. 

/-A·+ A2 -A3 + . , . + (- I )'1 An + • • • (5) 
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TaK "KaK f A 2 ~ ~ ~Ar ff, BOoome, ~An II ~ ~A~", TO AJUI qa­
CTHqffb{X CYMM Sn pH)J.a (5) oy.zi;eM HMeTb 

ff Sn+p-Sn 1J =fl (- 1yz+1 An+t + (- J)n+2 An+2 + ••• 
• . . + (- J)n+p An+p II~[[ A 1r+1 + 
+ II A 1r+ 2 + • • • + JI A 1r+P ~ qn+ 1 + 

+ qn+2 + ... + qn+P. (6) 

no ycJIOBHlO 0 ~ q <1 I' H, 3HaqHT, BeJiffqHHa B npaaoii 
qacTH (6) crpeMHTCH K HYJIIO npH n --+- oo AJIH J1106oro p ? 0. 
Il09TOMY nocJie,D;OBaTeJibHOCTb {Sn~ '13CTHqHblX cyMM pH.zi;a (5) 
CXOAHTCH B ce6e, a 3HaqHT' B CHJIY llOJIHOTbl npocTpaHCTB8 
onepaTOpOB, OHa CXO,D;HTCH: K HeKOTOpOMY npe,n;eJiy. TaKHM 
o6pa30M, P-lm (5) CXOJlHTeR. 

IlycTb onepaTop S - cyMMa 9TOro pH,n;a. HMeeM 

S(l +A)== Iim Sn(l +A)= 
· n-+oo 

= lim [(/-A+ A2
- .... + (- J)n An)(!+ A)]= 

=1im[l-A+A!-A3 + • •• +(-I)"An+ 

+ A-A2 +AS+ ••. + (- I)n An+lJ = 
' " 

::::::: Hm [/ + (- l)'I An+1J = ! .. 

ll +A)S=lim(l +A) Sn =I. 
n.+oo 

CJie.zi;oaaTeJibHO, S = (/ + A)-1• 

H3BeCTHO, qTo ecJIH JIHHeHHbIH onepaTop B HMeeT o6par­
HblH B-1, TO onepaTOp B-l T3K.>Ke JIHHeeH. Il09TOMY onepa· 
TOP s = (/ + A)-1 JIHHeHHbIH, KaK oopaTHblH JIHHeHHOMy. 
Kpo.Me Toro, OH orpaHHqeH, TaK KaK 

00 00 

If S II~ L ff An U ~ L lf = l ~q• 
n=O n=O 

4 M. JI. l(pacBOB 
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HTaK, onepaTop (/ + A)-1 
- JIHHeiiHhlH orpaHHqeHHblii · 

oneparop. IlpH .9TOM 

(/ + A)~1 =I-A+ A2 -A3 + ... + (- iyi An+ • • • (5') 

§ 13. DpHJJo•eeHe K J1HeeAe&1M HHTerpa.JlbHhlM 
ypaeeeeHHM 

' 

1. ¥paeeeeHe cl>peJJ.rOJlbMa. PaccMoTpHM HHTerpaJJhHoe 
ypaeHeHHe <l>pe,nroJibMa 2·ro po,na 

b 

<p (t) =A J K (t, s) <p (s) ds + f (t) (l) 
a 

c HenpepblBHbIM B npHMoyrOJibHHKe Q {a :s:;;; t, s ~ b} B,npOM 
K ( t, s) H f ( t) e C [a, b J. · _ 

IlOJIO.>KHM 
b 

A<p = J K ( t, s) <p (s) ds. 
a 

Tor ,na ypaeHeHHe (I) MO.>KHO 3anHcaTb B BH,ne 

<p = lvAcp +f 
HJIH 

(I - lvA) <p = f. (2) 

BocnoJib30BaBUIHCb TeopeMoii 3.3, nonyqaeM, qTo ecJIH 
Iv 111 A II < I, TO ypaeHeHHe (I) HMeeT e,nHHCTBeHHoe peUie­

HHe, KOTOpoe orrpe,neJIHeTCH paBeHCTBOM 

PSI,n B rrpaeo:H: qaCTH paeeHCTBa (3) Ha3hIBalOT pRiJoM 
HeuMaHa. 

J13yqHM rro,npo6Hee 3TO peUieHHe. IlycTb M =max I K (t, s)I .. 
a.,,;;; t, s<b 

KaK H3BecTHO (cM. cTp. 91), ~A ~I~ M (b- a), TaK qTo 
ycnoeHe I Iv 111A11 q I HJIH, qTo TO .>Ke, I A. I < l~I A II 6y,neT 
saee,noMo BbITIOJIHeHo, ecJIH I A. I < 11 M (b - a). By,neM 
cqHTaTb, qTo .Iv y,noBJieTBOpHeT 3TOMY ycnoBHIO. BbIHC .. HHM, 
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qro npe.z:tCTaBJIHIOT B paCCM3TpHB3eMOM cny11ae CTeneHH one­
paTopa A. 11MeeM -

A2f =A (Af) =I K (t, s){f K (s, i:)f (i:) di: }ds = 

= I(! K (t, s) K (s, i:) ds) f (i:) di:, 

IloJIO:>KHM 

b f K (t, s) K (s, i:) ds = K2 (t, i:). 
a 

<I>yHKU.HH K 1 ( t, i:) Ha3hIB3eTCH noBmopHbtM RiJpoM HJIH Bmo .. 
pou umepat'1uei1 HJJ.pa K (t, s) (ct1HTaeM K 1 (t, s) = K. (t, s)). 

HTaK, 
b 

A2f = J K2 (t, i:) f (i:) di:, 
a 

HJIH, MeHHH 0003H3lleHHe nepeMeHHOH HHTerpHpOB3HHH, 
b 

A2f = J K2 (t, s) f (s) ds. 
a 

.nanee, 

A"f =A (A2f) =I K (t, s)(l K2 (s, i:)f (i:) di: )ds = 

= I (J K (t, s) K1 (s, i:) ds) f (i:)di: = 
b 

= J K8 (t, s)f (s)ds, 
a 

rJJ.e 
b . 

Ks (l, i:) = J K (t, s) K2 (s, i:) ds 
. a 

- TperhH HTepau.nH HJJ.pa K (t, s), 

4* 
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, 

Booome, 
b 

Anf = J Kn (t, s) f (s) ds, 
a 

r.ne Kn (t, s) .....,.. n ... a HTepaUHH H,npa K (t, s), onpe,neJIB.eMaH 
Q>opMyJioti 

b 

Kn (t, s) = J K (t, -r) Kn-1 (i-, s) di-• . (4) 
a 

PaaeHCTBO An+p = AnAp =AP An, HMe10mee MecTo ,nJIH one-. 
paTopoa, ,naeT 

b • t 

Kn+p(l, s) = J Kn (t, i-)Kp(i-, s)di- = J K,, (t, i-) Kn (i-, s) di:, (5) 
a II. 

0rMeTHM, q10 ace HTepHpoBaHHble (noaropHbie) R,npa Henpe­
phIBHoro H,npa K (t, s) HenpepblBHbl a Q. 

c IlOMOU'lblO HTepHpOBaHHhIX H,nep perneHHe HHTerpaJibHOro 
ypaaHeHHH (1) MO}KeT OhITb sanncaHo TaK: 

b b 

q> (t) = f (t) + A J K1 (t, s) f (s) ds + A2 J K2 (t, s) I (s) ds + 
a a 

b . 

+,. ~ +lvn J Kn(t, s)f(s)ds+ ,,,, (6) 
a 

r.ne pH,n, CTOHW:HH B npaao:H qacTH, npH I A I <3 I/ M (b -- a) 
CXO,L\HTCH paBHOMepHO. 

npeo6pa3yeM BblpH)KeHHe. ,L\JIH perneHHH HHTerpaJihHOrO 
ypaaHeHHH. PaccMoTpHM pH,n 

K1 (t, s) + AK9 (t, s) + • • • + An-J Kn (t, s) + • '• (7) 

9roT pH,n paBHOMepHO CXO,L\HTCH npH . a ~ t, s ~ b, ecJIH 
1 

I A I <i M (b - a) • 

B caMOM .nene, 
b 

I Ks (l, s) I :E; JI K (l, i-) 11 K (-r, s) I di: ~·M2 (b-a), 
a 
.b 

IKa (l, s) I~ J I K. (l, t) 11 K9 (i:, s) Id"~ M8 (b- a'f 

" 
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H, soo6m.e, 

I Kn(t, sH ~Mn (b-ar-1 
• .. 

Orc10,ZJ.a 

f 'J../1-
1 Kn (t, s) I~ I A. r-1 Mn (b ~ ar-1 = Mqn-1

, 

q=IA.[M(b-a)<l. 

TaKHM o6pa3oM, qJieHbl PHJJ.a {7) no a6coJIIOTHou _BeJIH­
qHHe He npeBOCXO,ll.HT l{JieHOB CXO,ZJ.HI.II.erocH l{ffCJIOBOro pH.z:ta 

oTKyJJ.a H cJie,ZJ.yeT paaHoMepHaH cxoJJ.HMOCTh pHJJ.a (7). Q6o .. 
SHaqHM cyMMY 9Toro pHJJ.a R (t, s; A.): 

~R (t, s; A.)= K (t, s) + A.K2 (t, s) + • · • + 1wn-lKn (t, s) + • · • (8) 

<l>yHKUHH R (t, s; Iv) ecTb HenpepbIBHaH <PYHKUHH apryMeli­
TOB t, s H aHaJIHTnqecKaH <PYHKUHH A. npu I A. I < 1/ M (b - a). 
YMH01K8H 00e qacTu (8) Ha f (s) u HHTerpupyH pHJJ. noqJieHHO, 
noJiytmM 
b b 

J R(t, s; lv)f(s)ds= J K(t, s)f(s)ds+ 
a a 

b b 

+Iv J K2 (t, s)f(s)ds+ •• 11 +1vn-l J Kn(t, s)f(s)ds+•·• 
a a • 

CpaBHHBaH aTo Bhlpa1KeHue c Bblpa1KeHueM· (6) JJ.JIH pe­
weHHH HHTerpaJibHOro ypaBHeHHH (1), M01KeM HanHC8Tb 

b 

cp (t) = f (t) +A.JR (t, s; A.) f (s) ds. (9) 
a 

<l>yHKUHH R (t, s; Iv) H83bIB8eTCH p(J3peuta10U{UM aapo.M 
HJIH pe30Ab8eHmou aapa K (t, s). 

<l>opMyJia (9) aepHa TOJihKO JJ.JIH 3HaqeHuu napaMeTpa Iv, 
,ll.OCT8T0q-ff O M8JiblX no a6COJIIOTHOH aeJfHl{HHe, TaK KaK 
PHJJ. (8), aoo6m.e roaopH, He cxo,ZJ.HTCH npu JII06hlx 3Haqe .. 
HHHX "' (nocJie,ZJ.Hee HMeer MeCTO ,ll.JIH ypaBHeHHH BoJibTeppa, 
CM. HH1Ke CTp. 111 ). 
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CymecTBYIOT, O.LJ.HaKo, H.LJ.pa, OTJn1qHb1e oT HJJ.pa BoJib· 
Teppa, )J.JIH KOTOpbIX cpopMyJia (9) )J.aeT pemeHHe -HHTerpaJib• 
Haro ypaaHeHHH npH ;uo6oM 3HaqeHHH A. TaKoB cJiyqaii: HJJ.pa, 
opmo20Ha/lb1lo20 ca.MO.MY ce6e, T. e. TaKoro, JJ.JIH KoToporo 
K 2 (t, s) = 0. B 3TOM cJiyqae Bee ocTaJihHhie noBTOpHbie 
HJJ.pa TaK.IKe paBHhI U:YJIJO H pa3pema10mee HJJ.po 06pamaerc51 
B cpyHKI.J.HJO K (t, s). IlycTb, HanpHMep, K (t, s) = sin t cos s, 
0 E;;; t, s :::::;; n. Tor.LI.a 

n 

K2 (t, s) = J sin tcos-rsin -rcoss d-r = 
0 

sin 2 
't' 1-r=n =sin tcoss· 2 = 0 

't'=O 

5IcHo, tITo ace KP (t, s) (p > 2) TaK.IKe paBHhI HYJIIO 
CTBeHHO H, B CHJIY (8), 

R (t, s; A.) = K ( t, s). 

v t, s. 

Boo6me, JI.Ba HJJ.pa K (t, s) H P (t, s) Ha3bIBaJOTCH opmo20-
1lallb1lbt.Mu, ec.7IH oHH yJJ.oBJieTaopHIOT JJ.BYM ycJioBHHM: 

b b 

J K (t, -r) !:e (-r, s) d-r = 0, J p ( t t T) K ( T' s) dT = 0 
a a 

"tJ (t, s) E Q. 

5IJJ.pa Ha3bIBaIOTCH noAyopmoco1laAb1lblMU, ecJIH BbIIlOJIH.HeTCH 
0)1.HO H3 3THX YCJIOBHH. 

y II p a )I{ H e H H SI. 1°. IloKa3aTh, 1ITO SI.lI,pO 

co 

K (t, s) = L an sin nt cos ns, 
n=l 

00 

O~t, s~2n, 

r.lI,e pSI.ll. ~ I an I CXO.ll.HTCSI, opToroHaJJhHO caMoMy ce6e. 

n=l 
p 

2°. IloKasaTh, 1:1To JI.JISI SI.ll.pa K (t, s) = L an sin nt sin {ti + l) s 
n=l 

Ha oTpesKe {O, n] pe30JihBeHTa R (t, s; A.) ecTh MHoroqJieH OTHOCHTeJihHO 'A 
CTerreHH p - 1. 

Il. p H M e p bl. 1. C IIOMOIUbIO pe30JlbBeHTbl peIIIHTh H~TerpaJihHOe 
ypaBHeHHe 

1 

cp (t) = /.., f tscp (s)ds + f (t). 
0 

(l') 
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Pe III e H He. B .l(aHHOM CJIY1Iae K (t, s) = /si a= Di b = 1; 

M = max I K (t, s) I = 1. 
O~t. s~l 

floCJie,l(OBareJibHO H8XO)J.HM 

CorJiacHO (8) 

K1 (t, s) = K (t, s) =ts, 
1 

K2 (t, s) = J 1-n:sdt = ~ , 
0 -

1 

J 
1 · ts 

K8 (t, s) = t-r: ·3 'tSd-r: = 32 , 
0 

• • • • • • • . . . . . . . . 
' ts 

Kn (t, s) = 
3
n-l , 

• • • • • • • • • • • • • • • • 
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. ).. /.., n 
R (t, s; A)= ts+ 3 ts+ · • • + 

3
n ts+ · · · -

3ts 
3 - A. (I A I < 3). 

B CHJIY cpopMyJihI (9) 
1 

fP (t) = f (t) +A J 3~5_0~ ds. (9') 

0 

113 ct>opMyJihl (9') BH)J.HO, qro peIIIeHHe ypaBHeHHH (1 ') cymecrayeT H e,l(HH. 
craeHHO npH acex 3HaqeHHSIX A =I= 3. YCJIOBHe I 'A I <:! 3 o6ecneqHaaeT 
CXO,lJ.HMOCTh pH.n.a (8) )I.Jiff pe30JibBeHThI H rapaHTHpyer cymecTBOB8HHe 
peIIIeHHSI (l ') npH VA., I A I ~ 3. Ho peweHHe, KaK Mhl BH.U.HM, cym.ecrayeT 
B ropa3.n.o 6oJibweii o6JiacrH H3MeHeHHSI A.. . 

2. B KBaHroaoMexaHHqecKoii reopHH pacceSIHHSI Ha noreHUHaJie V (r), 
r.n.e v (r) ~ 0 npH r -+ oo, npHXO.ll,HTCSI HCK8Tb peUieHHe ypaBHeHHSI llipe· 
JtHHrepa 

2m · 
v2')J (r) - n.2 V (r) ')J (r) + k2 ')J (r) = 0. 

HcKoMaH cl>yHKU.HSI '\f' (r) npe.n.craBJISieTcH B BH.l(e cynepno3HUHH na,n;a10m-eii 
IlJIOCKOH BOJIHhl 'i'o (r) c BOJIHOBblM B6KTOpOM ko H pacceSIHHOH BOJIHbl. 
3.n.ecb k2 = kfi = 2mE/1i2, E - KHHeTHttecKaSI 3tteprHSI qacrHU na.n.a10· 
W.ero ny 1IKa; h - IlOCTOSIHHaH nJiaHK8 1 ti= h/2n, r {X1, X2, X3} - pa· 
llttyc-aeKrop qacTIHlhI. 
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c ITOMOmhlO <l>YHKUHH fpHHa (cM. HH:>Ke § 31) Sa)l,atJy pacceSIHHSI MO)f{HO 
npeo6p830B3Tb K HHTerpaRbHOMy ypaBHeHHIO 

•h (r) = e' (ko; r) - m e V (r') ,.,., (r') d$r' S 
lk I r-r' I 

't' 2nn2 I r - r' I 't' ' 

r)l,e el <k01 r) -· naJJ.aJOmasi BOJIHa; d3r' = dxi_ dx~ dx~. PemeHHe sroro 
1rnrerpaJihHoro ypasHeHH.R MO:>KHO 3arrncaTb B BH)l,e p.SI)l,a HeiiMaHa. Ilpu 
STOM y)f{e nepBa.SI HTepaUHSI )l,aeT oqeHb Ba:>KHbIH pe3yJihT3T, H3BeCTHbIIl 
KBK 6opH08CKOe npu61lUa/CeHue: 

11' (r) ~ e' (ko; r) - m e . V (r') ei (k, r') <Pr'. S 
ik lr-r' 1· 

2n1i2 I r - r' I 

Pe30JibBeHTa R (t, s; /..) y.n.oaJieTBopHeT <PYHKUMqHaJihHhIM 
ypaaHeHHHM 

b 

R (t, s; 'A)= K (t, s) +} J K (t, i:) R (i:, s; Iv) di:, (10) · 
a .• 

b 

R (t, s; 'A)= K (t, s) +Iv J K (i:, s)R (t, i:; Iv) di:. (11). 
a 

lIT06bI ){OK833Tb, HanpHMep, nepaoe, 3aMeHHM B <PopMyJie (8), 
onpe.n.eJIHIOIIJ.eii pe30 ... 1baeHTY, t Ha -r: 

R (i:, s; Iv)= 

= K (i:, s) + lvK2 (i:, s) + '• • + Atn-lKn (i:, s) + · • • (12) · 

YMHomHM o6e tJaCTH (12) Ha K (t, i:) H npoHHTerpHpyeM no -w 
OT a ,ZJ.O b: . 
b b 

j K (t, T) R (T, s; A.) d-r = J K (t, T) K (T, s) di: + 
a a 

b 

+Iv J K (t, i) K2 (T, s) di:+ • · · + 
a 

b 

. + 1vn-l J K (t, 1:) Kn (i:, s) ds + ". (13) 
a 

11HTerpaJihl B npaBoA 1J3CTH (13) paBHbl COOTBeTC'}'BeHHO 
K 1 (t, s), Ka (t, s), ••. , Kn+i (t, s), ••. , M1 SHattH'f; (13) · 
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MOmHo nepenucaTb TaK: 

b 

J K (t, -r) R ('r, s; A.) di:= 
a 

105 

= K 2 (I, s) + AK 3 (I, s) + ... + A n-l K n+I ( t, s) + , .. 
YMHOJK3H ooe 'IaCTlt IlOCJie)I.Hero paBeHCTBa Ha A H )I.OOaBJIHH 
K ooeHM 'IaCTHM K (t, s), npH)I.eM K paeeHCTBY . 

b 

K (t, s) + "- J K (t, 't) .R (i:,· s; A.) di:== 
a 

-= K (t, s) + A.K2 (t, s) +,,,+A nKn+l (t, s) + ... , 
HJIH 

b 

K (t, s) + /., J K (t, 't) R (i:, s; A.) di:= R (t, s; A.)t 
a 

Cnpaee)I.JIHBOCTh cpyHKUHOHaJ!hHoro ypaeHeHHH (11) ycra­
HaBJIHBaeTcH aHaJIOfH'IHO *). 

y n p a )K He H He. IlepecTaBJUIH nepeMeHHbie t H s B s.npe K a,, s), 
· noJiyquM BOo6IIJ.e .npyroe H,Zlpo K (s, t), c0nosnKeHHOe {coI03Hoe) c H,l(poM 
K. (/, s). noKa33Tb, qTo pe30JlbBeHTa COI03HOfO H,l(pa eCTb R (s, Ii A.), 
ecJIH peaoJihBeHTa HCXO,l(Horo H.npa K (t, s) 6hIJia R (t, s; A.). 

DpnBe)I.eM eme 0)1.HO B31KHOe CBOHCTBO pe30JlbBeHTbl 
R (t, s; A..). Ey.lI.eM paccMaTpHeaTh R (t, s; A.) KaK H.lI.PO H npH­
MeHHM K Heii npouecc nocTpoeHJUI HTepHpoBaHHblX H)I.ep. 
DoJiyqHM nocJJe)I.oBaTeJibHOCTh cpyHKU.HH 

R1 (t, s; A.) = R (t, s; A), i R2 (t, s; A), " • , Rn (t, s; A.), ••• 

*) <l>yHKUHOH3JlbHOe ypaBHem1e ,l(JUI pe30JibBeHTbI BLIBO.l{HTCH 6yK­
B3JlbHO B ,l(Be CTpoqKH, eCJIH BOCilOJlb30BaTbC.H npe,l(CTaBJieHHeM pe30JlbBeHT­
HOfO oneparopa B aH.ne pSI.na no creneHHM oneparopa A. MMeHHo, BBO,l(H, 
onepaTop 

b 

Rf= JR (t, s; A.) f (s) ds, 
a 

t5y,neM HMeTb 

ff= A+ A.A2 + A.2A3 + ... + ;.,n-t An+ ••. = 

= A + Ii.A (A + M 2 + ... + i.. n-2 An-t + . , . ). 
OTcIOJJ,a 
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3-.rH Q:>yHKUHH onpe.u.eJI.HIOTC.ff 0,ll.H8 3.8 .u.pyroH: H3 peKyppeHT-.. 
HbIX COOTHOllleHHH 

b 

Rn (t, .s; A.) = JR (t, re; A.) R n-l (i:, s; A.) di:. (14) 
a . 

HcnoJih3YH npe.u.cTaBJieHue pe30JihBeHThl 

R (t, s; A.)= K (t, s) + A.K2 (t, s) + 
+ A.2Ka(t, s) + ... + A.n-tKn(t, s) +.,. (8) 

u yt1HThIB8H, IJTO p H.ll. B npaBoH: 11acTH (8) cxo.u.HTCH a6coJIIOTHo 
u ·paslioMepHo B o6JiacTu Q {a~ t, s ~ bl .ll.JIH I A. I ~ 
< 1/ M (b-a), noJiyIJHM, ucnoJih3YH cpopMyJiy (5) Ha crp. 100, 

b b 

R2 ~t, s; A.)= JR (t, i:; A.) R (i:, s; A.)di: = J K (t, i:) K (i:, s)di: + 
a a 
b 

+ A. J [K2 (t, i:) K (i:, s) + K (t, i:) Kt (i:, s)J di:+ 
a 

b 

+ A.2 J [Ks (t, i:) K (i:, s) +Kt (t, i:) Kt (i:, ~) + 
a . 

+ K (t, i:) Ka (i:, s)] di:+ ... = 

= K 2 (t, s) + 2A.K8 (t, s) + 3A.2K4 (t, s) + ... 
CpasHuBaH npaBy10 IJaCTh (8) c npasoH: 11acTh10 nocJie.n:Hero 
paBeHCTB8, HMeeM 

. R (t . 'l) _ iJR (t, s; i..) 
2 ' s, ,..,, - ()'}.., • 

AHaJioruIJHO noJiy11aeM, IJTO 

u, soo6w.e, 

1 iPR 
Ra (t; s; A.)= 2f iJ'J...'.! 
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CJie,D.oBaTeJibHO, pa3JI011<eHHe QlYHKUHH R (t, s; A. + µ) a pHJJ. 
TeffJiopa no creneH.HM A. HMeer BHJJ. 

R ( t, s; A. + µ) = 

= R (t, s; µ) + A.R2 (t, s; µ) +,,. + A.n-tRn (t, s; µ) +, •• (15) 

Ilpu µ = 0, y11urhIBaH, qro R (t, s, 0) = K (l, s), noJiyqaeM 
KaK pa3 pa3JIOiKeHHe (8) peaoJihBeHThI· R (t, s; A.). 

TaKHM o6pa30M, ecAu paccMampusamb R (t, s; µ) np{l 
onpe8eAeHHOM tJHa'll!HUu µ Kax nBpo ypOJJHeHUR <PpeazoAbMa, 
mo coo11UJemcmey10U{UM paapeUlalOU{UM R8poM 6y8em R (t, s; 
A. + µ). 

HerpyJJ.HO BH,D.erb, qro coorHoweHHSI (10), (11) HBJIHIOTCSI 
qaCTHblMH CJiyqaHMH oow.ero QlYHKUHOHaJibHOrO COOTHOWeHHH 

R (t, s; A.+µ)= 
b 

= R (t, s; µ)+A. J R(t, i:; µ) R (i:, s; A.+µ) di:, (16) 
a 

KOTOpoe BbIBO,D.HTCH H3 (15) aHaJioruqHQ (10). 
IloJiaraH µ. = 0, noJiyquM tPoPMY JIY (1 O); 3aMeHHB µ. Ha A. 

H A. Ha -A., noJiyqHM cpopMyJiy (11). 
<flop My JIY ( 16) M0:>1<Ho 3anucarb a HecKOJibKO 6oJiee c.HM­

Merp uqHoii $0pMe, eCJIH 3aMeHHTb µ Ha A. H A. Ha "-i·- A.: 

R ( t, s; 'Ai) - R ( t, s; A.) = 
b . 

=('Ai-A.) J R(t, i:: A.)R (i:, s, A.1) di:. (17) 
a 

no.n-araH Ai = A. + AA., <PopMyJie ( 17) npH,D.a,D.HM BH,l{ 
b R (t, s; A.+ A:i-RU. s; A.) = JR (t, i:;A.) R (i:, s; A.+ L\A.) di:. 

a 

IlepeXO,D.H K npe,n:eJiy npH L\A, ......+- 0, IlOJiyqHM HHTerpO-,D.HQl• 
cflepeHUHaJibHOe ypaBHeHHe 

b 

aR (~A.s; A.) = JR (t, i:; A.) R (i:, s; A.) di:, (18) 
a 

Koropoe aMecre c ycJioaHeM R (t, s; 0) .= K ·(t, s) onpe,D.eJIHeT 
p e30JibBeHTY. 
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4><>pMYJib1 (1) H (9) MO>KHO paccMaTpHBaTb KaK 00p8TH1Jl& 
OJl.Ha OTHoc;uTeJibHO JX.pyrofi. B caMoM ,neJie, 6yJl.eM o COOT· 
HOIIIeHHH (9) paccMaTpHB8Tb <PYHKU.HIO '-P (t) KaK Jl.8HHYfO,. 
a f ( t) - KaK HeH3BeCTHYIO H 38IlHilleM ero B HeCKOJibKO 
6oJiee oou:r.eM BHJX.e: 

b 

f (t) = µ J R (t, s; Iv) f (s) ds + '-P (t). (19) 
a .. 

3ro ecTb ypaBHeHue <l>pe,ll.rOJihMa c HJl.POM R (f, s; A). Ero 
pe30JibBeHToii; KaK noKa3aHo BblIIIe, HBJIHeTCH R (t, s; Iv+µ.), \ 
H Jl.JI.ff 3HaqeHH_.ff napaMeTpa µ = -A OHa npHHHMaeT 3HaqeHHe 
R (t, s; 0) = K (t, s). TaKHM o6pa30M, cpopMyJia, JX.aIOrn;aH 
peIIIeHue ypaaHeHHH (9), COBil8Jl.8eT c ypaBHeHHeM (1). 

Pe30JibBeHTa R (t, s; Iv), onpe,ll.eJieHHaH KaK cyMMa l>H ... 
Jl.8 (8), HBJIHeTCH aHaJIHTuqecKoH <PYHKuueu Iv B Kpyre I Iv I< 
< 1/ M (b - a) KoMnJieKcHoii f.v·nJIOCKOCTH. C JX.pyrou cro­
poHbl, pe30JibBeHTa <l>pe,ll.rOJibMa, IlOCTpOeHHaH B § 3, HB­
JIHeTC.ff MepoMop<t>HO:H <PYHKU.Heii Iv ao acefl nJIOCKOCTH Iv. 
Mo>KHO rioKa3aTh, qro _o6e 9TH pesoJibBeHTbl TOiK)l.ecTBeHHo 
coana,ll.alOT Jl.JIH 3HaqeHHH napaMeTpa A, Jl.OCTaToqHo MaJihlX 
no MOJl.YJIIO. 

TaKHM o6pa3oM, peaoAbBeHma <PpeiJeollb.MO. M.11.RemcR Mepo­
Mopcf>Hb/,M npoiJOA{)ICeHueM pe80.llb8eHmbl, (8) Ha BCIO KOMn.lleKc­
HYIO A·llAOCKOCmb. npu 9TOM Jl.Jl.ff pe30JibBeHThl <l>pe,ll.rOnbMa 
OCT8IOTC.ff B CHJie <PYHKU.HOH8JibHble ypaaHeHH.ff (10), (11). 

HMeH B BHJl.Y 9TO npoJl.OJI>KeHue pe30JibBeHTbl (8), 3aMeTHM 
cJieJl. yiom.ee. 

KaK y>Ke OTMeqaJIOCb (cM. § 3), ecJIH Iv - peryJIHpHoe, 
TO OJl.HOpO,ll.Hoe HHTerpaJibHoe ypaBHeHHe <l>pe,ll.rOJibM8 

b 

'-P (t) =A J K (t, s) '-P (s) ds (20) 
a 

_HMeeT TOJibKO TpuauaJihHoe peweHue '-P (t) = 0. Tio9ToMy, 
qTo6bl ypaBHeHHe (20) HMeJIO HeTpHBH8JibHOe perneHHe (<l>YH· 
Jl.8MeHT8JibHYIO <PYHKUHIO), H8Jl.O, qTOObI npu HeKOTOPOM 3Ha­
IJ:eHHH Iv = f.v0 He cyrn;ecrsoBan:o orpaHuqeHHoro ~o6paTHoro 
onepaTopa (/ - f.vA)-1 , u, 3HaquT, Iv .:_ f.v0 Jl.OJI>KHO 6b1Tb 
noJIIOCOM pe3oJibBeHTbl R ( t, s; Iv). 

IloKa>KeM, o6paTHo, 11To BCRKOMY no.11.10cy peso.11.bBCHmbl om­
tJettaem no KpauHeU Mepe oaHa c/JyHOaMeHmallbHaR tPflH1'tf UR. 
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,lI.eflcTBHTeJibHO, nycTb A. = Ao ecTb noJIIOC n·ro nQpH,ll.Ka 
pesoJibBeHThl R (t, s; A) .. 3anumeM JiopaHoBcKoe pasJIOJKeHHe 
R (t, s; A) B oKpeci'HocTH A = .A.o: 

R(t, s; A)= C_n(t,s) + C-n+1 (t,s)
1 
+ 

<"- - "-or <"- - A.or-
+ . • • + Ci1-5: ~s) +Co (t, s) + 

+ C1 (t, s) (A-A0) + •, • (C_n (t, s) ;¢= 0) (21) 

I1oJI01KHM A - A0 = h H B o6e qacTH <l>YHKU.HOHaJibHOro ypas­
HeHHH (fO) BMecTo pesoJibBeHThl R (t, s; A) no,ll.cTaBHM ee pas­
JIOJKeHHe (21). By.ll.eM HMeTb 

C:.n (t, s) + C-n+i (t, s) + ... + C_ 1 (t, s) + 
hn . hn-1 h 

+ C0 (t, s) + C1 (t, s) h + • • • = 
b 

J [ C_n ( i-, s) + ] = K (t, s) +(Ao+ h) K (t, t') hn • • • di:, 
a 

0pHp3BHHB8H K09Cj$HUHeHT npH h-11 B o6eHX ·qaCTHX IlOCJie,ll.~ 
Hero paBeHCTBa, noJiyttHM COOTHOlIIeHHe 

b 

C_n (t, s) =Ao J K (t, t')C_n (i:, s) di;, (22) 
a 

KOTOpOe 03HaqaeT, qTQ C_,,, (l, s1) ecTb HeHyJieBOe pemeHHe 
O,ll.HOpO,ll.HOro ypaBHeHHH (20), OTBeqaIOIJ.lee xapaKTepHCTHqe .. 
CKOMY qucJiy A0 npu JII06oM ,ll.onycruMOM aHaqeHHH Si nepe­
MeHHOH s, a ~ s ~ b. TaK, B npHBe,ll.eHHOM Bblllie npHMepe 

_ {cM. .cTp. 103) Mhl HMeJIH R (t, s; A) = 3ts/(3 - A). 3,nech 
A = 3 - npoCTOH IlOJIIOC pe30JibBeHTbl (n = 1). CorJiaCHO 
)J.OK333HHOMY npe).\JI01KeHHIO, <l>YHKUHH <p (t) = -3ts1, Sj =­
= const, 6y,ll.eT pemeHHeM ypaBHeHHH 

I 

qi (t) = 3 J tsqi (s) ds, 

B qeM MO>KHO yoe,ll.HTbC'1 HenocpeACTBeHHOH J]pOBepKoft. 
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y n p a >K He H He. flOJib3YSICb Q:>ymrn;HOHaJlbHhtM ypaBHeHHeM (11). 
noKa3aTb, l qro ecJIH A. = .A0 ecrb nomoc n·ro nopJI.ztKa pesOJibBeHTl:l 
R (t, s; .A), TO QlYHKUHSI C_n (t1, s), t1 = const, SIBJISieTCSI pemeHHeM 
COI03HOrO O,ZtHOpO,ZtHOfO ypaBHeHHSI 

b 

z (s) =A.a J K ('f, s) z ('f) d'f. 
a 

2. YpasHeHHe Bon&Teppa. PaccMoTpHM HHTerpaJihHoe 
ypaaHeHHe BoJihTeppa 2-ro p()J{a 

t 

cp (t) = 'A J K (t, s) cp (s) ds + f (t), (23t 
a 

Ero MO)KHO paccMaTpnaaTh KaK qacTHhlH cJiyqaii ypaaHeHHH 
<l>pe.rr.roJihMa c «TpeyroJihHhIM» H.rr.poM :ft ( t, s), onpe.rr.eJIHe .. 
MblM CJie.rr.yIOW,HM o6pa30M: 

{ 
K (t, s) npH s ~ t, 

. :1t (t, s) = , 0 · npH s > t. 
no9TOMY K ypaBHeHHlO (23) npHJIQ)KHMa BCH pa3BHT3H Bblllle 
TeopHH. 0.rr.HaKo, yqHThIBaH cneuu<f>HKY H.rr.pa, Mhl noJiyqaeM 
)J.JIH HTepupoaaHHblX H.rr.ep CJie.rr.yIOW,He Bblpa)KeHHH (K 1 (t, s) = 
~ K (t, s)): . 

t 

K2 (t, s) = J K (t, ~) K (•, s) di: (24) 
s 

u, aoo6w.e, 
t 

Kn (t, s) = J K (t, •)Kn-I (1', s) di:. (25) 
s 

By.rr.eM npe.rr.noJiaraTh, llTO H.rr.po K (t, s) HenpephIBHO a 3aMK· 
HYTOM TpeyroJihHHKe ~. orpaHHlleHHOM npHMhIMH .s = a, 
s = t, t = b, b > a, H llTO f (t) E c [a, b ). 

PaccMoTpHM <f>opMaJibHhIH pH.rr. 

K (t, s) + 'A/(2 (t, s) + 'A2K3 (t, s) + • · · + 
+ 1vn-1Kn (t, s) + .. · (26) 

nyc-rb M = max I K ( t, s) l B yKa3aHHOM TpeyroJibHHKe d. 
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Tor)l.8 6yJJ.eM HMeTb 

t . 

IK2 (t, s)( ~ J fK (t, s) 11 K (1', s) l dT ~ M' (t Ls), 
s 
t . 

J . Af3 (t - sra 
IK8 (t, s)I~ IK(t, T)l(K2(1', s)ldT~ 21 

s 
n, Boo6w.e, 

(27) 

OrcIOJJ.8 BHJJ.HO, llTO PHJJ. (26) cxo)l.HTCH p8BHOMepHo npu JII0-
6oM 3H811eHHH n8p8MeTp8 A H cyMM8 ero ecTb HenpepbIBH8H 
cpyHKUHH t, S. • 

· 06osH8llHM cyMMy pHJJ.8 (26) 11epes R (t, s; A): 
• 

R (t, s; Iv)= 

= K (t, s) + lvK9 (t, s) + • · · + 1vn-1 Kn (t, s) + · · · (28) 

<l>yHKUHH R (t, s; A) ecrb ueJI8H ·cpyHKUHH n8p8MeTp8 A. 
Ee T8K>Ke H83bIB8IOT p8spern8IOW.HM HJJ.POM HJIH pesoJibBeH~ 
TOH JJ.JIH HJJ.P8 K (t, s). 

K8K H B cJiyq3e yp8BHeHHH <l>peJJ.rOJibM8, noJiy118eM 
cpopMyJiy 

. t 

<p(t)=f(t) +Iv J R(t, s; A)f(s)ds, (29) 
a 

Jl:8IOW.YIO perneHHe YP8BHeHHH (23) )1.JIH JII06o:H HenpepbIBHOH 
cpyHKUHH f (t) H npu JIIOOOM 3H8tieHHH n8p8MeTp8 A. 9-ro 
perneHHe <p (t) ecTb Henpepb1BH8H cpyHkUHH 8pryMeHT8 t. 

Pe30JibBeHT8 yp8BHeHHH BoJibTepp8 (23), K8K H C8MO 
HJJ.PO K (t, s), onpeJJ.eJieH8 JJ.JIH a -<:: t -<:: b H JJ.JIH s < t. 
nJIH 061ll,HOCTH cpopMyJibl Il0JI8f8IOT 06blllHO, llTO R {t, s; A)=O 
npu s > t. 

38MeTHM, llTO IlOBTOpHbie HJJ.p8, 8 T8K/Ke pe30JlbBeHT8 
He 38BHCHT OT HH:>KHero npe)l.eJI8 a. 

y n p a >K H e H H e. noKa>KHTe, QTO pesOJibBeHTa R (t, s; i.) ypaB­
HeHHSI BOJibreppa (23) yJ.tOBJieTBOpsieT cpyHKUHOHaJibHOMY ypasHeHHIO 

. : t 

R (t, s; i.) .- I( (t, s) +A, JI( .(t, -r) R ('t, s; i.) d-i. 

s 
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YpaoHeHue (23) c HenpepbtBHbtM niJpoM K ( t, s) u npa80rl 
'lQCmblO f ( t) UMeem eauHcmBeflHOe HenpepblBHOe peUleflUe «p ( /). 

B caMoM .ZJ.eJie, ecJIH Obi cym.ecTBOBaJio )lBa TaKHX peme­
HHH <'Pi (t) H ())2 (t), TO HX pa3HOCTb 'l'o (t) = 'P2 (t) - <J>i (t) 
y ,ZI.OBJieTBOp HJia 6hl 0)1.HOpO,ZI.HOMY HHTerp aJI bHOMY yp aaHeH HIO 

t 

11' (t) = A J I( (t, s) '¢ (~) ds, (30) 
a 

HJHf, Kopoqe, 
'f? (t)- = AA¢. 

Ho ypaattettue (30) HMeeT e,ZI.HHCTBeHHoe perueHHe '17 (t) = 0 .. 
lleifcTBHTeJibHO, nycTb N = max l 'l'o (t) j. JlerKo BH.ZJ.eTb, 

a~t~b 

'ITO ecJIH 'l'o (t) - perneHHe ypaaHeHHH (30), T. e. 'J'o (t) =:; = A,A'\f'o (t), TO cpyHKUHH 

'¢1 (t) = AA'¢o, . '¢2 (t) = AA'J'i, • , ., '¢n (t) = A.A¢,,-i. , •. , 

TO.>K,ZI.eCTBeHHbl c cpyHKUHeH '¢ 0 (t). IlpoBO,ZI.H oueHKY, aHaJIO• 
ruqHyIO (27), HaXO.ZJ.HM 

I 'f'n (t)I ~ NM (~-I a)n' 

OTKy,ZI.a CJie,n:yeT' qTo 'l'n (t) .-+ 0 npH n .-+ 00 ,ZI.JIH v IE [a, b ] • 
TaK KaK 'l'n (t) = '\f'o (t) ,ZI.JIH JIIOooro n, To, cJie,n:oaaTeJihHo, 
'lJ,~0 (t) = 0 Ha [a, b]. 

Il p H M e p. C IlOMOIUblO pe30JibBeHTbl peUIHTb llHTerpaJibHOe ypaB• 
HeHHe 

t 

<p (t) =et + J et-sq> (s) ds. 
0 . 

Pew e H He. B ,n;aHHOM c.n:yqae K. (t, s) = tf-s, A.= 1. floJib3YHCb 
cpopMyJioii (25), IlOCJie.n;oBaTeJihHO HaXo,ZJ;HM 

t 

K2 (t, s) = J e t~te 't-s d't' = et-s (t - s) 1 
s 

t 

J t - (t - sp 
K3 (t, s) = ··e -tei--s (t - s) dr; = et-s 

21 
, 

s 

• • • • • • • • • • • • • • • • • • • . . ] 
et-s (t _ s)n-1 

Kn (t, s) = (n - l)l • 
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, Pe3oJI&BeHTa R (t, s; I) onpeJ.teJIHTCSI KaK cyMMa pAAa 

t S t S t - s + t-s (t - s)2 + ... R (t, s; I)= e - + e -
11 

e 
21 

t (t - s)n 2 ( ) ... + e -s + ... = e t-s • 

HcnoJib3Yst <fK>PMYJIY {29), no;ryqaeM 
t 

nt 

q> (t) = et+ J e2 (t-s>es ds = e2t • 

0 

3 a M e q a H H e. l1HTerpaJihHbie ypasueHHH BoJibTeppa 
B03HHKalOT B Tex 3a,l{aqax cpH3HKH, B KOTOpbIX cyID,eCTByeT 
npe,l{noqTHTeJibHOe Hanp aBJieHHe II3MeHeHII H He3aBHCHMOH 
nepeMeHHOH (uanpIIMep, BpeMeHH, 9Hepnu1 R T. )I..). 

Oneparop BoJihTeppa 
I t 

Acp (t)-~ J K (t, s) cp"(s) ds 
a 

xapaKrepeu reM, qro sHatientte cpyHKUHH Acp (t) B JIJ06oii 
MOMeHT t onpe,neJI.HeTCH 3HaqeHHHMH cpyHKU.HH cp ( t) TOJlbKO 
nptt 3HatieHHHX s ~ t, T. e. 9TOT onepa1op ytIHThIBaeT 
«npe,l{hicropHIO» npou.ecca. 

Ecrec1aeuuo, IITO H pemeu11e 
t 

cp (I)= f (t) +'A JR (t, s; 'A)f (s) ds 
a 

ypaaueHHH BoJihTeppa (23) B Ka.iK)J.hIH MOMeHT apeMeHH t 
onpe,l{eJIHeTC.H BeJnfqHHOH BHernuero B03,l{eHCTBH.H f ( t) TOJibKO. 
B npe,l{rneCTBYIOIUHe MOMeHTbl s ~ t~ 

,ll.JIH ypaaHeHHH Bo.JibTeppa 2-ro po,l{a xapaKrepua B03· 
MO)KHQCTb np0.11.0JDKeHH.H perneHHH: MO>KHO nocrpOHTb peme· 
HHe CHallaJia Ha HeKOTOpOM -0Tpe3Ke a -<. t ~ al, )J.JIH t ~ a1 
aanHcaTh ypaaueu.tte (23) a a.tt.n.e 

qi (t) = A.1 K (t, s) qi(s)ds + [A. j K (t, s) qi (s) ds + f(t)] , 
r,l{e B KBa,lI.paTHbIX CK06KaX CTOHT yMe H3BeCTHaH cpyHKU.HH, 
H 3aTeM pernaTh ero ,lJ.aJibrne. 
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,UJUI ypaeHeHHH <l>pe)J.rOJibMa 

b 

cp ( t) = A J K ( t, s) cp ( s) ds + f ( t) 
a 

'r8KOe IlOCTpoeHHe perneHHH Ha ll8CTH 0Tpe3Ka [a, bl HeB03 .. 
MO)KHO. . 

Mhl ycTaHOBHJIH O,ll.H03Ha11ay10 pa3pernuMOCTb ypaBHeHH.ff'' 
BoJibTeppa (23) B npe,ll.noJIO>KeHHH, llTO H,ll.po K (t, s) H CBO· 

6oAHhlH 11JieH f (t) HenpephlBHhl. 3Tu ycJioBHH MOiKHO aHa­
'lHTiJihHO ocJia6HTb. HMeHHO, 6y)J.eM npe,ll.noJiaraTb, llTO H,ll.po 

K (t, s) HHTerpupyeTcH c KB8,ll.paTOM no npHMoyroJihHHKY 
Q {a < t, s < b} , T. e. 

b b 

J J I K (t, s) 12 dt ds = B2 < + oo (31) 
a a 

(TaKoe H,ll.po 6y)J.eM Ha3hlBaTh L 2-Rapo.M). Ilpe,ll.noJio>KHM 
T8K>Ke, llTO f (t)EL2 [a, b ). 

Paccy>K,ll.eHHHMH, aHaJiorHllHbIMH npnBe,ll.eHHbIM BhlIIIe, no­

Jiy11aeM cJie,ll.ytow,yio TeopeMy. 
T e o p e M a 3.4. HHmeepaAbHoe ypooHeHue BoAbmeppa 

2-eo poaa 
t 

cp(t) = /.-J K (t, s) cp (s) ds + f (t}, a~ t ~ b, (32) 
a 

y KOmopoeo Rapa K (t, s)eL 2 (Q), a cpyHKl{Uft f (t)eL 2 [a, b], 
U.M.eem eauHCtn6eHHOe *) peUleHUe cp (t)el 2 [a, b }. 
~o perneHue onpe,ll.eJIHeTcH cpopMyJioH 

t 

cp(t) =f (t) +A J R(t, s; A)f (s)ds, 
a 

r)J.e pe3oJihBeHTa R (t, s; A) ecTb ueJiaH cpyHKUHH napaMeTpa A. 
ll onpe,ll.eJIHeTCH, KaK cyMMa pH,ll.a, COCT8BJieHHoro H3 HTepH· 
poBaHHbIX H,ll.ep: 

co 

R (t, s, A)=~ AnKn+i (t, s), 
n=O 

(33) 

*) QHHCTBeHHOCTb noHHMaeTc.s1 B cMhlCJJe MeTpHKH L,, [a, b ]: JtBe 
4'YHKUHH CllHTalOTCSI mo:ac<JectntJeXHbLMU, ec.JIH OHH OTJIHllalOTCSI .a.pyr OT 
AJlyra JIHmb aa MHomecrsa Mephl HYJib. 
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npnqeM pH,n s npasoH: qaCTH (33) cxo,nHTCH noq1u sc10,.a:y s Q. 
TaKHM oopa30M, HHTerpaJibHOe ypasHeHHe BoJibTeppa 

- t 

<p ( t) = A J K ( t, s) <p ( s) ds + f ( t) 
a 

c H,npoM K (t, s)eL 2 (Q) O.LlH03HaqHo pa3peI11HMo npu JIIDOOM 
csooo,nHoM llJieHe f (t)eL 2 [a, b) 8AR A1061Jtx 3Ha"leHuu 
napaMempa A. 

CooTBe'rCTsy10mee O,llHopo,nHoe HHTerpaJihHoe ypasHeHne 
t 

<p(t)=AJK(t, s)<p(s)ds 
a 

HMeeT npu 1l1060M A TOJibKO TpnsnaJihHoe peI11eHne, TaK qTo 
HHTerpaJibHoe ypasHeHne BoJibTeppa c L 2·H,npoM He UMeem 
xapaKmepucmuttecKux 11.ucell. 

Cyw.ecTBYIOT H ,npyrne H,npa, BOBCe He HMeIOrn;He xapaKTe· 
pHCTHqecKHX quceJI. 9-ro BbITeKaeT H3 ,TeopeMbl JlaJieCKO 
([49)). 

Teo p e M a 3.5. llycmb K (t, s) - lfJpeaeoAbMoso Ropo 
u Kn (t, s) - eeo umepuposaHHbte R8pa. )l.AR moeo, t{,mo6bl 
RiJpo K (t, s) He UMello xapaKmepucmut{,eCKUX t{,UCeA, Heo6xo-
8uMo U 8ocmamotf,HO, '1.m06bt 

b 

An ~ J Kn ( t, t) dt = 0 (n = 3, 4, ... ). 
a 

CoaceM HHaqe o6CTOHT ,rieJIO, ecJIH ,nonycKaTb HJIH HeHH::­
Terpup yeMble pellleHHH, HJIH ,H,npa c HeHHTerpnpyeMOH OCO· 
6eHHOCTbIO. HanpnMep, o,nHopo,nHoe ypasHeHne 

t 

<p(t) =A J cp !s) ds 
0 

nMeer HenpepbIBHoe pellleHne <p (t) = ta (a > 0), 0Tseqa10-
mee 3HaqeHHIO napaMeTpa A = a. 

YcJIOBHMCH u B 3TOM cJiyqae OTJinqHble OT HYJIH pellle· 
, HHH <p (t) O,LlHOpo,nHoro ypasHeHHH Ha3blB8Tb COOcTBeHHblMH 

Q:>yHKUHHMH, a cooTBeTCTBYIOIIJ.He 3HaqeHHH napaMeTpa A -
xapaKTepHCTHqecKHMH 3HaqeHHHMlI. 

KoneqHo, B cnyqae cyrn;ecTsosaHHH npu KaKoM'·Hn6y,nb 
').., He'rpHBHaJlbHblX pellleHHH <p"' (t) o,nHppo,nHoro ypanHeHH_H 
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'I'Hna BoJlh1 e;>pa c HeHHTerpupyeMblM H,IJ.poM cooTEeTcTsy10r.u.ee 
Heo.n.Hopo.n.Hoe ypasHeHHe Y*e He. MO)KeT HMeTb TOJibKO O)J.HO 
pemenue: ecJIH soo6r.u.e TaKoe pemenue cp (t) cyr.u.ecTsyeT, TO, 
npu6aBJIHH K HeMy JIK>6ble CvWv (t) (cv = const), onHTb no .. 
nyquM pemenue neo.n.nopo.n.noro ypasHeHHH. 

B sonpocax e.n.HHCTBeHHocru pemeHHH HHTerpaJihHoro 
ypasHeHHH cyr.u.ecTBeHHYIO pOJib urpaeT KJiacc <f>YHKUHA, 
B KOTOpOM ur.u.eTCH pemeHHe (KJI3CC cyMMHpyeMblX QlYHKUHit, 
KBa.n.paTHqHo cyMMHpyeMblX, HenpepbIBHblX H T. JI..). 

TaK, ecJIH HJJ.po K. (t, s) ypaBHeHHH BoJibTeppa orpaHH·.· 
qeHO, Kor.n.a t MeHHeTCH B HeKOTOPOM KOHeqHOM HHTepBaJie 
(a, b): · 

( K (t, s) I~ M = const Vte (a, b), 

u cso6oJJ.HhlH q,,11eH f (t) cyMMHpyeM *) B HHTepsaJie (a, b), ro 
ypasHeHue BoJihTeppa npu JIIOOOM aHaqeHHH A, HMeeT B HH· 

. TepsaJie (a, b) e.n.uHcTBeHHoe cyMMnpyeMoe pemenue cp (t) • .' 
0)1.HaKO eCJIH OTK333TbCH OT Tpe6osaHHH cyMMHpyeMOCTH. 

pemeHHH, TO TeopeMa e.n.HHCTBeHHOCTH nepecTaeT 6hITb sepHoft 
B TOM CMhlCJie, lJTO ypasHe~He MOiKeT HMeTb, HapHJJ.Y c CYM·· 
MnpyeMhlM pemenueM, ew.e u necyMMupyeMhie pemeHHH. 

n. c. YpbICOH ( (42 J) nocTpOHJI H3HI.U.Hhle npHMephl HH• 
TerpaJibHblX ypasHeHHH (cM. HH)Ke npHMepbl I H 2), KOTOpble,; 
HapHJJ.Y c cyMMHpyeMblM, HMeIOT H HecyMMHpyeM~Ie pemeHHSI '.: 
.n.a.>Ke B·TOM c;ryqae, Kor.n.a HJJ.po K (t, s) u <f>YHKUHH f (t).1 

"' Hen pep hlBHhl. . J 
By.n.eM cquTaTh JJ.JIH npocTOThl f ( t) = 0 u paccMoTpu1'~ 

·~1 HHTerpaJihHoe ypasHeHue .~ 

t 

cp (f) = J K (f, s) cp (s) ds, 

r.n.e K (t, s) - HenpephlBHaH <flyHKUHH . 

• ) 4>yHKU.H.ff x (t)' HeoTpHI1.8reJlbH8.ff Ha BHrepeaJie (a, b), H83hlB8eT.CJl 
b . 

CfjMMUpgeMOu Ha STOY BHTepaaJie, eCJJB J % (t) dt KOHe'leHi cpyHKUB.ff x <ii' 
a . . .. ·-' 

npOH380.1I.LHOro SHaKa 6y;\eT cyMMHpyeMoii Ha (a, b) TOfAa H ~bKO rorp,a, ~ 

xorp,a cywspy.eMa <)>ymO.J.H.ff 1 x (t) J, T. e. xorAa HHrerpaJI J J x (t) I dt ·,~ 
·' a r 

&Meet xoae11uoe saa11euue. HwrerpaJibl nOHBMaIOTCSI B cwcne J1e6era. ·; 
I·~ 
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KaK 6hlJIO - noKa3aHo Bblllle, B Knacce HenpephlBHhlX 
(H, CJie.n:osaTeJibHO, cyMMHpyeMhlX) <f>YHKUHH 9TO ypaBHeHHe 
HMeeT e.n:HHCTBeHHOe 11ellleHHe cp (t) =~_o. 

n p H M e p hi. I. n YCTb 0 ~ s -<: t ~ I , 

{ 

sel/t'-1, 0 ~ s ~ tel-1/t•, 

K (I, s) = t, te1- 11J* ~ s ~ t, 
0, s > t. 

(35) 

B KBa.n:paTe Q{O ~ l, s ~ l} H.n:p.o K(t, s) orpaHHqeHo, 
T8K K8K 

0 ~ K (t, s) ~ t ~ I. 

BoJiee Toro, OHO HenpepbIBHO npH 0 ~ s ~ l. YpaBHeHHe (34) 
B 3TOM CJiyqae. HMeeT OtleBH)lHOe cyMMHpyeMoe pellleHHe 
cp ( t) = O· H, B CHJIY CK838HHOf0 Bhlllle, .n:pyrHX CYMMHpye· 
MhlX pellleHHH 9TO ypaBHeHHe He HMeer. 

~ .n:pyrofi cropoHhl, Henocpe.n:crBeHHoH: nposepKoli y6e*· 
.n:aeMCH, tlTO ypasHeHHe (34) HMeeT 6ecK0He11Hoe MHO)f{ecTBO 
HecyMMHpyeMhlX B (0, 1) pellleHHH. BH)la 

·c 
cp(t) = 7 

c - npOH3BOJibH8H IlOCTOHHHaH, t .::fo 0). 
B caMoM .n:eJie, yqHThlBaH Bhlpa*eHHe (35) .D:JIH H.n:pa 

K (t, s), Haxo.n:HM 

t . 1-1/t1 t 

J tt c J K (t, s) cp (s) ds = J se11t
1

-
1 

8 ds + t .£ ds = 
()' 0 ttl-1/t" s 

= Ct - Ct In e1- 11t' = _£ • 
t 

TaKHM oopa30M, noJ1yt1aeM Cit Cit '(t =f::. O)t T. e. cp (t) = 
=Cit ecTb perueHHe, HecyMMHpyeMoe B (0, I), ypaaHeHHH (34). 

2. IlyCTb 0 4' S ~ t < a (a > 0 - JilOOoe, B tl8CTHOCTH, 
a= +oo), 

2 · ts2 
K ( t, s) = n ti + sZ • (36) 

<I>yHKU.HH K (t, s) )J.aJKe aHaJIHTHl!Ha Bcio)J.y,· aa HCKJ110t1eHHeM 



ll8JIHHEAHhJE OilEPATOPbl H HHTEfPAJibHbIE YPABHEHH51 [f Jl.III~ 

(0, 0). 0,nHaKO ypaBHeHHe (34) c SI,npoM (36) .nonycKaeT He .. 
cyMMnpyeMhle perneHHH. B caMOM .nene, ypaBHeHne 

t 

iah (t) = ~ J ts2 iah (s) ds-..! arctg ~ (37) 
'f n r+s2 'f n 12 

0 

HMeer cyMMHpyeMoe perneHHe, TaK KaK 4>YHKUHSI 

f (t) = -{- arc;;12 

orpaHuqeHa H HenpepbIBHa BCIO,ny' KpoMe TOqKH l = o. 
<l>yHKUHSI 

{°' t=O, 

cp(t) = 'lJ'(t) + *' t>O, 
(38) 

r.ne 'lJ' (t) - perneHne ypaBHeHHSI (37), 6y,neT yiKe HecyMMH­
pyeMhIM B (0, a) perneHHeM ypaBHeHHSI (34) c H,npoM (36). 

lleHCTBHTeJihHO, ,nJISI t >; 0 HMeeM 
t. 

J K (t, s) q> (s) ds = 
0 

t t 
2 J ts'J 2 J t = n t6 + s2 '¢ (s) ds + n t" + s2 ds. 

0 . 0 

(39) 

B cony ypaBHeHHSI (37) nepBoe CJiaraeMoe B npaBoil qacTH 
(39) ecTh 

BTopoe cJiar aeMoe .naer 
t . 

2 J t ds 2 ( I s ) 1s=t · n 16 + s2 = n fi arctg t~ s=O = 
0 . 

2 I = nt2 arctg fi: (t > 0). 
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TaKHM o6pasoM, 
t 

J K (t, s) T (s) ds = 
- 2 arctg t2 2 l 

= ~ (t) + n /'!. + n/2 . arctg ta = 

= 1ji (t) + +.-+ ( arctg t2 + arctg +.-) = 

119 

I = '1' (t) +IT = cp (t), 

a 9TO H 03HaqaeT, qTo cpyHKUHH <p (t), orrpe.l(eJIHeMaH paaeH .. 
CTBOM ('38), eCTb HecyMMHpyeMoe perneHHe ypaaHeHHH (34) 
c H.l(pOM (36). 

HarerpaJibHoe ypaaaeaue 

~2 (t) 

q>(t)=A J K(t, s)<p(s)ds+f(t), 
~1 (t) 

r~e 11'1 (t), 11'2 (t) - HenpepbIBHble tPYHKUHH Ha [-b, b ], Ka>KJtaSI H3 
KOTOpbIX no a6cOJIIOTHOH BeJIHllHHe MeHbllle b, MO}l{eT 6hITb paccMaTpH­
BaeMO K3K oco6bl:H CJiyqaii ypaBHeHHH <l>pe,ArOJibMa, B KOTOpOM SI.APO 
K (t, s) )I.JUI scex 3aaqeau:H s BHe uarepaaJia ('IJ1, '¢2) paa~o HYJIIO. Kor,Aa 
a6coJIIOTHble saaqeaHSI I '1'1 I H I '1'2 I ae rrpeaocxo,AHT I t I, pe30JihBeHTa 
TaKoro ypaaaeHHSI npe~craBJI.HeT· ueJiy10 <f>YHKUHIO OT A., KaK H B CJiyti:ae 
ypaaHeHHSI BOJibreppa. .llocraToqao cpaBHHTh 3TO ypaaaeuue c BcnoMO· 
raTeJibHblM MaJKopHpyJOW.HM ypaBHeHHeM BH~a 

I t I 
<I> (t) = N +A. J M<l> (s) ds. 

-It I 

KOTOpoe HMeeT CBOHM peweHH~M tPYHKUHIO Ne2')..M I t1. 

§ 14. TeopeMbl tl>pe,AroJJ&Ma AJUI OOIJ\ero cJJy11aR 
ypaBHeHHR tl>pe,l\fOJlbMa . 

Mb1 ycTaHOBHJIH, 11To HHTerpaJihHoe ypaaHeHHe 

b 

cp(t) ~'A J K (t, s) cp (s) ds + f (t) 
a 

HJIM, Kopoqe, 

(1) 
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c npOH3BOJibHblM, HenpepblBHblM B Q {a ~ t, s ~ b} '.ffJlPOM 
K (t, s) H f (t)eC [a, b) HMeer e.nHHCTBeHHoe HenpepbleHoe 
perneHHe cp (t), onpe.neJiffeMoe 4>opMy.11oli 

b 

cp (t) = f (t) + lw J R (t, s; lw) f (s) ds (2) 
a . 

JI.JI ff ecex lw TaKHX, tt1TO I lwl < 1/11 A ~· 3.nec& R ( l, s; lw) -
pe30JihBeHTa st.npa K (t, s). . 

JlJiff ypaeHeHHH <l>pe.nrOJibMa c BhlPO*JleHHblM. HJJ.POM 
6hIJIH .noKa3aHhl (cM. § 4) TPH cpyH.naMeHTaJihHble TeopeMbl 
<l>pe.nroJihMa, Kaca10mHecff pa3pelliHMOCTH T8KHX ypaeHeHHH. 
IlOilbITaeMCff pacnpocTpaHHTb .9TH TeopeMbl Ha CJ1Yt1.aii npo­
H3BOJlbHOro HenpepblBHOro ff)J.pa. 

B cHJIY TeopeMbl BeueprnTpacca BCffKOe HenpepbleHoe 
B Q ffJlPO K (t, s) MO)l{HO npe.ncTaBHTb e BH;J;e 

K (t, s) =Ka (t, s) +Ke (t, s), 

r.ne 
n 

Ka (t, s) = ~ ak (t) bk (s) 
k=l 

- BblpO>K.lf.eHHOe H.npo1 a ffJJ.po Ke (t, s) no HOpMe C MO}l(eT, 
6b1Tb CKOJlb yro)J.HO M8Jlb1M. Ilo.9TOMY ypaBHeHHe (1) MO)l{HO 
38IlHC8Tb TaK: 

cp = lwTcp + AScp + f, 
b b 

r.ne Tep= I KB (t, s) cp (s) ds, Sep= I Ke (I, s) cp (s) ds. 
a a 

•, 

IlycTh p __. npoH3BOJibHOe noJIO)l{HTeJihHOe t1HCJ10. Bhloe- ·-~ 
peM onepaTop S TaK, t1To6bl II S II~ lip. Tor.na JI.Jiff ecex lw 
TaKHX, qro I lw I ~ p, 6y,neM HMeTh I lw 111 S II q 1 H ypaeHeHHe 

. ~ (t) = lw S1J1 + g (t) 

6y.ner O)J.H03HaqHO fa3pelliHMO B c. [a, b] npH JII06ou cpyHK• 
UHH g (t)eC [a, b ' npHlleM 

. b 

.p(t) = g (t) + lw J R1 (t, s; lw) g (s) ds, (4) 
a 

r.ne · R 1 (t, s; lw) --- peaoJihBeHTa ffJJ.pa Ks (t, s). 
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r.ne 

IlepenurneM ypaBHeHHe (3) a BHJle 

q> = lvSq> + F, 

b 

F (t) = f (t) + Iv J K 8 (t; s) q> (s) ds. 
. a 

121 

CquTaH F (t) usaecTHOH, c noMOID:bIO <f>oPMYJihI (4) npHXOJlHM 
K ypaaHeHHIO, 3KBHBaneHTHOMY HCXOAHOMy: 

. . b 

q> (t) = F (t) +Iv J R1 (t, s; Iv) F (s) ds, 
a 

HJIH 
b 

q>(t) = f (t) +Iv J R1 (I, s; lv)f (s) ds + 
a 

+A. 1 [ K. (f, s) +A. { Ri(t, 'f; A.) K. ('t, s) d'f] ~ (s) ds. (5) 

Ilepable JlBa cnaraeMhIX npaaoii qacTH (5) - H3BecTHhle cpyHK .. 
UHH. ,Uanee, · t · 

b b n 

J R1 (t, 't; Iv) KB ('t, s) d,; = J Ri (t, 't; A.) ~ ak (-r) bk (s) d't = 
a a k=l 

n b .. 

==z ~ bk (s) J R1 (I, i:; l) ak ('r) di:= 
k=l a 

n 

== ~ AA (I, A.) bk (Iv), 
k=l 

TaK lITO HJlPO ypaBHeHIUI (5) - BbipOJK,l(eHHOe. 
TaKHM o6pa30M, AJ06oe uHme2paAbHoe ypasHeHue <Ppeo-

20AbMa 2-20 poiJa C Henpepbl8Hbl.M RapoM....MO~em 61JL,mb coeaeHO 
·K ypaBHeHUIO c (Jbl,po~aeHHbl.M RiJpoM. IlOJib3YHCb 3THM, MO}:KHO 
noKa3aTh ([20]), lfTO reopeMhI <I>pe.n;ronh:Ma, ycTaHoaneHHhle 
B caoe apeMH (CM. § 4) JlJIH ypaBHeHHH c BbipO}:K)leHHhIM 
H)lpOM, HMeIOT MecTO JlJIH HHTerpanbHbIX ypaBHeHHH <I>peJl· 
TOJibMa 2-ro p0Jl8 c npoH3BOJibHbIM HenpepblBHbIM HJlPOM, 
a TaK>Ke L 2-HJlpOM. 
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Y11HThlBaSI eme pesy JihTaThl § 3, ccj>opMy JIHpyeM 0KoH11a­
Te.nbHO lleTbipe T e o p e M hi <I> p e JI. r o JI h M a. 

T e o p e M a 3.6. EcAu sHacteHue A. He 5lBARemcR xapax­
mepucmuttecKUM, mo KaK oaH.Hoe u1-tme2paAbftoe ypaoHeHue, 
max:, u conpR;JJCeHHoe c HUM oOH03Ha'iHO pa3petuuMbl npu A1060Ar 
ceo6001-to.M 'iAeHe f (t). Coomeemcmey10U1,ue ooHopooflbte ypae­
HeHUR UMeJOm npu amo.M moAbKO mpuouaAbftble petueHUR. 

T e o p e M a 3. 7. EcAu sHa'ieHue A. xapax:,mepucmuttecKOe, 
mo 001-topoiJHoe uHmezpaAbHoe ypaBHeHue, max:, ;JJCe KaK u 
conpRJ1CeHHoe c HUM ooHopoi)Hoe ypaBHeHue, uMeem Hempu­
euaAbHble petueHUJl. l/UCAO AUfleUHO fle3a8UCUMblX petueHufi' 
oiJHopooH020 UHme2paAbH020 ypaeHeHUR KOHett.Ho u paeHo 
'iUcAy AUHeiiHo He3aBUCU.MblX pemeHufi 00HopooH020 conpRJ1CeH­
Hoco ypasHeHUR. 

T e o p e M a 3.8. P,AR mo20 tt.mo6bl 1-teo0Hopo01-toe uH­
mezpaAbHoe ypaaHeHue 6btAo pa3petuu.Mo, 1-teo6xo0u.Mo u oo­
cmamo'iHo, 'itno6bl eao cso6ooHblfi 'iAeH f (t) 6blA opmo201-ta.11£11 
Ko eceM petueHURM coomeemcmey10U1,e20 00Hop(Ji)Ho20 conpR­
;JJCeH1-to20 ypaeHeHuR. 

T e o p e M a 3.9. YpaeHeHue <Ppeo20AbMa uMeem He 
6oAee C'iemH020 MHOJ/Cecmea xapaKmepucmu'iecKux ttuceA, x:,omo­
pbte Mocym ccyw,ambCJl mOAbKO Ha 6eCKOHe'iHOcmu. 

113 TeopeM <l>peJJ,rOJibMa BblTeKaeT TaK Ha3bIBaeMaSI a JI b· 
T e p H a T u B a <I> p e JI. r o JI h M a: 

Jlu6o HeOOHOpOOHOe ypa8Heflue pa3peUlUMO npu AI060tl 
npaeoii tLaCmu, Au6o coomeemcmey10~e oOHopooHoe ypaBHeflue 
uMeem 1-tempueuaAbflble pew.eHUR. 

TiepBbIH CJiyqau aJihTepHaTHBhl HMeeT MecTO npH Hexa­
paKTepHCTHllecKOM 3HatieHHH A., BTopou - ecJIH A. SIBJISleTCSI 
xapaKTepHCTHlleCKHM llHCJIOM. . 

TipuBeJJ.eM TeopeMy, JJ.a10my10 oueHKY norpeIIIHOCTH peIIIe-- · 
HHSI, KOTOpaSI noJiy11aeTCSl npH 3aMeHe n.aHHOro SIJJ,pa Ha OJIH3-
KOe K HeMy JJ.pyroe SIJJ,pO, B qacTHOCTH Ha Bhlp01KJJ,eHHOe. 

T e 0 p e M a 3.10. flycmb oaHbl OBa UHmecpaAbftblX 
ypaeHeHUR 

b 

cp(t) =f (t) +A. J K (t, s) cp(s) ds, (6) 
a 

b 

~ (t) = /1 (t) + A. J Ko (t, s) ~ (s) ds, (7) 
a 
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u nycmb Ro (t, s; Ai) - pe30Ab8eHma ypasHeHUR (7) c RopoM 
K 0 (t, s). flycmb, iJaAee, uMe10m Mecmo HepaseHcltUJa 

b 

J I K (t, s) - K0 ( t, s) I ds < e \/ t E [a, b]', 
a 

I f < t) - '1 < t) I < ri, 
b 

JI R0 (t, s; Ai) Ids< M. 
a 

Tozoa, ecliu BblnoAHeHO ycAoBue. 

. B I A I ( 1 + I A ' M) < l, 

(8) 

(9) 

(10) 

(11) 

mo y paBHeHue (6) U.Meem eOUHCnuJeHHoe petueHue cp ( t) u pa3· 
N 

Hocmb Me:JJCoy amuM petueHueM u pew.eHue.M cp (t) ypaBHe· 
HUR (7) yooeAetnBOpRem OijeHKe 

..... I N I A. f (I + I A f M)2 
8 I I I cp < t)- cp < t) < 1 - 1 A 1 (l + r A 1 M> s + 11 (1 + Ai M), < 12> 

efJe N = sup If (t) I· 
a<,t<,b 

,U 0 K a 3 a T e JI b C T B 0. Ilpe,u.noJiaraSI cyW.eCTBOB3HHe 
or paHuqeHHOfO. pe~eHHSI ypaBHeHHSI (6)' 0003HaqHM 

c0 = sup J cp(t) J 
a~t<.b 

H pacCMOTPHM HHTerpaJibHOe ypaBHeHHe 

b 

cp(t) =Ai J Ko (t, s) cp (s) ds + F (t), 
a 

b 

r ,u.e F (t) = f (t) +Ai J [K (t, s)-K0 (t,' s)] cp (s) ds. Tor,u.a B 
a 

CHJIY q>opMy Jlbl (2) 
b 

cp (t) = F (t) +Ai f Ro (t, s; Ai) F (s)ds. 
a 
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.nanee, 
b 

(F(t)l~\f(t)t+IA.I f lK(t, s)-K0 (t, s)(\q>(s)lds~ 
a 

H, CJie,U.OB3TeJibHO, 

b 

JfP(i)l~IF(l)l+IA.IJIRo(f, s; A.)llf(s)lds~ 
a 

~N + IA.!c0e +IA.IM (N + (1!c0e) (13) 

MR scex te [a, b ). Ilo3TOMY u c0 = sup I fP (t) I He npesoc-
. a~t~b 

XO,U.HT BeJIHqHHbI, CTosme:H cnpas.a B (13), T. e. 

OTKy,u.a 

N(l + j) .. f M) 
Co ~ 1 - ( 1 + I I.. I M) I A. f e ' (14) 

npuqeM nocne,u.HHH nepexo,u. 33KOHeH, ecnu BhIIlOJIHeHo ycno­
BHe (11): 

I l I (1 +I A. IM) e <i 1. 

l1TaK, npu BblilOJIHeHHH ycJIOBHR. (11) Bee pellleHHR. fP (t) 
ypasHeHHR. (6) orpaHuqeHhl ,U.JIR JilOOOH orpaHHqeHHOH f (t). 
3-ro noKa3blBaeT, qTo A. He JUJAR.emc.n xapaKmepucmuttecKUM 
ttUC/l.OM .nopa K (t, s) H ypaBHeHHe (6) HMee'r eouHcmseiutoe 
pew.e1tue. 

B caMOM ,u.eJie, ecnu obi A. OblJIO xapaKTepucTuqecKH¥ 
qHCJIOM, TO, npuoaBJIR.R. K pellleHHJO HOO,U.HOpO,U.HOfO ypaBHe­
HHR. (6) co6cTBeHHy10 <f>YHKUHJO st,u.pa K (t, s), Mbl cHosa Obi 
nonyqnJIH pellleHue ypasHeHHR (6). IlocKOJibKY cooCTBeHHaR. ... 
<f>YHKUHR. onpe,U.eJIR.e'rCR. c TQqHoCTbJO ,u.o IlOCTOR.HHOfO MHO• 
>KHTeJIR., ee MO>KHO BSR.Tb T3KOH, llTOObl M3KCHMYM ee MOJJ.yJIR 
OblJI ooJibllle n10ooro Hanepe,u. 3a,u.aHHoro qucna u, 3HaquT,' 
JJ.JIR ypasHeHHR (6). MOJKHO OblJIO Obi H3HTH pellleHHe, CKOJib 
yro,u.HO OOJiblllOe no aocOJIJOTHOH BeJiuquHe. 9-ro npOTHBope-

0 u 

quT ,U.OK333HHOH Bhlllle orpaHuqeHHOCTH BCex pellleHHH ypaB-
HeHHR. (6). 
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,UoKa.>KeM ·Tenep& oueHKY (12) •. BhlllHTaSI noqJieaHo ypas· 
H eHHe (7) H3 (6) t llOJIYllHM 

b 

cp (t)- ~(t) ==A J IK (t, s)-K0 (t, s) +Ko (t, s)J cp (s) ds -
a 

b 

- A J Ko (t, s) ~ (s) ds + f (t)- / 1 (t), 
a 

HJIH 
I> 

cp (t)- ~(t) =A J Ko (t, s) lcp (s)- ~ (s)]ds + F (t)-f1 (t). 
a 

IloJIOJKHM 

cp (t)-~ (t) = ..p(t), F (t)-f 1 (t) = H (t). 

TorJJ.a nocJie.n.Hee cOOTHomeuue npHMeT BHJl 

b 

~(t) =iv J Ko (t, s) 11' (s) ds + H(t), 
a 

OTKy,na 
b 

~ (t) = H (t) +A J R0 (t, s; 'A) H (s) ds, 
(J 

TaK IJTO 
b 

111' (t) J ~ 1H(l)1 +I A\ J I Ro (l, s; A) 11 H (s)J ds, (15) 
a 

Ho 

I H (t) (=:IF (l)-fi (l) I ::::I 

= j A J IK (t, s)-K0 (t, s)) q> (s) ds + f (t)-fi(t) EOl 

~ I 'A 1 c0e + 11· ( 16) 
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113 (15), HCllOJlb3YH oueHKH (16), (10) H (14), nonyqaeM 
.. 

'!' < t) I = I <p < t) - ~ ( t) I ~ 
~ 1 A l C0B + 11 + I A 1 (I A. I c0e + 11) M = · 
= 11 ( 1 + I "-I M) + C0B I A I ( 1 + I A I M) ~ 

~ 11 (1 +I A I M) + P-1 (1 +I).. I M)2 Ns 
~ l - I A. I (1 + I A. IM) e, • 

TeopeMa ,noKa3aHa. 
Ha 3TOH TeopeMe OCHOBaH MeTO,ll npH6JIH.IKeHHOro perneHHH 

HHTerpaJibHbIX ypasHeHHH <l>pe,nrOJibMa c llOMOIUblO saMeHhl 
n.n.pa K ( t, s) 6JIHSKHM K HeMy Bb1po.1K,neHHbIM n.npoM. 

OnHpaHCb Ha TeopeMy 3.3, HeTPY.llHO noKa3aTb, tITO eCJIH 
onepaTop A HMeeT o6paTHbIH, TO 6JIH3KHH K HeMy onepaTop 
TaK.IKe o6paTHM. 

T e o p e M a 3.11. Ilycmb onepamop A E(E ~ E), zoe 
E - 6aHaxoeo npocmpaHcmeo, uMeem o6pamHblU A-1, u nycmb 
«803My~010w,uii» onepamop AAE(E ~ £) maKOe, ttmo 

U A-1 Jill M JI< 1. 

To2oa onepamop B = A + AA UMeem o6pamHblU n-1 t 

nputteJt. 

B 1 A 1 II AA II A-l 12 II - - - II~ 1 - II A-1 1111 AA II II ,, f 

B caMoM .nene, 

TaK KaK no ycnoBHIO fl A-1£\A If < 1, To onepaTop ·I + A-1A·A 
HMeeT o6paTHbIH . 

00 

. (/ +A-1 AAr1 = L (-l)n(A-1 AA)n, . 
n=O 

JierKo nposepHTb,. tITO onepaTop (/ + A-1AA)-1A-1 ecrb 
onepaTop, o6paTHbiii onepaTopy A (I + A '"='

1AA) = A + 
+.AA = B, T. e. onepaTop B HMeeT o6paTHbIH 

n-1 = (/ + A-1AA)-1 A-1• 
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,llaJiee, 

II IJl-A-1 II= II(/+ A~1 Mt1 A-1-A-1 II~ 
co 

~II A-11111 (/ + A-1 L\A)-1 
- I JI~ II A-1 II ti II A-1 L.\.A If"= 

· n=l 

11 A-1.AA II II AA II 
- 1 - II A-1 AA II II A-111~ 1 - II A-11111 AA II fl A-11r, (17) 

11ro saaeprnaeT .n.oKasaTeJibcmo reopeMbl. 
c IlOMOI.UblO 9TOH reopeMbl npH perneHHH JIHHeHHblX ypaB­

HeHHH 

Bcp = f (18) 

HHor.n.a y.n.aeTCH HSOe.>KaTb yTOMHTeJlbHhIX Bh1KJl3):\0K, CBHSaH­
HblX c Haxo.>K.n.eHHeM onepaTopa B-1 , ecJIH HSBecTeH o6paT­
HblH oneparop A-1 .ZI.JIH «o.,1H3Koro» JIHHeiiHoro oneparopa A. 
OnepaTop A JI.OJI.>KeH OblTb TaKHM, llTOObl pasHOCTb L.\.A = 
= B - A y.n.oBJieTBopHJia cooTHorneHHIO 

II L.\.A II= II B-A II <11A-1 1r1• 

HaJIHllHe oopaTHOfO onepaTopa A-1 o0ecnet1HB3eT paspernH­
MOCTb ypaBHeHHH 

A~= f (19) 

(a BMecTe c TeM H paspeIIIHMOCTb HCXO)l.HOfO ypaaeeHHH (18)). 
IlycTb ~ = A-11 -perneHHe ypaaHeHHH .(19). Tor.n.a JI.JUI 

OTKJIOHeHHH 

cp- ~ .= (B-1....:... A-1) f 
c yt1eToM (17) noJiyt1aeM 

"" 11 AA 11 11 A-1 112 
II cp- cp II~ JI B-1-A-1 II II f IJ ~ 1 - II A-I 1111 AA II II f IJ. (20) 

§ 15. HHTerpaJJbHble ypaeHeHHH c HAPOM, HMerom,HM 
cnaoyro OCOOeHHOCTb 

I 0 • BecbMa qacTo BCTpet1a10TCH HHTerpaJibHhle ypaaHeHHH 
BoJihTeppa c HJI.pOM BHAa 

K(t s)=H(t, s) O<a<l, (l)· 
, (t - s)(J,' 
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r,ne H (t, s) - HeKOTopaH HenpephlBHaH <f>YHKUHH. K 11·Hciry 
TaKHX ypaBHeH-HH OTHOCHTCH, HanpHMep, ypaaHetIHe A6eJIJt 
(CM. BBe,neHHe) 

t . 

f qi (s) ds = f (t) 
" Vt-s 
0 

(cp (t) - HCKOMaff <f'JHKUHH). 
PaccMoTpHM HHTerpaJibHoe ypaaHeHHe BoJibTeppa . 2-ro 

po.zta c s,npo?d B H,na (I): 
t 

cp(t) = 1wJ H (t, sl cp(s) ds + f (t) (a~ t ~b, s~< t), (2) 
(t - s) . 

a 

IlpH a > 112 Iffia,npaT TaKoro HJJ.Pa He HBJIHeTCR HHTe.rJl-H• 
pyeMhlM, HO TeM He MeHee ypaBHeHHe (2) MOiKeT 6bITb peI.lleHo .. 
B caMoM ,ne.rre, · rrocJJe,nosaTeJibHble HTepHposaHHble H,npa 
Kn ( t, s), HallHHaH c HeKoToporo HOMepa n, He TOJlbKO HB· 
JIHIOTCH L 2-H,npaMH, HO ,naiKe orpaHHqeHhl. IloKaiKeM aro. 

CorJiaceo cpopMyJie (24) § 13 
t 

K (t s) == J H (t, i;) H ('t' s) di:. 
2 ' (t-'t)a('t-S)a 

s 

C,neJiaeM no,neTanoaKy 

't = s + (t - s) z. 

1 

= (t-s)1_2aJ H [t, s + (t - s) z] H [s + (t- s) z, s] dz (3) 
za(l -z)a 

0 

HJIH, Kopoqe, K 2 {t, s) = (t - s)1-2a.F 2 (t, s), r,ne F 2 (t, s) -
orpaHH1leHHaH <l>YHKUHH, TaK KaK HHTerpaJI B npaaoit: qa .. 
CTH. (3) cxo,nHTCH npH a < I. 

IlocJie,noaareJibHO Haxo,nHM 

K3 (t'f s) = (t-s)2~ap3 (t, s), 

K4 (t, s) = (t.- s)3-4a F4 (t, s), 
(4) . . . . . . . . . . . . . . 

Kn (t, s) = (t-s}n-l-na F n (t, s}, 
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rJI.e F8, F4, ••• , Fn . ....::. HeKOTOpble orpaaHqeaebUI tPYHKl(HH. 
Hs cpopMyJI (4) BHJI.HO, qTo see HJI.pa Kn (t, s), Kn+l (t, s), ••• 
orpaHHqeebl, ecJIH n (I - a) - 1 ~ O. 

C JI.pyroii cropoHbI, ypaBHeHHe 

t 

cp ( t) = A J K (t, s) qr(s) ds + f (l) (2) 
a 

scerJI.a· MO>KeT ObITb npnseJ:teeo K aea11orHqHoM:y ypasHeHHIO 
c HJI.POM K 2 (t, s) HJIH Ks (t, s), K, (t, s), .•. nyTeM KOMII0-
3HUHH (csepTbIB3HHH) o6eHX qacTeH ypaBHeHHH c cpyHKUHeA 
'AK (t, s): .. 

. t . 

'A J K (t. s) q> (s) ds == 
a 

= A1 J K, (t, s) {j K (s, i-) <p (i-) d't} ds + '},, j K (t,. s) f (s) ds, 
a a a 

HJIH 

t 

'A J K (t, s)cp (s} ds == 
a. 

t t 

='A~ J K, (t, s) 'P (s) ds +A. J K.{t, s>, f (s) ds, (5) 
a a 

B CHJIY ypaeee11u11 (2) 
t 

A J K (f,, s) cp (s) ds>= cp(t)-/ (t), 
a 

TaK· qro (5) npHHHMaeT BH.l'f. 

t 

CJ>,(t) = A1 J K9 (t, s) cp (s) ds + f1(t), · (6) 
0 

r.ne 
t 

f 1 (I)== f (t) + 1i. J /( (t, s) f (s) ds. 
. a 

5 M. JI. Kpacuoa 
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CTocne~OB3TeJibHO llOJtyqaeM 

t 

cp (l) = A.3 J Ka (l, s) q> (s) ds +Is (t), 
a 

t 

Is (t) =I 2 (t) +A. J K (l, s) It (s) ds, 
a 

11 T. ,n. 
B peayJihTaTe KOHeqHoro qHCJia lliaroa MhI npH~eM K ypaa­

HeHHIO BoJihTeppa c orpaHHqeHHhlM H~poM K,, (t, s) H npaaoA 
qaCTbIO I,, (t), pemHB KOTOpoe, noJiyqHM pemeHHe HCXO~HOfO 
ypasHeHHH (2). AHaJiorHqHoe npeoopasoaaHHe npHMeHHMO 
T3Kme K .HHTerpaJibHblM ypaBHeHHHM nepaoro po~a, B qaCT· 
HOCTH K HHTerpaJibHOMY ypaaHeHHIO A6eJIH 

t 

J <p~ ds = l(t). 
Vt-s 

0 

(7) 

Ha <j>opMyJihl (3), npHMeHHTeJlbHO K ypaBHeHHIO (7), cpasy 
noJiyqaeM (H = 1, a = 1/2)_ 

' . K9 (t, s) = J [z (1 - z)]-112 dz = n:. 
0 

CTo3TOMY KOMnOSHUHH ypaaHeHHH (7) c ero HJ.tpOM ~aeT 

t t 

'"'f cp (s)ds = f 1~ ds, 
~ ~ Vt-s 

OTKy~a noJiyqaeM H3YMHTeJihHQ npocroe pemeHHe ypaaHe­
HHH (7): 

t 

q> ( t) === ..!.. _!!. s f .!!.!_ ds. 
n di Vt-s . 

0 

(8) 

EcnH npe~noJio:>KHTb, . qro cpyHKUHH I (t) J.tH4$epeHUHpyeMa, 
TO, llpOBeJlH HHTerpHpOB3HHe no .qacTHM B (8), a sareM 
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npOJJ.H4>Q>epeenHpoaaa nonyt1eeeoe Bbipa>KeeHe, eafJJJ.eM 
t 

cp (t) == I (O) + ...!_ f !'.!:!}__ ds. 
. nVt n K Vt -s 

B t1aCTHOCTH, npH f (0) = 0 
t 

(t) _;_ ...!_ s f' (s) d cp - .r- s. n y t-s 
. 0 

I 

l31 

(9) 

(10) 

CoOTHOIIIeHHH (7) H (10) MOiKHO paCCM3TpHB3Tb K3K cpopMyJibi 
oopaIUeHHH, 3H3JIOrHtJ:Hble <f>opMyJiaM oopaIUeHHH <l>ypbe. 
l1 Te H JJ.pyrHe IlOCJIYiKHJIH HCTOtJ:HHKOM MHOrOtJ:HCJieHHblX 
cpopMyJI oopameeHH JJ.JIH onpeJJ.eJieHHbIX HHTerpaJIOB. OcHOBOH 
Bcex T3KHX <l><>PMYJI CJIYiKHT TO, tJ:TO JI.JI.ff HHTerpaJibHblX 
ypaaeeeHH 1-ro poJJ.a <PopMyJia peIIIeeHii caMa HMeeT BHJJ. 
HHTerpaJibHoro ypaaeeHHH 1-ro poJJ.a. 

06o6meeeoe ypaaeeeHe A6eJIH 
t r <p (s) ds = f (i) 
J (t-s)a. 

(l l) 

T3KiKe JierKo peIIIaeTCH npH IlOMOIUH KOMil03HUHH c HJJ.pOM 
(t- s)a.-I. 

Y n p a >K H e H u e. Iloxa3aTb, qro pemeHHeM ypanHeHHH (11) 
BBJIBeTCH tPYHKUBB 

t 
(t) =;:: sin an~ s f (s) ds. 

<p n dt (t _ s}l-a. 
0 

2°. KaK H B cJiyt1ae HHTerpaJibHoro ypaaeeeHH BoJib· 
Teppa (2), BMecTO HHTerpaJibHOro ypaBHeHHH <l>peJJ.rOJibM3 

b 

cp (t} =A J K (t, s) cp (s) ds + f (t) (12) 
a 

MOiKHO paCCM3TpHB3Tb aeaJIOrHtJ:HOe ypaBHeHHe c HTepHpO· 
Bae HblM. HJJ.pOM 

b 

' cp(i) =1" J Kn(t, s) cp(s)ds+ fn(t),, (13) 
a 

5• 
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r,lle 
b 

f n ( i) = f n-1 ( t) + ').,, J K (I, S) f n-1 ( S) ds 
; 

(n = 2, 3, q.; f 1 (t) = f (f)). · 

3TOT npHeM Il03BOJIHeT ycTpaHHTb HeKOTOpbie OC06eHHOCTH 
H'Apa, TaK KaK HTepHpOBaHHble H.iI.pa, KaK npaBHJIO, 6oJiee·· 
rJiaAKHe, qeM HC.XOAHOe HApo. TaK, ecJIH HAPO K (t, s) ypaB­
HeHHH (12) HMeeT BHA 

· K(t, s)= H(t, s) (14) 
It - s la 

(0 <a~ I,. H - orpaeHqeeeaH <l>YHKUHH),-, 

TO HTepHpoaaeeoe HApO Kn (t, s) HMeeT TaKy10 JKe cTpyK­
Typy, HO qHcJio a saMeHReTCH npH 3TOM qHcJIOM I - n (1- a), 
KOTOpoe OTpHUaTeJibHO npH AOCTaToqeo 60JiblIIOM n, TaK qro 
AJIH raKHX n HApo Kn (t, s) orpaeHqeeo. 

,Zle:HCTBHTeJibHO, nycTb 

K (t s) = Hi (t, s) , L (t, s) = H2 (t, s) 
, I t - s 1a1 I t - s la' 

(O-< ah a2 < I). 
TorAa B pesyJihTaTe caepTbIBaHHH (KOMil03HUHH) K c L no· 
JiyqaeM 

b b 

S K (t i:) L (i: s) di:= 5 H1 (t, 't') H2 ('E', s) di: 
, '· I t - t IQ', 1 I t - s I Q',I ' 

a a 

OTKyAa 

b b 

J K (t, s) L (-t, s) di: ~·c JI t-i: 1--«1 I i:-s l-a1 d1:.. (15) 
a a . 

IloAcTaeoaKa i:- s = ( t - s) z npeoopasyeT HHTerpaJI a npa­
soii lJSCTH (15) K BH'AY 

· b-s 
t=r 

l (- s 11--«1--«1 J 11 - z 1--«1 I z 1-a, dz, 
a-s 
t=; 
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qTo npHBO~HT K oueHKe 

b 

~ K (t, s) L (i-, s) dTJ ~~ 
a 

133 

ecJIH a1 +a2-l>0, 
,,.-·"'" 

(16) . 
ecJIH a1 +a2-.l<0, 

r)l,e c 1' c 2 - IlOCTOHHHble. (,[(JI.ff n-MepHblX HHTerpaJIOB 
cnpaBe)l,JIHB aHaJIOrHqHblH peayJibTaT, TOJibKO B oueHKax (16) 
BMecTO ct1 + Gtz - l H3)l,0 IlOCT3BHTb a1 + Gtz - n.) 
· 0Tc10.na cJie)l.yeT, qTo H)l.po K 2 (t, s) (a 1 = a 2 = a) HMeeT 

oco6eHHOCTh nopH)l.Ka 2a - l = l - 2 (l - a), ecJIH 3TO 

qHCJIO nOJIO.>KHTeJibBO; l K.a (t, s) - oco6eHHOCTb nopH)l.Ka 
1 - 3 (l - a) H T. )I,. H npH n )l,OCTaToqHo 60JibIIIOM qHCJIO 
l - n (l --- a) 6y)l.eT OTPHU3TeJibHhlM, TaK qTo HAPO Kn (t, s) 
oy)l.eT y.>Ke or.paHHqeHHOH cpyHKI.{HeH. --

y n p a iK He H He. noKa3aTb, lJTO eCJIH A.0 ecrb xapaxTepHcTHqe .... 
cxoe 11HCJIO BApa K (t, s), ro A.0 6yAer xapaxrepHcrH11ecKHM lIHCJIOM a.npa 
Kn (t, s). ·~ 

' 
,[(JI.ff HHTerpaJibHblX ypaBHeHHH <l>pe.n;rOJibMa c H)l.paMH, 

HMelOUJ.HMH CJia6yro oco6eHHOCTb, cnpaBe)l.JIHBbl TeopeMbl 
<I>pe)l.rOJibMa, npHBe)l.eHHhle B § 14. 

. § 16. Xapa.K.Tep peweHHJ'I HHTer_pam.uoro .ypaeneHHA 

KaK oTMeqaJiocb BhlIIIe (cM. § 8), eCJIH HcKaTh peIIIeHHe 
ypaBHeHHH ~ 

b 

q> (t) =iv J K (t, s) q> (s) ds + f (t) (1) 
a 

· c HenpephlBHhlM .sI)l.poM K ( t, s) H cao6oJlHhlM lIJieHOM f { t) 
B npocTpaHCTBe L 2 [a, b l, TO 3TO peIIIeHHe <p (t) oy)l.eT He­
OOXO)l.HMO uenp.epblBH-hlM. _ 

TiycTb Tenepb »)I.po K (t, s) Mo.>KeT HMeTh JIHHHH pa3ph1Ba, 
a cpyHKUHH f (t) HenpephlaHa. Tor)l.a y peIIIeHHH <p (t) MoryT 
OKa3aTbCH p.a3pbI~hl, ecJIH JtHHHH l pa3pbma H,n;pa K (t, s) 
co)l.ep.>KHT oTpe3KH, napaJIJieJihHhle ocH Os. 

IlycTb, HanpHMep, JIHHHH pa3pb1Ba [ CO)l.ep.>KHT 0Tpe'30K 
npRMOH t = t0 (pHc. 10). B ypaBHeHHH (l) HHTerpapoBaHH~ 
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BeJ(eTCH no s, T. e. no BepTHK3JibHbIM OTpe3KaM, H npH nepe­
XOJ(e OT t = t1 < to K 6JIH3KOMY 3HatleHHIO t = t2 > to 
HHTerpaJI MOiKeT IlOJIYtlHTb KOHet1eoe npHpameeHe, tlTO 
03eat1aeT pa3phIB perneeHH. 

$ 

/J ---------.....------

0 -----+----+------1 

0 (/ " 
PHc. 10. 

IlycTb HJ(po K (t, s) ypaaeeHHH (1) ee TOJihKO HererpH­
pyeMo c KBaJJ:paToM, eo H YJJ:OBJieTBopHeT ycJIOBHIO (A) 
(CM. (201): 

b 

J K.2 (t, s) ds ~A (A> 0-const). (A) 
a 

TorJ(a cnpaaeJ(JIHBa 
, T e o p e M a 3.12. Ec11.u csooo8Hbtu ttAeH f (t) ypaeHe­

HUR (1) ozpaHutteH, a ca.Mo ypaeHeHue paapetuu.Mo, mo AIOOoe 
eeo pew..eHue ozpaHutteHo. 

B caMOM J(eJie, ecJIH f (t) - orpaHHt1eeeaH ea [a, b] 
4>YHKUH5I, TO f (t) 3aBeJ(oMo npHHaJJ:JieiKHT L 2 [a.., b]. Ho 
TOfJ(a H perneHHe <p (t) ypaBHeHHH . (1) npHHaJ(JieiKHT 
L 2 [a, b I. .ilJIH 3Toro perneHHH B CHJIY ( 1) HMeeM 

b 

I cp (t) I~ If (t) I + J A I J K (t, s) cp (s) ds . (2) 
a 

Ilepaoe cJiaraeMoe npaaoii t1acTH (2) orpaHHt1eeo no ycJio-
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BH10; orpaHHqeHHOCTh BToporo cJiaraeMoro cJie..u.yer HS Hepa­
aeecraa ByeHKOBCKoro: 

b 

J K (f, s) cp(s) ds ~ 
a 

,.;;;; (j K2 (t, s)ds f2 (j ip2 (s) ds r'2.;;;;; VA II ip 11· 

TaKHM o6pa30M, <p (t) - orpaHHqeeeaH <f>YHKUHH. 
By.neM roaopHTh, qTo HJJ.PO K (t, s) HenpeptJUJHo B l{eAo.M, 

ecJIH )J.JIH acHKoro e > 0 cymecTayeT 6 > 0 TaKoe, qTo )J.JIH 
JIIOOhIX li, f 2 TaKHx, 11To I f 2 - f 1 I < 6, HMeeM 

b 

JI K (f2, s)-K (th s) Ids< e. 
a , 

YKa>KeM npocThle, Ho aa>KHhie c.nyqaH, Kor..u.a HJJ.PO 
K (t, s) HenpephIBHO a ueJioM: 

I) HJJ.po K (t, s) eenpephIBHO no coaoKynHocTH' nepe .. 
MeHHhIX t, s B 3aMKHYTOM KBa.npaTe Q {a~ t, s ~ b } (H, 
3HaqHT' paBHOMepHO HenpephIBHO); 

2) HJJ.po K (t, s), y..u.oaJieTaopH101llee ycJioBHIO (A), pa3 .. 
pbIBHO B KBa..u.paTe Q B)J.OJib KOHeqHorp llHCJia JIHHHH s = 
= 'Pk (t), He co..u.ep>KalllHX KYCKOB npHMhIX, napaJIJieJ1hHhIX 
OCH Os ('Pk (t) - HenpepbIBHhle <PYHKUHH). 

llonycKaeTCfl TaK>Ke HaJIHqHe KOHeqHOrO qHCJia H30JIH• 
poaaHHhIX roqeK pa3pb1Ba y HJJ.pa K (t, _s). 

Teo p e M a 3.13. EcAu ci30608Hbtu 'llteH f (t) ypooHe .. 
HUR (I) Henpepbl8eH Ha ompe3Ke [a, b], a aapo K (t, s) He .. 
npepbl8HO B l{eAo.M, mo A106oe petueHue <p (t) ypaBHeHuR (I) 
HenpepblBHO Ha Ofl}pesKe [a, b ] . 

B caMoM ..u.eJie, cpyHKUHH f (t), HenpephlaHaH Ha orpe3Ke 
[a, b], orpaeHqeea ea HeM. B cHJIY reopeMhl 3.12 pe1:11eHHe 

<p ( t) ypaaHeH~fl ( r) TaK>Ke orpaHHqeHo: · 

I <p (t) I ~ M Vt E (a, bJ. 

Bo3hMeM JIK>ooe e > 0. TaK KaK f (t) HenpephIBHa Ha [a, b J, 
HaHJJ.eTCH B 1 > 0 taKoe, qro npH I t 2 - t 1 I < B 1 6y..u.eM 
HMeTh 
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B. CHJIY HenpepbIBHOCTH a ueJioM HJI.pe K (t, s) JI.JIH Bhiop·aH­

Horo e > 0 HaHJI.eTCH TaKoe 6 2 > 0, qTo npH It~ - t1l < 62 
·, 

b 

JI K (t2~ s)-K (t1, s) Ids< 2M
8
l ,._ 

1 
• 

a . 

TorJI.a l!PH I t 2 - t 1 1 < B =min {'5 1 , 6 2} 

I 'P (t2)-<p (t1) I ~ 
b . 

~If (tJ- f (t1) I+ I Iv I J I K (t2, s)-K (th s) 11 <p (s) I ds < e, 
a 

qTo H 03HatlaeT Henp'epbIBHOCTb peweHHH <p (t) ypaBHeHHH (1). 
PaCCMOTPHM ypaaHeHHe co CJiaOOH ocooeHHOCTblO 

b . 

q> (t) =Iv J K (t, s) q> (s) ds + f (t), (3) 
a 

rJI.e 

K (t s) = H (t, s) 
' It -s la 

(0 ~et< I). (4) 

Mo>KHO IIOKa3aTh, qro 
I) eCJIH CBOOOJl.HhlH qJieH f (t) yP,aBHeHHH (3) orpaHHt1eH, 

TO Jno6oe peweHHe <p (t) 3TOfO ypaBHeHH.ff orpaHHtleHo; 
2) ecJIH CBOCiOJI.HblH qJieH ypaBHeHHH (3) H cpyHKUHH 

H (t, s) HenpephlBHbl Ha [a, b) H B Q {a < t, s < b} COOT­
BeTCTBeHHO, TO JIIOOOe peilleHHe q> (t) 3TOf0 ypaaHeHHH He· 
npephlBHO Ha [a, b ].. · · 



fJIABA IV 

HBTErPAJlbHME DPEOSPA30BAHH.SI 
H MHTErPAJlbHblE .YPABHEHH.sl 

TiyCTb <PYH.KUHH f (t) 33,l{aHa B HHTepBaJie (a, b), KOHeliHOM 
HJIH 6ecKoHettHoM. HHJnftepaAbHblM npeo6pa308aHueM </JYHK· 
flUU f (t) H33bIB3eTCH Q>yUKUHH 

b 

F ( ro) = J · K ( t, ro) f ( t) dt, 
a 

r.ne K (l, ro) - Q>HKCHpoBaHHaH ,nnH ,naHHoro npeoopasoaa­
HHH Q>yHKUHH, HashmaeMaH ROpoM npeo6pa808Q.HUR.. 

MeTo,n HHTerpaJibHbIX npeot5p330B3HHH COCTOHT B nepe- -
cpopMyJIHpOB3HHH sa,naqH qepe3 npeo6pa30B3HHYIO <l>YHK­
UHIO •. IlpH 3TOM Mbl CTpeMHMCH K TOMY, t:JTOObl B 3TOH _ HO~OH 
<PopMe sa,naqy peIIIHTb OblJIO Jierqe. IlpHMeHHTeJihHO K HHTer· 
paJihHOMY ypaaHeHHIO Mhl nonyqaeM, aooom.e, HHTerpaJihHoe 
ypaaueHHe ,nJI.H npeo6pasoaaHHOH Q>yHKDJfH. EcJIH 3TO ypaB· 
HeHHe oKashlaaeTcH oonee npocThlM, qeM nepaoHaqaJihHoe, 
TO Mbl MO)l{eM IlOJiytIHTb HHTerpaJibHOe npe,ncTaBJieHHe ,l{JIH 
UCXO,l{HOH HeH3BeCTHOH Q>yHKUHH. .9ToT MeTO,l{ ocot5eHHO 
xopoIII, Kor.na HHTerpaJihHoe ypaaHenHe nocne HHTerpanb­
Hoi:o npeot5pa30B3HHH CBO,l{HTCH K aJireopaHqecKOMY ypaB· 
HeHHIO. 

§ 17. Ilpeo6pa3osaeae 4>ypbe 

H3BecTHO, tJTo ecJIH cpyHKUHH f (t) y,noBJie'I'BOpHeT ycno­
BHIO nHp HXJie Ha JIIOOOM KOHeqHOM 0Tpe3Ke OCH t H 30CO· 
JIIOTHO HHTerpHpyeMa Ha Bceii t:JHCJIOBOH OCH, T. e. 

+co 
J I I (t)f dt ~ + oo~ 
-w 
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TO ,2J,JIH eee cnpaae,zvmso paaeecTBO 
+oo +oo 

f (t) = ! J d© J f (i:)cos©(t-i:)di:. (l) 
0 -ro 

nP..H 3TOM BO BCHKOH T011Ke /0 , HBJIHIOII\eHCH TOllKOH pa3pb1Ba 
1-ro po.2l.a <PYHKUHfl f (t), sea11eeHe HHTerpaJia B npaaoii 

l 
11acrn (l) 6y.2l.eT paaeo 2 [f (t0 - 0) + f Uo + 0) 1. 

<I>opMyJiy (1) H33bIB3IOT UHmezpallllHOU t/JopMy(loU <Pypbe, 
a CTOHII\HH B ee npaBOH 113CTH HHTerpaJI - UHmezpallOM 
<Pypbe.' Or <PopMyJihI (1) HeTPY.2l.HO nepeHTH K KOMnJieKCHOA 
cpopMe HHrerpaJia <I>ypbe 

+oo +oo 
f (!) = .1n J el0>1 d© J f (i:) e-'(J)" di:. (2) 

-oo -oo 

nycTb <PYHKUHH f (t) Y.2l.OBJieTBOpHeT c<PopMyJIHpoBaHHbIM 
BhIWe ycJIOBHHM. <l>yHKUHH 

+oo 
F(©) = l J f (t) e-iIDt dt 

V2n . · 
(3) 

-oo 

( HJJH F (ro) = /2.t T f (t) ei"'t dt) 

H33bIBaeTCH npeo6paaoBaHueM <Pypbe <l>YHKUHH f ( t) HJIH 
cneKmpa1tbnou tfJynKu,ueu. 

B cHJIY <Pop My JihI (2) HMeeM 
+oo 

/(!)= l r F(@)eiIDtd© 
V2n J 

-00 

( cooTBeTCTBeHHO f (t) = /zn 1: F (ro) e-1
"'

1 dro). 

8-ro raK eash1aaeMoe o6pamnoe npeo6paaoBanue <Pypbe. 

(4) 

BaiKHYIO pOJih B npHMeHeHHH npeo6pasosaHHH <I>yphe 
K peweHHIO HHTerpaJibHbIX ypaaHeHHH HrpaeT T e 0 p e M a 
0 c Be p T Ke. ' 
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-Ilycrh F1 (oo) H F 2 (oo) - npeo6pa3oaaHHH <l>ypbe <f>yex­
UHH f 1 (t) H f 2 (t). Tor.n.a 

-oo -oo 

· +oo +oo 
= .Jn J J f 1(t)f1 (s) e-im <t+~> dt dg, 

-,a> -oo 

npuqeM JI.BOHHOH HHTerpan B npaBOH qaCTH CXOJI.HTCH a6co­
JIIOTHO. C.n.enaeM 3aMeay nepeMeeeoii t + s = 't', TaK qTo s = 't' - t. Tor.n.a 6y.n.eM HMeTb 

(B cuny TeopeMbl <l>y6ueu nepeMeea nopH.n.Ka HHTerpupoaa .. 
HHH 33KOHH3.) 

<l>yHKUHH 
+oo . 

~('t') = J 11(t)12<'t'-r1dt 
-oo 

H33bIBaeTCH ceepmtrotl <}JyHKUHH f i (t) H f 2 (t) .H 0003Ha .. 
qaeTCH f 1 * f 2· 

<I>opMyJia (5) MO>KeT ClbITb 33IlHCaHa Tenepb TaK: 

+oo ' 

v~ J IJl <"> e-'"'' d't = V2it Fi<(I)> F. <(I)>. 
-oo ~ 

OTKy.n.a au.n.eo, qTo npeo6paaoeaHue <Pypbl! ceepmKu ifJYHK· 
l{UU f 1 ( t) u f 2 ( t) paeHo yMHo31CeH1'oMy Ha ~ npouaBeiJe­
HUIO npeo6pasoeaHuu <Pypbe ceepmbt8ae.MbtX ifJYHKU,uu: 

PF <fr* /2) = V2n° frf1frf2, 
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r.u.e CHMBOJIOM fT g ooosHaqaeTcH npe<l6pasoaa1me <l>yphe · 
tPYHKUHH g ( t). 

OnepaUHH c~.epTJ<H 1iOMM,YTC\TH~~a: f 1 * 12 = f 2 * f 1• 
B CaMOM .u.eJie, npoH3BO)J.ff sa~eH~Y riepeMeHHOH 't - t = z, 
rioJiyqaeM 

+oo -oo 
f 1 * f 2 = J f 1 ( t) ft ( i: - l) dt :s:;:: - J f 2 ( z) f 1 ( i: - z) dz =: 

-~ +oo 
+oo 

== J f 2(z)f1 (i:- z) dz___:. f 2*f1• 
-OJ 

PacCMoTpHM HHrerpaJihHoe ypaBHeHHe <l>pe.u.roJihMa Ha 
·ocH (-09 < t < +<>?) c MPOM, SaBHCHllI.HM OT pa3HOCTH. 
apryMeHTOB: 

+oo 
<p(t)==A j K·(t-s)cp(s)ds+f.(t) '(6) 

(gpaeHeHue muna coepmKu)., 3.nech 06h1qHo npHMeHHeTCH 
ffpeo6pasoaaHHe <I>ypbe (a npe.u.noJio.>KeHHH; qTo ace yqa­
crayJOm.He cpyHKUHfl aUCOJIIOTHO HHTerpHpyeMbl Ha aceii OCH). 

<l>opMaJibHoe peweHHe MOJKeT 6hITh noJiyqeHo cJie.u.y10m.HM 
oopaSOM. npHMeIUlH K o6~M ttaCTSIM (6) npeo6pa3oBaHHe 
<l>ypbe H HCilOJib3Yfl TeopeMy 0 caepTKe <l>YHKUHH, noJiyqHM 

<I> (oo) =A Jl21i j( (oo) <I> (oo) + F (oo), (7) 

r.u.e <I> (oo), :Jt (oo), F (oo) - npeo6pasoaaHHfl <l>yphe cpyHK.· 
UHH cp (t), K (t) H / (t) cooTBeTCTseHHo. 

Hs (7) HaXO.U.HM 
<I>'(oo) = · F (Ul) 

l -/w Jl2n :!( (ro) 

( l - A V21t .rt ,J 00) =/= 0 .Ha OCH 00), 
H peweHHe <p (t) ypaBHeHHH (6} llOJiyqaeTC.fl B BH)J.e 

+oo 
cp (t) = ~ J F ~ eiwt doo. (8)· 

V2n · 1 -1V2n .it (ro) · · 

~CJIH 1 - A Jl2n :rt (ro) ... HMeeT HyJIH npH BelIJ;eCTBeHHOM m, 
TO ypaBHeHHe (6),. BOo6w.e roaopH, He HMeeT a6cOJIIOTHO 
HHTerpHpyeMoro Ha BCeH OCH t peweHHfl. 
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Ms (8) . nonyqaeM 
- +oo 
q> (t)-f (t) = /- -s [ ~~ . -:- F (o>) 1 ei"'t d© = 

2n l - /.. 2n .ii (ro) ] 
-oo. 

F ( ro) .i( (ro) eirot dro. 
l -A Jf 2n j( (ro) 

(9) 
-oo 

IlycTh R (t, A) - o6paTHoe npeo6pasoaaHHe <I>yphe cpyHKUHH 

j( (ro)· 

TorJI.a HHTerpaJI B npaaoif qacTH (9) 

ecTh caepTKa cpyHKUHH f (t) H R (t, A) H cpopMyJia (9) MO>l<eT 
6hl~h nepenHcaHa B BHJI.e · 

. +oo 
cp ( t) = f ( t) + A J R ( t - s, ~) f ( s) ds. (I 0) 

-co 

&ro - JI.P yroe cpopMaJibHOe perneHHe ypaaHeHHH (6). 
IlpocTeffrnHe ycJIOBHH, npH KOTOphlX npHBe,ZJ:eHHbie Bbl• 

KJI3)l.KH 33KOHHhl, Jl.3IOTCH CJie)l.yIOmeH: TeopeMoH (CM. (40 )). 
Teo p _e Ma 4.1. llycmb f (t) e L 2 (-oo, +oo), a 

K (t) a6coA10mrto · urtmeepupyeMa Ha Bceu ocu t, u nycmb 
I -A V2n :1t (ro) ::/=- 0 iJAR. ecex ro. ToeiJa t/Jop.ityAa (8) iJaem 
petuertue cp (t) e L 2 (-oo, +oo) ypooHeHuil (8), u npumoM 
eiJurtctnBeHHoe (B CMhlCJie L 2 , TaK qro BCHKoe JI.pyroe perneHHe 
H3 L 2 coanaJI.aeT c cp (t) · noqTH JI.JIH acex t). 

EcJIH K (t)el 2 (-oo, +oo), TO 3TO >1<e aepHo H )J.JIH 
x (ro) H fl/, (ro) H cpopMyJia (10) 3KBI{BaJieHTHa (8). -

n p H Me P· CTyCTb 

K ( t) = { e', t < 01 . 

o, t > o .. 
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Tor){ a 

+oo 
F("'') I s e- It I - ttro dt· = 

'"! = Jf 2n 
-oo 

- -v-~-it-{ l e<l-lm) i dt +I e-<l+imJ t di}-:-

1 [ e<l-i~)'t 1t=O -+ e-(l+iro) t lt. +oo] = 
Jf21t I --- tco t =-oo - (I~+ ico) t =O . 

= 

• 1/ 2 

[f JI. IV 

1 
= J' n .I+ o)11 • 

,llaJiee, 
I 

.it (ID)= v 
2n 

0 

J et-trot dt = I 
V2n 

I 
l - iro • 

-OJ 

CorJiaCHO. cjJopMyJie (8) peweHHeM <p (/) E l 2 (-oo, +oo) oy.l(eT 

1 
<p Ct>= V2~ x 

+oo ~. 

\ Y ! I ~ ro' eirot x 'l . 

1--·-"'--
t/ I - iro 

. I ·s+ro· e'"'I , 
dro,=n (I +iw)(I-A.-iw) 

-oo -oo 

dro. 

nycTb, HanpHMep, 0 <J A< 1. ,ll.rISI BblqHCJieHHSI IlOCJie,IJ.HefO HHTerpaJia 
npH I-;;;: 0 paCCMOTpHM 3aMKHYTJ>Iif KOHTyp r (pHC. 11), COCTaBJieHHblH 

'( 

© ... 

0 R ca 

PHc. 11. 

HS orpesKa [-R, R] .n.eiicTBHTeJibHoii ocH w H noJiyoxpy>KHOCTH CR, 
orrHparomelic.st Ha 9TOT orpe3ox· H Jie>Kaiu.eii· B aepxHeii noJiynJiocKocTH 
KOMflJieKCHOA z-i:inocKOcTH (z = (jJ + iT). . 
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. IlpH ,ztOCTaTOqHo 60JibillOM R BHY'f PH KOHTypa r Jie>KHT oco6aa roqKa . 
z = i IlO,ztblHTerpaJibHOH <PYHKUHH . 

eltz 

g (z) = ( l + iz) ( l - )., - iz) • 

HcnoJJh3YH reopeMy KoUIH o. Bblqerax, HMeeM 

l SR . e'mt_ , l s . . . . 
- (l + . -) (l )., . ) dco +-:- g (z) dz= 2i res. g (z). 
at ico - - ico n z=i 

-R CR 

B CHJIY JieMMbl )Kop.ztaHa J g (z) dz -+ 0 .npH R 4' oo. nepeXOJVI B noCJle,lt· 
CR . 

, ueM paseucrse K npe,zte.11y npH R ~ oo, Haii,zteM 

+co 
d . . -t I 

S 
eirot 2 

n · -(..,..1 _+_i_co._) (-1~-).,.,......__-i_co_) co = 2 - 1 _e • 
-CC> 

TaKHM o6pa3oM, 

2 -t . 
<p (t) = 2 _)., e (t;;;;;:: 0). 

PacCMaTplisast KOHTYP r•, cOctasJieHHblH H3 OTpea~a [-R, R 1 . . 

OCH co B HH.>KHeH: nonyoxpy~rnoCTH CR, aHaJioruqHo ·HaXO.llHM 

<p (I) = 2 .:_ )., e<l-!) t' t < 0. 

TaKHM o6pa30M, C.IlHHct'BeHHoe L 2-pemeHHe tp (t) HHrerpaJibiioro ypan­
HeHHH (6) npu .ztaHHOM cno6o.llHOM 11J1eae f (t) H a.npe K (t) onpe.zteJI~eTcH 
cJ>opMyJiaMH 

<p (t) = 

2 -t t 0 
2-1.. e ' ~ ' 

2 (l-1'.) t 
2 -1.. e , t < O. 

Mhl npHBeJIH npocTeiilllHe ycJioBH.ff, npH KoTophIX 
HHTerpaJihHOe ypaaHeHHe (6) HMeeT e,nHHCTBeHHOe· pe· 
weHHe B KJiacce <l>YHKUHH <p (t)EL2 (-oo, +oo). 0,nHaKO He 
HCKJIIOlleHO, llTO ypaalieHHe (6) MO:>KeT HMeTb H ,npyrHe ·peme· 
HHH, He ~pHHa.nne:>KaUJ,He L 2 (-~; +oo). EcnH cymecTBYIOT 
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JI.Ba pemeHHH ypasHeHHH (6), To HX paaHoCT& ,noJUKHa YJJ.OB· 
JieTBOPHTb O)J.HOPOJJ.HOMY ypaBHeHHIO 

+ro 
q> (t) = ~ J K (t-s) q> (s) ds, -oo <! t ~ +oo. (11) 

-ro 

9ro ypasHeHHe <l>opMaJihHO yJJ.osnersopHeTcH· <f>YHKUHeii 
-cp ( t) = ezt, rJJ.e a TaKoBo, qTo 

+co 
A J K (t) e-at dt = l (12) 

-co 

(ecJIH 3TOT HHTerpaJI cxo,nHTCH) •. MoiKHO 110Ka3aTh, qTo npH 
. 011pe)J.eJieHHblX YCJIOBHHX <f>YHKUHH STOfO BH)J.a HBJIHIOTCH 

e)J,HHCTBeHHblMH perneHHHMH OJJ.HOPOJJ.HOfO ypaBHeHHH ( 11 ) .. 
HMeHHO, 11ycTb 0 · < c <.Ci H &1 I t I K ( t) a()coJIIOTHO 
HHTerpHpyeMo Ha Bce:H OCH t, a <f>YHKUHH ' 

e-c It lq> (t) E L1 ( .:._oo, + oo ). 

· Tor)J.a, eCJIH q> (t) yJJ.oBJieTeopHet ypaeeeHHIO (11), TO 

O_Ha HMeeT BHJJ. 

(13) 

r.ne ©v 11po6eraeT see eyJIH <f>YHKUHH I - A, V2ii' j( ( ©), 
JJ.JIH KOTOpbIX · I Im ©v J < c, Cv, P - llOCTOHHHbl8 Ko3<!>• 
<:l>HUHeHTbl H q - KpaTHOCTb HYJIH ©v· 

PaccMoTpHM onHTb HHTerpanheoe ypaeeeeHe 

+oo 
q> (t) = e-1 t J +')...et J e-sq> (s) ds.. (14) 

t 

Oao nerKo 11pHBOJJ.HTCH K JJ.HQxl>epeeuHaJihHOMY ypasHeHHIO. 
Ilycrb 

. .. +oo 

'f' (t) = J e-sq> (s) ds, 
i 

TaK qTo 'J'1 (t) = -·e-t q> (t). Tor)l.a JJ.JIH 
= e-2' + A'i' (t), TaK ~o _ 

l > 0 -1)l' (t) = 

-2t 

~ (t) = 2e-l. + Ce-M •. 
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.L{JUI l ·< .Q *' (t) =· J + .~ {t), T8K 1'1TD 
. 1 ... 

: ~ (t) ~ ·-T + C1e-M. 

TaK KaK "" (t) B ~TO'IKe t ~ e H'eupepblBHI, TO 
, - . i . I 
.C1==.C+·i-1·+-r·- - I' 

Ilo3TOMY OKQH:qaTeJihHO 

2 et + Cl.e<1-:1> ' t > 0, ,2-).. . . ' 

( 
2 
~ 1 + C)..) e<t-~> i ,' l <:; O. 

q> (t) = 

TaKHM o6pa3(>M, perneuue · ypaieH~H1u1 (14) coJJ.ep>KHT qJieH 
C np.OH3BOJibHOH · IlOCTOSIHHOH'. cf>yHKUHH 

«l'o (t) =:= e·c1...;1> t 

HBJIHeTC.R pemeHHeM_ 0]tH6J><f>~Horo ypaBBeHHJI 

+a> 

qj (t>° = 1 · J llt-sq> .(s) d~, 
t 

OT.seqatoIUHM Hynio· ro =·-i (I - A.) <l>YUKUHH . -

1-A J/2n .rt (ro) - r~ 
1 

_)... • _ .. 
. - J(J) 

. .(15) 

Y.n p a JK He H He. IloKa3aT&, qTo .zvrn nro00A: <l>YHKU.HR I (t) a 
e L, (-oo, +co) yp8BHe!fHe 

+oo -
~(1)=1 j e-lt-sfq>(s)·ds+f(t), l < 1/2, 

-oo 

eueeT pemeHHe 
- . +03 . - -

q>{t).:::f(t)+ . t s·· f(~)e-\s'-1tv1-2"'.4&.· 
v1 - 2).. -e» - · 

nousaTbt qro npli A~ 0 COOTBeTCTByK>IIl,ee O}{HOpO}lHoe ypauaeaae 
BMeeT pemeaue . ,_ · 

;. . Ch (t) - C1e' v1-21-+ Cse-t V1-2~_. 
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Ilpeo6pa30BaHHe <l>ypbe MO:>KeT 6bITb npHMeHeHO H K pe­
lIIeHHIO HHTerpaJibHbIX ypaBHeHHH 1-ro po.rr.a 

+co 
J K (t - s) cp (s) ds = f (t). • (16) 

-co 

3.rr.ecb f (t) - H3BeCTHSH, cp (t) - HCKOMaH cpyHKUHH • 
.UeiicTBYH cpopMaJibHO, npHMeHHM K o6eHM qacTHM (16) 

npeo6pa3oBaHne <I>ypbe u, ucnoJib3YH TeopeMy o csepTKe 
cpyHKUHH, nonyqnM 

V23t :1t (ro) <D (ro) = F (ro), (17) 

OTKy)l.a 
+co j1 

cp(t)=-1~ J F(ro).eimtdro. 
2n: .)!' ( ro) 

-co 
(18) 

4To6bl cpyHKUHH cp (t), onpe.rr.eJIHeMaH paBeHCTBOM (18), 
.rr.eiiCTBHTeJibHO 6bIJia pemeHHeM ypasHeHHH (16)., j{ (ro) 
.ll.OJI:>KHo y.rr.osneTsop HTb onpe.rr.eneHHbIM ycnoBHHM. 

HMeHHo, nyctnb f (t) E L 2 (-oo, +oo), a K (t) a6co-
1110mHo UHnieepupyeMa Ha Bceu OCU t. lJnUJ6bl Cyll(eCmB080JW 
pew.eHue cp (t) ypaeHeHUR (16), npUHaaAe:JICaU!f!e L 2 . (-oo, 

+ oo) ,Heo6xoiJuMO u aocmamottHO, ttmo6w ; \ ~ npuHaa.ne:J1Ca­

AO L 2 (-oo, +oo)'. 

§ 18. UpeOQpa.30BaHHe JlaoJJaCa 

<l>yHKU,UeU·OpU2UHQAOM Ha3bIBaeTCH JII06aH KOMilJieKCH0-
3HaqHaH cpyHKUHH f (t) .rr.eiiCTBHTeJibHOfO apryMeHTa t, 
y.rr.osneTsop HIOIII.aH ycnoBHHM: 

1) f (t) HHTerpupyeMa Ha JIIOOOM KOHeqHOM HHTepBaJie 
OCH t (JioKaJibHO HHTerpupyeMa). . 

2) .llnH sce.x oTpnuaTeJibHblX t f (t) · = 0. 
3) f (t) c poCTOM -t B03pacTaeT (no MO.ll.YJIIO) He 6bICTpee 

noKa3aTeJibHOH cpyHKUHH, T. e. cym.ecTBYIOT TaKue IlOCTOHH­
Hble M > 0 u s, qTo .ll.JIH scex t 

)f(t)J~Mest. (1) 
Ecnu cymecTsyeT qucno s = s1, .ll.JIH KoToporo BbIIlOJI­

HHeTcH HepaBeHCTBO (1), TO OHO 6y.rr.eT BbillOJIHHTbCH H )l.JIH 
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scex 66JibIIIHX · tJHCeJI s ~ s, H1uKeiu1 rpaHh .<'- seex tJH-:;:;;;-- 1 • ."'U 

ceJI s, )I.JI.ff KOTOpbIX BblnOJIH.ReTC.R eepaseHCTBO (1), 

So= inf s 
ea3bisaeTc.R n01azaameAeM pocma cpyeKUHH f ( t). 

B )l.3JlbHeHIIIeM Mbl, KaK npaBHJIO, oy)l.eM paccMaTpHB3Tb 
eenpepbIBHbie cpyHKUHH-OpHrHHaJibl. 

H3o6pa:»cenueM </JyHKlfUU f (t) no JlanJiacy ea3hIBaeTcH 
cpyHKUHH F (p) KoMnJieKceoii nepeMeeeou p = s + ia, onpe­
)l.eJI.ReMa.R paseHCTBOM 

+oo 
F (p) = j f (i) e- Pt dt. - (2) 

To, IITO F (p) ecTb H3oopaJKeHHe cpyHKUHH f ( t), oy)l.eM 
o003H3II3Tb TaK: 

f (t). • F (p). 

<l>yHKU~H F (p) onpe)l.eJieea s nonynJiocKoCTH Re p = s > s0 
KOMnJieKCHOH nepeMeHHOH p = s + io H .RBJI.ReTC.R B 3TOH 

noJiynJIOCKOCTH aHaJIHTHIIeCKOH cpyHKUHeii OT p. 
B npHJioJKeHH.RX npeo6pa3osaHH.R Jlannaca K HererpaJib· 

HhIM ypaseeeHHM ooJibIIIYIO poJib HrpaeT TeopeMa o csepTKe 
(TeopeMa yMHoJKeHHH). 

AeaJiorHIIHO § 17, ecJIH cpyHKUHH f ( t) H q> ( t) onpe)l.e­
JieHbI )I.JI.ff scex t, -oo < t < +oo, TO ceepmKOti 9THX 
cpyHKUHH H33hIBaeTC.R HOBa.R cpyHKUH.R OT t, 0003HaIIaeMa.R 
CHMBOJIOM f * q> H onpe)l.eJIHeMa.R paseHCTBOM 

+oo 
f * q> = J f ( i:) q> ( t - i:) di:, 

-oo 
ecJIH HHTerpan (3) cymecTsyeT. 

OceosHhie csoiicTsa csepTKH 

1. OnepaUHH csepTKH KOMMyTaTHBHa: 

f *<J> = <J>*'· 

(3) 

2. llJIH cpyHKUHH-OpHrHHaJIOB f (t) H q> (t) onepaUH.R 
csepTrH scer)l.a BhlnoJIHHMa, H 

+oo . t 

f * q> = J f ( i:) q> (I - i:) di: = J f ( i:) q> ( t - i:) di:. · ( 4) 
-.oo 0 
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neHCTBHTeJibHO, rrpOH3Be)].eHKe cpyHKUHft-opHrHHaJIOB 
f ('t) q> ( t - 1}, KaK cpyHKUHH OT 1', HBJUleTC.ff cpHHHTHOA 
cpyHKUHeH, T. e. o6paw.aeTCH B HYJib BHe HeKOToporo KOHeq­
Horo HHTePjlaJia (a )].aHHOM cnyqae sHe HHrepsaJia 0 ~ ,. < t) • 
.UJIH cpHHllTHbIX ¢YHKUHH onepaUHH csepTKH BblilOJIHHMB-, 
H Mhl noJiyifaeM cpopMyny (4). 

3. CsepT8:a cpyHKUHii-opHrHHanos ecTb cHoea cpyHKUHH-
opHrHHaJI. . 

le o p e Ma o ·ca e p T Ke (reopeMa YMHoJKeHHH). 
EcAu f ( t) + F (p) H q> (t) • • a> (p), mo .. csepmxa f * q> u~em 
U3o6paJ1CeHue F (p) .(I> (p): 

t 

f * cp = j f (i:) cp (f-i:) ~: : F (p)·<l> (p), (5.) 

m. e. nepe.MHOJICeHu~ uao6paJ1Ce1tutl. pasnocuAbHO CBepmbl6a• 
HUIO opuzuHaA08 •. 

B caMoM )],en.e, csepTKa )].Byx cpyHKUHH·opHrHHaJioB ecTb 
CHOBa cpyHKU,HH-OpHrHHaJI. -

t 

PaccMoTpHM H3o6palKeHHe HHTerpana J f (i:) cp (t - i:) di:1 

. jt(i:)cp(f-i;)dT~ Je:-Pl{f f(i:)cp(f-i;)di:}df, (6) 

Cnpasa croHT )].ByKpaTHbIH HHTerpan, pacnpocTpaHeHHbIH .i 

ua ceKTop S nnocxocTH (t, 1') (pHc. 12). MeHHH nopst)].oK ·: 
HHTerpHpOBBHHH H IlOJiaraH t - 1' = z, nonyqHM ... 

t ro+ +oo Jt (T)cp(f-i:)dT ." l f (i:)dT J 6-ptcp(i-T)dt ==a 

+oo +co 
= J f (i:) di: J e-P• e-P• cp (z) dz :"' 

+oo +oo" · 
= J e-P• f (i:) di: J e~P•cp (z) dz= F (p).ID (p), 

qTo H Tpe60BaJ10Cb )J.OK333Tb. 
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PaccMoTJHIM HHTerpanhHoe ypaBHeHne BoJihTeppa ~-ro 
po;J.a THI13 CBepTKH: 

- t 

q> (t) =A. j K (t-s) 1J> (s) ds + f (t). (7) 

Ilpe)J.TIOJIO:iKHM, 'ITO q>yHKUHH /(, (t) H f (t) HenpephlBHbl 
npH t. > 0 H .ffBJI.fflOTCSl cpyHKUH.ffMH-OpHfHH3Jl3MH. Ilycr& 

f K (t) I~ M1e511
, 't 

(8) 
If ( t) I ~ M1l·' • 

KaK 61>1no . ;J.oKasaeo paeee, 
HHTerpaJihHoe ypaseeeue (7) 
HMeer e)J.HHCTBeHHO eenpephlB· 
Hoe pernee11e npu JIIOOOM sea­
treHHH A • 

' 

.Un.ff peweeH~ IP ( t) ypan.. J~=====::::=::=....,.. 
HeHH.ff (7) npH t > 0 eeTpy)'.{HO 0 t 
nonyqnTh oueeKy: PHC. 12 •. 

I cp (t) I ~Mal•', - r;J.e Sa~ max {Si, Sz}. 

TaKHM o6pasoM, perneeue cp (t) yp-aBHeenst (7) ecTh TaK.iKe 
<l>YHKUH.H-OpHrHHaJI. . 

IlycTI> cp (t)-:-! <D (p), · K (t) . · X (p), f (t) ~ F (p). 

IlpHMeH.H.ff K o6eHM qacTHM (7) npeo6pasosaeue Jiannaca 
H I10Jlh3Y.ffCb TeopeMOH YMHO.iKeHH.ff, 6y.n.eM HMeTh 

<I> (p) = A.::tl' (p) (!> (p) + F (p), 
OTKY.ll.3 

1r:i.-(p) F (p) 
""' = I - 'A:K (p) • 

(9)_ 

<l>YHKI(H.ff (!> (p) 6y.n.eT aHaJIHTHqecKOH B TIOJIYTIJIOCKOCTH 
Re p = s > s3 , TaK 1.JTO sHaMeeaTenh B (9) ee MO.iKe'r HMeTh 
·-KopeeH: B yKasaeeoH: nonynnocKOCTH. HcnoJih3Y.ff <PoPMYJIY. 
o6pam.eeu.H npeo6pasoBaHH.ff Jiannaca ( [ 16 ]), eaxo.n.uM pe­
weeue cp ( t) HHTerpaJihHoro ypaseeen.H (7): 

s+ioo 
1 J F (p) Pt 

cp (t) = 2n.i 1- 'AJt (p) e dp 
s-'oo 

(10) 
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. -

(HHTerpaJI 6epeTc.si B){OJih JIIOooii np.siMoii Rep = s > s3 
H IlOHHMaeTCH B CMbICJte r JiaBHoro - 3HaqeHHH). 

Ha npaKTHKe ){JI.ff othicKaHHH opHrHHaJia <p (t) no ero 
H3oopa.>KeHHIO <I> (p) He. ecer){a ueJiecoo6pa3Ho HcnoJih3oBaTb 
¢.opMyJiy o6parn;eHHfl (10). lJaCTO 6bIBaeT Jierqe. HaHTH opH­
rHHaJI, HcnoJih3YH ){pyrHe TeopeMhI onepauHoHHoro HcqHc­
JieHH.sJ. 

fl pH Me p. PewHT& HHTerpanbHoe ypasHeHHe 
t 

'I' (t) = t + J sin (t - s) 'I' (s) ds. 

P e w e H H e. IlycT& cp (t) . · 41> (p). Kax ussecTHO, 

t .: J -. t . I 
:-- p2 ' Sl~ :-- p2 + 1 • 

( 

(11) 

IlpHMeHJUI K o6eHM qacTSIM (11} npeo6paaosaHHe Jlamxaca, nepeA,zteM oT 
ypaBHeHHH (11) K ypaBHeHHIO B npocTpaHCTBe H3o6pa>KeHHH 

cI> (p) = ~ . + p2 ~ 1 <I> (p). 

Pewa.H STO nocne.ztHee, Ha:H.zteM 

1 l 
cI> (p) = p2 + P4 . 

OpHrHHan cp (t) .ztJIH «!> (p) 6y.zteT peweHHeM ypasHeHHSI (11 ): 
Iii . 

. cp (t) = t + 3T . 

. · 3 a M e q a H H e. Bb1paiKeHHIO (9) ){JIH <f>YHKUHH <I> (p) 
MOiKHO npH){3Tb BH){ 

<I> (p) - F (p) +A. 1 _xJ;)(p) F (p), (12) 

HJIH 

<I> (p) = F (p) + f.v~· (p, A.) F (p), 
' 

r){e 
liJJ x (p) 
;;n, (p, f.v) = I - 'J.,,:1f (p) • 

PemeHHe (12) JierKo nepeeecTH Ha3a){ e npocTpaHCTBO opHrH· 
H3JIOB, IlOCJie qero 6y){eM HMeTb 

cp (t) = f (t) + A.R (t, A.)* f (t), (13), 
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HJIH 
t 

qi(t)=f(t)+A. j R(l-s; A.)f(s)ds, 

r.rr.e R (t, A.) - pesoJibBeHT3 yp3BHeHH.R (7). 
YK3~HHblH MeTo.rr. perneHH.R yp3aeeHH.R (7) npHJiomHM 

K CHCTeM3M HHTerp3JibHblX YP3BHeHHil BOJJbTepp3 BH)J.3 

n t 

qi1 (t) = f1 (t) + A. 1~ J K,1 (t- s) qi (s) ds (14) 

( i = 1, 2, ... , n), 

r.rr.e Kif (t), f1 (t) - HsaecTHbie eenpephlBHbie ¢YHKUHH-opH­
rHH3Jlbl. 

IlpHMeH.R.R K o6eHM q3CT.RM (14) npeo6p330B3HHe JI3n­
JI3C3, noJJyqHM CHCTeMy 

n 

<D t (p) = F, (p) + A.~ :Jt,1 (p) <Di (p) (15) 
. j=l 

( i = 1, 2, ... , n ). 
( 

9-ro CHCTeM3 JIHHeHHbIX 3JJre6p3HqecKHX YP3BHeHHH OTHOCH­
TeJJbHO <D l (p). 

IlycTb {<D1 (p), ... , <Dn (p)} eCTb perneHHe CHCTeMbl (15),. 
Tor.rr.3· CHCTeM3 <PYHKUHH {cp 1 (t), ... , 'Pn (t)}, r.rr.e 'Pi (t) ~ 
~ <D1 (p), 6y.rr.eT perneHHeM CHCTeMbl HHTerp3JlbHblX yp3B­
HeHHH (14). 

Ilpeo6p330B3HHe J13nJI3C3 MO}KeT 6b1Tb npHMeeeeo K pe­
weHHIO HeJJHHeHHblX HHTerp3JibHblX YP3BHeHHH BH)J.3 

t 

cp (t) =A J cp (T) cp (t- T) dT + f (t). (16) 
0 

IlycTb cp (t) ." <D (p), f (t) : F (p). IlpHMeH.R.R · K o6eHM 
q3CT.RM ( 16) npeo6p330B3HHe J13nJJ3c3 H HcnoJib3YH TeopeMy 
YMHo}KeHH.R, noJJyqHM 

<D (p) =.A.<D2 (p) + F (p), 
OTKY.ll.3 

I 

<D (p) = -1 ::!: V ~I..- 41..F (p) 

-;- onep3TopHhle perneHH.R yp3aeeHH.R (16). 
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n p H M e p. . PemHTa ypaBHeHHe 
l 

I J - 1 . 
qt· (t) ~ T _ <p ( ·t} Ep-{t - 't) d11 + T sin t. 

0 . 

IlepeXO,llSl B npOCTJ>8HCTBO H300pa>KeHHA, npH)J.eM x: ypanu.emno 

1 1 1 
tl>(p) =2'112 (p) +2p2+1 · 

. OrcroJJ.a 
i- . -

~ CP > = -V P.3 + 1 ( ¥112_·_+_.,..1 + P ). 

. . 

Ha yCJIOBHSI Cl> (p) ~ 0 _npu Rep ~ +oo<JJbl6HpaeM 

1 (' . ) () (p}·= v ' -y p2 + 1 - p • 
p2+1 .. 

[r JI •. 1v 

/ 

PeweuHeM -HHTerpaJihHoro ypaeHeltHH 6yJJ.eT cp (t) =:= J 1 (IJ - 6ecceJieaa 
<l>YHKUHSI _ 1-ro nop.R)J.Ka. . . • . . 

TipH pemeHHH HeKOTOpbIX BH,noa HHTerpaJibHbIX ypasue­
HHH oKa3hIBaercH none3uqH: o6o6~euna.H TeopeMa yMno.»<e-
HHH (TeopeMa a+J>oca):.. : · · . . 

T e o p e M a 4.2 *). llycmb iJaHo uao6paxexue · F (p) :;;:=! 
~ f ( t) U aHaAUmf:l,1tee1'ue < c/JyH.iafi,lu Q, (p) U . q (p) maKue, ttmo 

- - ' 

G(p)e-*'q<P>':,.g(t, -r); (l!) 

1n02oa 
, ·. - . +m 

F [q (p)J·G {p)~ If (i;Jg(t, -'t)d-r. (18~ 
0 

neHCTBHTeJI·IiHO, H30<5p·a)KeHHe ~p'8BOft qaCTH ( 18) 
·' 

J'ur) g(t, -r)dT? Je-Pt {j"';('t}g(t, "1d-r } dt = 

+co +co -
= J f ( ~) d"' J g (t, i:) e_,,, dt ( 19) 

*) T oqable yCJioBHst reopelAI npuee)leHbl B · KH&re A. M. 9'1>poca H 
A. M. ,llaHHJieecxoro ~nepauHouuoe uc11HCJieHHe K KOHTypHbie B&Te• 
rpaJihl», J:(HTBY1 XapbKO~ 1'937 •. · 
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(npe.II.nOJiaraeM, qTO MOiKHO H3MeHHTb nopH.ll.OK HHTerpuposa: 
HHH). BHyTpeHHHH HHTerpaJI B npaBOH qaCTH (19) eCTb H300-
pa)l{eHue g (t, T). CJie.II.OBaTeJibHO, ucnOJih3YH COOTHOIIIeeue · 
(17), MO)l{HO eanucaTh 

+ro +oo J f (i:) g (t; i:)di: ~ ' G (p) J f (i:) e-q <P> ~di:= G(p) F [q (p)J, 

qTo H TpeooBaJIOCb noKa3aTb. 
Ec11u, B qacTHOCTH~ npHHHTh q (p) = p, TO 6y.II.eM HMeTb 

g (t; T)-:-! e-Pt G (p) 

u no TeopeMe 3ana3.ll.hlBaHHH g (t, T) = g (t - T). <l>opMyJia 
( 18) np HHHMaeT BU.II. 

+ro t 

F (p) G (p) ~ J f (i:) g(t-i:)di: = J f (i:) g (t- i:)di: (20) 

(TaK KaK npu T > t g ( t -T) = 0 B cuJiy ceoecTBa cpyeK­
uuii-opurueaJioB), T. e. cosna.II.aeT c ooblqeoii TeopeMoii 
yMHO.JKeeuJI. 

Ec11u G (p) · l/Vp, q (p) = VJJ, TO, KaK M9_iKHO 
n·OK838Tb ( ( 16 J), 

,;:a 
1 --

g (/; T) = -.!- e 4
t • (21) 

r nt 
. ' 

Tio9TOMY' ecJIH H3BeCTHO, qTo q> ( t) .• (I> (p)' TO no TeopeMe 

8q>poca eaxo.zr.uM · opurueaJI .II.JIH <I> ~~_P) : 
y p· 

- +oo 't' <I>( .. ! ) 1 - -
--'-r_ .P_ • • J q> (T) e 4' di:. (22) 

-vP . Jfii o 

Ec11u o <p) = -vp, q (p) = 11p, To 

g (f; -r) = J0 (2 Vlt), (23) 

r.II.e J 0 .(z) - oecce.rresa <PYHKUHH ey11esoro nopH.II.Ka. 
Do9TOMY, .ec11u q> (t) . · <I> (p), :ro no TeopeMe ~poca 

+oo· 
+II> ( +),..:. J Ip (i:)Jo c2 Vtt> di:. (24) 

0 . 
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n pH Me p LI. I. PemHT& HHrerpaJI&Hoe ypaBHeHHe 

+en i;2 . 

.. I J e - Tt <p ( 't'} d't' . e-t 
Ynt 

0 

- (t > 0). (25) -

p e W e H He. 0yCTb cp.(/) • ''1> {p). npHM~HSISI rrpeo6pa30B8HHe 
JlanJiaca K 06eHM qaCTHM (25), IlOJIYliHM, HCilOJlb3yH <f>opMyJiy (22): . 

I «I> (J/p) I 

VP =p+l' 
TaK qro 

<I.! (p) l 
p - 112+1' 

OTKy,n.a , 
p 

tI> (p) = p2 + I .' cos t. 

<l>yHKIUUJ <p (t) = cos t eCTb pemeHHe ypaBHeHHB (25). 
2. PellIHTb HHTerpaJibHOe ypaaHeHHe · 

. +oo 
<p (t) = te-t + 2 J 10 (~ yttj ·<p ('t') d't'. 

0 

(26) 

. p e.lli e H He. 0yCTb <p (/). • <l> {p). flpHMeH.SUI K OOeHM qaCT.SIM (26) 
npeo6pa3oBaH~e JlanJiaca H y11HTblBa.S1 reopeMy 9<1>poca, Ha:H.n.eM 

· l 1 .( I ) 
<I> (p) = (p + 1 )2 + 2 p <I> p - - (27) 

3aMeHSISI p Ha 1/ p, noJiyl{HM 

Cl> ( +) = (pr 1)2 + 2p«l> (p). (28) 

Yfa (27) H (28) H 3XOAHM 

I 1 -~ p 
<I> (p) = - 3 (p + 1)2 3 (p + 1)2 • 

Orc10.n.a 

cp (t) =-} e-t (t -- 2). 

3 a Me q a H He. IlOJib3YHCb TeM, qTo 

n 

t2' (2 V"f) --=- i e-11 p n -- • n+l p 
(n = 0, 1, 2, ... ), 
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u npuMeHHH reopeMy 9<ppoca, MOJKHO perna.Th ueTerpanbHhie 
ypaBHeHUH, fl.II.PO KOTOpbIX CO.II.epJKHT 6ecceneBbl <l>YHKUUU 
J,._(z) 1-ro po.II.a nopH.H.KCl BhIWe eyneBoro. 

P e w e H u e u H T e'f p o - .II. u <P <P e p e H u u a n b -
HblX ypaBHeHUH 

JlUHeUHblM UHtneepo-iJu¢¢epeHf1UaAbHblM ypl18HeHUeM Ha-
3blBaeTCH ypaBeeeue BU.II.a 

Clo (t) <p(n) (t) + ai (t) <p(n-l) (t) + • • • + a
11 

(t) <p (t) + 
l t 

+ ~ J Km (t, s) <p(m) (s) ds = f (t). (29) 
m=O 0 

3.II.eCb a0 (t), •.. ,. a11(t), f ( t), Km (t, s) (m = I, 2, ••. , l) -
U3BeCTHbie <);>yHKUUU, <p (t) - UCKOMaH <l>YHKUUH. 

Dpu peweeuu ueTerpo-.II.uqxpepeeuuanhHblX ypaBeeeuR 
(29) .II.nH UCKOMOH <l>YHKUUU <p ( t) CTaB'fITCH eaqanbHble yc­
nOBUH: 

(0) , (0) , (n-1) (0) (n-1) (30) <p = <po, <p = <po, • • • , <p = <po • 

DycTb B (29) K09qxpuuueHTbl ak ( t) - nocToHHHble (k = 
= I, 2, ... , n), u nycrb Km (t, s) = Km (t - s) (m = 
= I, 2, ... , l), T. e. Bee Km 3aBUCHT nuwb OT pa3HOCTH 
ap ryMeHTOB t-s. 

He eapywaH o6meocTu, MOJKHO cquTaTb a0 = 1. Tor.II.a 
ypaBHeHue (29) 6y.II.eT UMeTb BU.II. 

<p(n) (t) + ai<p(n-I) (t) + .... + an<p (t) + 
l t 

+ · ~ J Km (t-s) <pm (s) ds = f (t). (31) 
m=OO 

nycTb, .II.anee, <l>YHKUUU f ( t) u Km ( t) CYTb eenpepbIBHhle 
<l>YHKUUU-opurueanbl, u nyCTb 

f (t) . • F (p), Km (t) • · :Jl' m (p) (m = 1, 2, •· •• , l). 
' 

Tor.II.a, KaK MOJKHO noKa3aTh, ¢YHKQUH <p (t) 6yJ(eT TaKJKe 
¢YHKUHeH:-opurueanoM. DycTb 

<p (t) .-=. lD (p). 
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OpilMeHHM K o6eHM YaCTJIM (31) upeo6pasoBaHHe JlanJiac.a. 
KaK HaBeCTHO (1161), · 

cp(k) (t) .. pk<J>'.(p)-pk-l'Po_. ••• - cp~k-l> .• 

no TeopeMe YMHO:>KeHHH 
t . 

J Km (t _.: s) qi<m> (s) ds • ' Yf m (p) (pm<I> (p) --:-- . 

. m-1 . (m--1)) ( l 2 · l) -p <po-··.· -::-Cf'o . m= , , .... , · • 

Oo3TOMY ypauaeHHe ·(31) nepeu.neT _B cJieJty10mee: · 

<I> (p) [P" + ajp"-1 + • · · + an + j
0 
:1t m (p) pm J _:_A (p), . 

. (32) 

rJJ.e A (p) - HeKoTopas H3BecTHaH ·<l>YHKUHH OT p. 
PeIIIa.H (32), IUIXOJJ.HM · <D (p) ~ onepaTopuoe .peweaHe 

33,l{~qH (30)-(31). Haxo;ZJ.si · opHrHHaJI MH :<I> (p), noJiytJHM 
perneHHe cp (t) HH.Terpo-.nu<t><t>epeHU.H3JlbHOfO ypaaHeHHSI (31), 
yiJ.oBJieTBOpHIO~ee' HaqaJibHbIM ycJIOBHSIM (30). 

n pH Me p.. P~HTb 'HHterpo-.zu1<M>epeH1{~8JILHoe ,ypaaHefHte 

t - ' 

. cp• (t) +-!FC t) + 2 Ji? <t-sl IP. (s) ds = e21 , • (~) 

<p (0) = <p' (0) = o. 
• 

P e me H e e. IlycTb q> (t). ··a> (p). Tor.zta, .YllHTblBaR Halla.i1bHhle 
ycJIOBHB (34), 6y,ZleM HMeTb -

.tp" (t) ~ p2cJ.l (p).' 
' 

IlpHMeHsu1 K OOeHM qacr11M (33). npeoopasosaaHe nannaca, nonyqffM 
l . 1 

p&tl>-(p) +<I> (p) + 2 p-· 2 ·4> (p) ~ p- 2 , 

OTKY~ 

cD(p) ·1 ' 
= p(p- 1)3. 

0pHrHH8JIOM JJ.JUI. 9TOA: cf>yHKU.HH 6y,ZleT cf>YHKU.HSI 

q> (t) =..-tet - et + 1. 
-

E)Ta HOCJie,lJ;H.R.R .RBJI.HeTC.R pel!-IeHHeM HHTerpo-~11<pcJ!epeHIJ,JlaJlbHOfO ypaB• 
HeHH.ff (33), yp;oaneTsopsnom.H~ - HatiaJIWIWM yCJioBHSIM (34). . · .. , .. ·: . 

. . . . . 
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3 a Me q a H He. EcnH <i>YBKUHB Km (t - s) .l{OCTaTCMlo rJia.zurne, 
TO MO>KHO IlOHH3HTb nopS!J.J.OK npOH3BO)UiblX HCKOMOH <i>YHKUHH, BXOJ.J.S!W..HX 
ITOJJ. 3H8KOM HHTerpaJia, nyTeM HHTerpuposaHHS! no 118CTS!M. 

l1HTerpaJibHb1e ypaaHeHHH BHJJ.a 
+oo 

cp (t) = f (t) + J K (t-s) cp (s) ds. (l > 0), (35) 
t 

B03HHKa10111.ue a PHJJ.e 3aJJ.aq <}>H3HKH, TaKiKe MOiKHO pemaTb 
c noMOI:.1.J;bIO. npeo6pa3osaHHH JlanJiaca. YcTaHOBHM npeJJ.Ba­
pIITeJibHO TeopeMy 0 ceepTKe )J.Jlfl. BblpaiKeHHH 

+ro 
J K (t-s) cp(sfds. (36) 
t 

.llJIH npeo6pa3oBaHHH <l>yp be 

9'" p:- g (t-s) ljJ (s) ds} = lf21t 0 (ro) 'l' ( ro), (37) 

rJJ.e G (ro), 'Y (ro) - npeo6pa3oBaHHH <l>ypbe <l>YHKUHH g (t) 
H "i' (t) COOTBeTCTBeHHO. , 

noJIO iKHM g ( t) ::::; }(_ .( t), T. e. 

{ 
0, f>O, 

g (t) = K (t), t<O, 

. { Ep (t), t !> 0, 
'1' (t) = CfJ+ (t) = 0, t !;> o. 

Tor)l.a (37) nepenumercH TaK: 

9'"rr K(f-s)(jJ (s) ds}= V2itX_(ro)g--Cll+(ro)g--• (38) 

1IT061>1 nepeliTH OT npeo6pa3oBaHHH <l>ypbe K npeo6pa~oaa· 
HHIO JlanJiaca, 3aMeTHM, qTo 

F 2 (p) = V2it~: (- ip)g;-• 

3JJ.eCb H B )J.8JlbHeHilleM HH)J.eKCbl fr H ft 03HaqaJOT, qTO 6e­
peTCSJ H306paiKeHue «l>YHKUHH COOTBeTCTBeHHO no <l>ypbe ' 
HJIH no JlanJiacy. 
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Cne,l(OBaTeJihHO, COOTHOIIIeHHe (38) )J.aer 

se{J' K(t-s)qi(s) ds }= 
= V2n fV2n:tt_(- ip);r <D+(-ip);r} = 

er JI .. xv 

= V2n:tt_ (-. ip);r <D!l' (p). (39) 
.. 

Bhlpa3HM Teneph V2°n.h!' _ (-ip);r qe.pe3 npeo6pa3oBaHHe 
JianJiaca: ' 

0 +co 
V2n:tt_(-ip);r= J K(t)rPtdt= J K(-t)ePtdt. 

-co 0 

. (40) 
J1TaK, , 

{
+co • } 

f£ f K(t-s)qi(s)ds =:ft(-p)cI>!l'(p), 

r,ne 

+co 
:tt ( - p) = J K ( - t) eTJt dt • (41). 

0 

DpuMeHHH Tenepb npeo6pa3oBaHue JlanJiaca K o6euM qa .. 
CTHM (35), noJiyquM 

<I> (p) = F (p) + :tt ( - P) <I> (p) 

(HH,l(eKC !£ onyu:r.eH) HJIH 

<I> (p) = F(p) 
1 -:Jt (- P) 

<l>yHKUHH 

. <p(t) = 2~i 

(:1t(-p) =I= 1). 

F(p) ePt dp 
1 - :Jt (-p) 

6y,neT qacTHblM perneHHeM ypaBHeHHH (35). 

(42) 

(43) 

(44f 
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qT06bI pemeHHe (42) HJIH (44) HMeJIO CMhICJI, Heo6xo.n.HMO, 
qTo6bl o6JiaCTH aHaJIHTHqHoCTH .:It (-p) H F (p) nepeKpbI­
BaJIHCb. 

n p H M e p. PemHTb ypaBHeHBe 
+co . 

cp (t) = e-t + J et-scp (s) ds. 
t1 

3Aecb / (t) = e·t, K (t) = et. IlooToMy 

1 
F (p) = p + I , Rep>-1, . 

+oo 
3f (- p) = J e-tePt dt = I, Rep< 1. . ' 1-p , 

. -0 

OnepaTopHoe ypaBaeuee (42) npHHHMaeT B sroM c.nyqae BH,ll 

«I> (p) = p ~ 1 + 1 ~ p «I> (p}, 

/ OTKyp;a. 
p-l 

«I> (p) = p (p + 1) • 

Cnep;oBaTeJibHO, 

<p (t) = . l 
2ni 

y-£00 

p:....1 t 
p (p + I) eP dpt - l < y < l. 

IlpHMeHIUI reopeif~ KomH o BhlqeTax, HaXOJlHM . 

~ (t) = {-1 .+ 2e-:-;. '\' > o, 
2e-, -1 <y<O. 

(35') 

HeTpyAHO nposepHTb, 11ro pemeHHeM ypaseeH•u1 (35') .stBJI.ste1c.sr 
t}>yHKUH.ff 

cp (t) = c + 2e-t, 
r.ae «J>o (t) = c - pemeuHe COOTBeTCTByIOm.ero O,llHOpO,llHOro ypaBHeHHSI 

+co 

/ 

IP (t) = f et-•IP (s) ds. 

3aMeTHM, 'ITO- ypasHeHHe (35') CBO.IlHTCSl K AB$cllepeHilH3JlbHOMy ypas~ 
HeHHIO ,..,.· 

q>' (t) = -2e--t, 
OTKy,lla cpasy non)'llaeM 

. CJ' (t) = 2e-t + c. 
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§ 19. Upeo0pasosaue .Me.uHua 

nycTb cpyHKUHH f (t) onpeJJ.eJieHa npu IlOJIOJKUTeJibHbIX l 
u YJJ.OBJieTBOpHeT ycJIOBBIO 

+oo 
J If (t)I ta-I dt <! + oo 
0 

npu HaJJ.JieJKameM Bbl6ope quCJia a. 
fl peo6pa306aHue.M Me1t1tUHa cpyeKuuu f ( t) Ha3hIBaetcH 

cpyHKUBH 
+oo 

F (s) :::::& J f (t) ts~I dt (s = <1 + iT). (I) 
0 

Cl>opMyJia oopB.Il\eHBJI npeo6pa3oaaHHjf' Mennfilta HMeeT BHJt 
a+ loo 

f (t) = 2~i J F (s) l-s ds- (t > 0), - (2) 
·a-loo 

r}J,e BHTerpaJI 6epeTCH BJJ.OJib npHMoi Res = a, napaJIJieJih· 
HOH MHUMOH OCH DJIOCKOCTU s, " IlOHBMaeTCH !3 CMbICJie r JiaB· 
HOrO 3HaqeHUH. 

11.n;e.H. JJ.BOHCTBeHHOCTBt BhlpaJKaeMaH' <floPMYJI8MB - (I), 
(2), BcTpeliaeTCH Y*e B 3HaMeHHT<>M MeMyape PuMaHa o npo­
CThlX qucJiax. CTporo npoBeJJ.eHa oea OhIJia MeJIJIBHOM, u 
<PoPMYJihl . (I), (2) Ha3HBfilOT t/JopMgAaMU o6paw,eHUJI 
Me1t1tuHa. 

1IaCTHblH CJiyqau HX xopomo. U3BeCTeH: 
+oo 

r (s) , J e-tfs-I dt, 

c+ioo 

1 . J e-t = . r(s) t-s ds· 
2nt , 

c-too 
(c> 0), 

f)J.e r (s) - raMMa-cpyHKUBH 3uJiepa. ~ 
np·eo6pa30BaHue MeJIJIBHa TeCHO CBH3aHo c npeo6pa30• 

BaHBHMU «l>ypbe H JlanJiaca, H MHOrHe TeopeMhl, OTHOCHmuecSI 
K npeo6pa3osaeu10 MeJIJinHa, MoryT 6h1Th noJiyqee1>1 u3 
.COOTBeTCTBy10mux TeopeM )J.JIH npeo6pa30B3HUH Cl>yp&e H 
JlanJiaca nyreM: 38.MeHhl nepeMeHHblX. 
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nyctb tPYHKUHff <p (/) onpe,neJieHa Ha BCeH OCH l H HH· 
Terp an 

+oo 
<D-(p) = J <p (/) e-Pt dt 

-c» 

cxoiI.HTCff XOTff 6hl Ha o.n.HoH: npffMOH Rep = a. <l>yHKI.I,HIO 
<D (p) Ha3hIBalOT qeycmopoHHUM npeo6paaoeaHueJi JlanAaca 
<l>YHKI.I,HH <p ( t). 

ECJIH o6o3HaquT& qepes <D (p) .D.BYCTopoHHee npeo6pa3o· 
BaHHe Jlan,lJaCa <l>YHKUHH <p (t) = f (e-t), TO 6y.lleM HMeTb 

+ro +oo 
<I> (p) = J <p (t) e-Pt dt = J f (e-t) e-Pt di= 

-oo -oo 
0 +O) 

=- J f(u)uP ct,; = J /(u)uP-1 du=F(p) 
+oo 0 

- rrpeoopa3oBaHue MeJIJIHHa <l>YHKUHH f (t). 
E>ro COOTHOilleHHe Il03BOJIHeT BblBO,ItHTb cjJopMy Jlbl npe­

o6pa30B8HH.R MeJIJIHHa H3 cpopMyJI npeo6pa3oBaHH.sr JlanJiaca. 
<l>opMyAa c88ptnKU .D.Jiff npeo6pa3oBaHHff MeJIJIHHa HMeer 

CJie.D.YIOI.IJ.HH BHJ{ ( [ 40 )): 

M rr f(t) q> C n 4-}=F(s) <II (s), · (3) 

Orc10,na BH.D.Ho, qTo rrpeo6pa3oBaHHe MeJIJIHHa y,no6Ho npu­
MeHHTb npH peweHHH HBTerpaJibHHX ypaBHeHHH BH,na 

+oo · J (x) dt <r (x) = f (x) + K T <p(t) T 
' 0 

(t > 0). (4) 

. B caMoM .n.ene, nycr& <PYHKU.HH <p {x), f (x) H K (x) .n.onycKam 
npeo6pa3oBaHHe MeJIJIHHa H nycT& 

<p (x) --.- «I> (s), f (x)--. F (s), K (x)-+ Ji° ~s), .,, 
npuqeM o6Jiacru aHaJIHTHqHoCTH F (s) H K(s) HMeIOT o6~yIO 
noJiocy 01 < Res = a <- a 1• · -

DpuMeHffff :K ot5eHM qacrffld ypaBHeHHff (4) rrpeo6pa30Ba­
HHe MeJIJIHHa H ucnoJI&3y~ cjJopMyJiy CBepTKH (3), nonyquy 

. · ~«D(s)~F(s)+Jt'(s)«D(s),-·. -

6 M. JI. l\PaCJIOB 
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OTKYJ.1.8 
F (s) yt 

<I> (s) = 1 _ Jt (s) , (s) + 1, 

9To - onepaTOpHOe perneHHe ypaBHeHHH (4). Ilo <f>opMyJie 
o6parn.eeHH (2). noJI)it1aeM perneeue <p (x) 3Toro yp aBHeHHH! 

a+ico 

<p (x) = 2~i J F (s) · 
1 - Jt (s) x-5 ds. 

a-lco 

B KaqecTBe npHMepa paccMoTpHM HHTerpaJihHOe ypaBeeeue 
+co 

<p (x) = e-ax + + J e-x/t<p (t) d: 
0 

+co 
M {e-ax} = J e-a.xxs-l dx = 

0 
+co 

" 

(a> 0). (5) 

= a-s J e-zzs-1 dz = r (s) = F(s), Res~ 0, 
as 

0 

M {+ e-x} = + r(s) = :tt(s), Rest> o, · 
TaK QTO o6JiaCTH aeaJIHTHQHOCTH F (s) H 11 (s) coBnaJ.I.aIOT. 
OnepaTopeoe ypaBeeeue, OTBeliaiorn.ee ypaBHeHHIO (5), 6yJ.I.eT 
H MeTb BHJ.1. 

r (s)· I l'f\ <I> (s) = + - r (s) ~ (s), 
as 2 

OTKYJ.1.8 
<I> (s) = r (s) 

a5 (I - { r ( s)] • 
Ilo <f>opMyJie o6parn.eHHH (2) H8XOJ.1.HM 

. e+iro 

( ) 1 s r (s) <pX --
. - 2ni I _ _I r (s) 

a-ico 2 

ds 
(ax)s.' 

(6) 

nJIH BblQHCJieHHff HHTerpaJia (6) npHMeHHM TeopeMy KornH 
o BblQeTax. Ilpu ax > 1 B KOHTYP HHTerpupoBaHHH BKJil:OqaeM 
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noJiyoKpy>KHOCTb, Jie>Kamy10 B npaBOH TIOJIYTIJIOCKOCTH. 
B 3TOM cJiyqae e)J,HHCTBeHHaH oco6eHHOCTh no)J,hIHTerpaJih­

. HOH cpyHK~HH HaXO)J,HTCSI B TOQKe s = 3, B KOTOpOH 

1-+r(s) =0. 

· .·· Tor)J,a 
.. -
' 2 

cp (x) =(ax)~$ (3)' ax> 1, 

r)J,e 1}' (3) - JIOrapHcpMHQeCK3SI npOH3BO)J,H3SI r-cpyHKUHH 
B TOQKe S = 3: 

r' (3) 3 .. 'P (3) = r (3) = 2-Y (y-nocTOSIHHaSI 9uJiepa). 

Ilpu ax < 1 oco6eHHOCTH TIO)J,bIHTerpaJibHOH cpyHKUHH cyTh 
- l 
;, OTpHUaTeJibHhie KOpHH cpyHKUHH 1 - 2 r (s), T3K QTO 

co 

(j)(X)=-2 ~ s l ' 
~ (ax) k $ (sk) 

ax <i 1, 

r)J,e 1}' (sk) - 3H3QeHHSI JIOrapHcpMHQeCKOH npoH3BO)J,HOH _ r (s) 
~. B TOQK3X S = Sk (k = 1 t 2, •.. ). ' 

HTaK, 

4 
ax> 1, 

ax~ 1. 

§ 20. MeTo,11. Baeepa-Xoncf>a 

9roT MeTO)J, 6bIJI pa3pa6oTaH npH6JIH3HTeJibHO B 1931 r. 
)J.JISI peweHHSI HHTerpaJihHbIX ypaBHeHHH cneuuaJihHOro BH)J,a 

+co 

q> (x) = f (x) +A J K (x-y) qi(y)dy, - oo < x <J +· oo, 

(1) 
< < 

Ha3hIBaeMhIX ypa8HeHURMU muna BuHepa - Xon</Ja. 
s• 
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0rJIHqHTeJihH3SI oco6eHHOCTb 3THX ypaBHeHHH -- HJJ.po 
3aBHCHT OT pa3HOCTH apryMeHTOB, a HHTepBaJI HHTerpHpo.sa­
HH.ff noJiyt5ecKoHeqHblH. TaKHe ypasHeHHH B03HHKalOT BCHKHH 
pa3, Kor.n.a MbI HMeeM .n.eJio c rpaHHqHbIMH 3aJJ.aqaMH, rne 
rpaHHll;bl HBJIHIOTC.ff noJiy6ecKoHeqHblMH (HanpHMep t 3a.n.aqa 
0 JJ.HcppaKUHH BOJIH Ha IlOJIYilJIOCKOCTH). ' 

B MeTo.n.e BHuepa-Xoncpa npoH3BOJJ.HTCH aHaJIHTHqecKoe 
npo.n.oJI.IKeHHe npeo6pa3osanHft: <l>ypbe no nepeMeuuofl npe­
o6pa3oBaHHH c BeIU.eCTBeHHOH OCH B KOMilJieKCHYIO IlJIOCKOCTb. 

PaccMoTpHM. npeo6pa3osaeHe <l>ypbe <l>YHKUHH f (x) 

l +co 
F (k) == V 

2
n J f (x) eikx dx (2) 

-oo 

JJ,JIH KOMnJieKCH'hlX k = C1 + i"f. 
Tor.n.a 

(3) 

Ba.IKHhIM HBJIHeTCH cJie.n.y10IU.ee csolicTso npeo6pa3oBaHHH 
<l>ypbe •. 

IlyCTb aOCOJIIOTHO HHTerpHpyeMO npOH3Be]leHlle f (x) ebl x l1 

r.n.e b > 0 - cpHKCHposaHHaH nocToHiIHaH. B STOM cJiyqae 
npeo6pa30B8Hl:fe <l>ypbe F (k) cpyHKUHH f (x) HBJIHeTcH aHa­
JIHTHqecKQA cp~HKUHe:H B IlOJIOCe 'J 't' J < b KOMilJieKCHOQ 
k-nJIOCKOCTH. ).leHCTBHTeJibHO, 

(3) 

H HHTerpaJI (3), onpe.n.eJIHIOIU.HH F (k), CXOJJ.HTCH npH I 't I < b 
paBHOMepHO OTHOCHTeJibHO k. D!e)l.oBaTeJlbHO, F (k) 8H3JIH· 
THqHa BO BCHKOH BllyTpeHueft: ':\'01U<e k IlOJIOCbl - 'b < 't' < b. 

Mo>KH.o yTsep>KJJ.aTb, qTo 4JYHKUHSI F (k) npH a ~ :±: oo 
crpeMHTCR K HYJIIO pasHoMepHo qo.1', j T t ~ b. · 

AHaJiorHqHo noKa3bIBaeTcH, qro etJtH I f (x) J < Aexi;­
np H x _,... +oo, TO cpyHKUHH 

+oo 
F+(~) = V~ J f (x)tlbd~ (k=a+ it) 
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~., .aHaJIHTHqHa B noJiynJIOCKOCTH T > ,._; ecJIH If (x) I < BexT+ 
·: ... tipH X ~ -oo, TO <l>YHKIJ.HH . 

-,,,_ 

1 0 
_ F _ (k) .= V2n J f (x) elkx dx 

-co 

:-. . aeaJIHTHllHa B noJiynJIOCKOCTH 'T < 't'+· (3.u,ech A, B, T_, 
. 'I'+ - .u.eecrBHTeJibHhle noCTOHHHhle.) 

XapaKTepeoH: ocooeeeocTbIO JI106oro pewenHH no MeTo.u,y . 
~ ::' BHeepa - Xoncpa HBJIHeTCH pa3JIO)KeeHe cpyHKUHH Ko~nJieKc­
,, _HOH nepeMeneoii ea cyMMY .u,syx cpyHKUHB. Cnpase.u,JIHBa 
. T e o p e M a 4.3. flycmb F (k) -· 'aHaAumutteCKafl c/JyHK-
. tJUR. k = a + i1' 8 noAoce T_ < T < 't'+ ·u maKaJl, ttmo 
IF (<1 + iT) I < C 1 al-P, p > 0, npu la I...+ oo, nputteM 
8mo Hepaeencmso 8bl.noAHRemcR. paBHo.MepHo iJAJl ecex ,. 8 

noAoce t'_ + e -<: t' -<: t'+ - e, e > O. ToeiJa npu 
"- < c < 1' < d < t'+ 

F (k) = F + (k) + F _ (k), (4) 
' 

eiJe QJYH!WiUfl F + (k) aHaAumuttHa 8 noAynAOcKOcmu ,. > ,._, 
a c/JyHKlfUJl F _ (k) aHaAumuttHa 8 noAynAoc1rocmu ,. < t'+· 

·npu amo.M 
+oo+lc 

F + (k) = -2-ru-· J F (t) dt 
t-k t 

-co+ic 

+oo+id (5) 

J {11! dt. F - (k) = -2-ni-
-co+id 

B OCHQBe 3Toro npe.u,cTaBJieHHH JieJKHT TeopeMa o6 HHTe· 
rpaJihHOM npe.u,cTaBJieHHH cpyHKUHH, aHaJIHTHlleCKOH B ee­
KOTOpOM KOJibUe. <l>yHKUHH F (k), aHaJIHTHqecKaH B KOJibUe 
0 < r < I k - k 0 I < R < +oo, npe.u,cTaBJIHeTCH c no­
MOI.UblO HHTerpaJibHOH cpopMyJihl KowH B BH.u,e cy.MMH .u,syx · 
HHTerpaJIOB, npHqeM KOHTypoM HHTerpHpoBaHHff CJIY>KHT 
rpaeHua KOJlbUa anaJIHTHqHoCTH F (k). 0.u,He H3 HHTerpaJioB 
6epeTcH no seeweefl oKpy)KHOCTH, .u,pyrou - no snyTpeeee:A 
(.U.JIH nOJIOCbl HM OTBeqaIOT HHTerpaJibl no npHMblM (/) H 
(/ /)) (pHc. 13, a, 6). 

<l>yHKUHH, npe.u,CTaBJieHHaH HHTerpaJIOM B.U,OJib BHeWHefl 
oKpymeocTH, anaJIHTHllHa BHYTPH 3TOH oKpy1KHoCTH, a <PYHK· 
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UHH, npe.n.cTaBJiennaH HHTerpaJioM no BnyTpenneil OKPY*" 
HOCTH, aHaJIHTHQHa BHe 9TOH OKPYiKHOCTH. nepexo.n.H K CJiy­
I:IalO noJIOCbl H noMelII,aH uenTp «KOJibUa» B TOQKY k = +ioo, 
noJiyqaeM Tpe6yeMoe npe.n.cTaBJienHe. 

PaccMoTpHM Tenepb ¢aKmopusaqu10 npoH3BOJihHOH cpynK­
UHH <D (k), T. e. npe.n.cTaBJieHHe 9TOH cpyHKUHH B BHJJ.e npo-
H3Be)J.eHHH 

<D (k) = <D + (k) <D _ (k), 

r,ZJ.e <D+· H <D_ anaJIHTHI:IHhl H ne HMeroT nyJieii B BepxneH: H .. . . 
HHJKHeH noJiynJIOCKOCTHX 't > 't'_, 't' < 't+ COOTBeTCTBenno. 

(k) 

=-------- ------------M d 

~--------.,..---------' .... 
0 

---WHWWwf-HwWWWWHWW(/1 -- -- ~~ 'r'_ 

o) . 

PHc. 13. 

)Jeno, QTO TaKoe npeJJ.CTaBJieHHe 9KBHfJaJieHTHO pa3JIO­
iKeHHIO cpyHKUHH 

In <D (k) =In <D+ (k) +In <D_ (k) 

Ha cyMMY JJ.BYX cpyHKUHH, KaiKJJ.aH H3 KOTOpblX anaJIHTHlJHa 
B COOTBeTCTBy10meH: o6JiaCTH .• 

Mnor.n.a TaKoe npe.n.cTaBJieHHe y.n.aeTc» yra.n.aTh; nanpH­
Mep, ecJIH 

<D (k) = (k2-a2)1f2, a= a1 + ia2, a1>0, a2 > 0, 

H Ha nJIOCKOCTH k C)J.eJiaHhl COOTBeTCTBYIOID,He p a3pe3hl, TO 
MOiKHO B3HTb 

<D+ (k) = (k + a)112 

(aHaJIHTHQHa H He HMeeT nyJieii npH T > -a2), 
<D_ (k) = (k-a)112 

(anaJIHTHQHa H ne HMeeT nyJieu npH ,. < aJ. 
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TaKoe npe)I.cTasneHHe, oqesH)I.Ho, He e)I.HHCTBeHHo, TaK 

KaK MO>KHo O)I.HOBpeMeHHo YMHO>KHTb <D+ H pa3)1.eJIHTb <D_ 
Ha .Jno6y10 ueny10 <l>YHKUHIO, He HMe10my10 HY neii. 

IlpHBe)I.eM TeopeMy' ycTaHaBJIHBa10my10 B03MO>KHOCTb 
Q>aKTOpH33UHH )1.Jlfl BeCbMa IllHpOKOfO KJiacca $yHKUHH. 

T e o p e M a 4.4. EcAu <flyHKtlUJi In <D (k) yaoeAemeopRem 
yeAOOUJlM meope.M.bl 4.3 (sTo 03HaqaeT, B qacTHOCTH, qTo 

<f>yHKUHH <D (k) aHaJIHTHqHa H He HMeeT Hyneii B nonoce 

_ T_ < T< 't+, -oo < a< +oo) u <D (k)-1t 0 npu a -It + oo 
· e nollOce T_ < T < T+t mo cyU{ecmeyem npeacmaBAeHue 

<D (k) = <D+ (k) <D_ (k), e8e <D+ (k) U <D_ (k) aHallUmUt/,Hble, 
oepaHUtteHHble u He U.M.elOU{Ue HyAet1 <flyHKl{UU npu 't > 't_, 
'T < 't+ coomeemcmeeHHo. 

llJIH )1.0Ka3aTeJibCTB3 TeopeMbl 4.4 npuMeHHM TeopeMy 4.3 
K Q>yHKUHH F (k) = In <D (k). 11MeeM 

. +co+ic • +co+ id 

In <D (k) = 1 J In ([) ( t) dt- 1 J In([) (t) 
dt= 2.ni t-k 2.ni t-k 

-co+ic ~co+id 

= F+ (k) + F_ (k)4 

3)1.ecb c, d - JII06ble qHCJia, y)I.oBJieTBop HIOmHe ycJioBHHM. 

T_ < c .< T < d < 't+· 11HTerpaJI )1.JIH F+ (k) cxo)I.HTCH )1.JIH 
scex k B nonynnocKocTH T > c. TaK KaK c MO>KHO BbI6paTb 
CKOJib yro)I.HO 6JIH3KHM K 't_, TO F+(k) orpaHHqeHa H aHa­
JIH_THqHa npH T > T_. AHanorHqHo, Q>yHKUHH F _ (k) aHa-

JIHTHqHa H orpaHHqeHa npH T < 't+· IlonaraH ' 

<D + ( k) = eF + < k >, <D - ( k )' = eF - < k >, . 
6y)I.eM HMeTb 

In <D+ (k) +In <D_ (k)'= In <D (k), 
HJIH 

<D (k) = <D+ (k) <D_ (k). 

vfa csoucrB F + (k) cne)I.yeT, 11To <l>YHKUHH <D+ (k) aHa· 
•nuTHqHa, orpaHH11eHa H He HMeeT HyneH: npH T > T_. AHa­
norHqHo, <l>YHKUHH <D_ (k) aHaJIHTHqHa, orpaHHqeHa H He 

HMeeT HyJieH: npH 't < 't+. 
TaKHM o6pa3oM, nocTpOHB <l>YHKUHH <D+ (k) H <D_ (k), 

06Jia)la10mue Tpe6yeMbIMH CBOHCTB3MH, Mbl )1.0K333JIH Teo­

peMy 4.4. 
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' OrMeTlIM, 'ITO ,Tpe6osaHHH, HaKJia)l.hlBaeMhle Ha tPYHK­
UHIO <D (k); MO>KHO cymecTBeHHO OCJI30HTb. 

PaccMoTpHM cHaqaJia o.n.Hopo.n.Hoe ~HTerpaJihHoe ypasHe­
HHe THna BuHepa - Xornpa 

+ro 
<p(x) = J K (x-y) <p(y) dy, · - oo < x <1 + oo. (6) 

0 

(IloJiaraeM .D.JIH npocTOTbI "1 = I, nocKOJihKY sTo s.n.ecb He­
cymecTBeHHo: napaMeTp "1 MO>KHO cquTaTb BXO.D.HW.HM KaK 
MHO>KHTeJib B H.D,po K (x).) 

Bse.n.eM cpyHKUHH <p+ (x) H <p_ (x), nono>KHB 

{
<p (x) npu x > 0, 

<p+ (x) . 0 · npu x < O; 

{ 
0 npu x>O, 

<p_ (~. = <p (x) npu x < O • 

. Tor.n.a ypasHeHHe (6) 3anullleTCH raK: 
+ro 

q>+ (x} + q>_ (x) = } K (x-y) q>+ (Y) dy = 
+ro 

= J K (x-y) qr+ (y) dy. (7) 
-a) 

Tenepb MO.IKHO r'P+ H <p_ Bbipa3HTb .qepe3 <p+ (x): 
+ro 

<p_ (x) = J K (x-y) <p+ (y) dy npu x < 0, 
0 

+oo 
<p+ (x) = J K (x-y) <p~ (y) dy npu x >O. 

0 

. (8) 

IlyCTb cpyHKUHH :It (k), HBJIHIOI.U3HCH npeo6pa30B3HHeM 
Cl>ypbe H.D.pa K (x), aHaJIHTHqHa B noJioce · 

i;_ < lmk< 't+· 

8-ro cOOTBeTcrsyeT acuMnroruqecKoMy nose.n.eHHIO K (x): 

K (x) ~ext- npu x-. + oo; 

K (x) ~ exi+ npu x--.-:- oo. 
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:~ .. ;,' M.bI pac~MaTpHBaeM pemeHHH ypaaHeHHB (6), KOTOpbie 
~'Be)I.yT Ce6H, KaK e'-'x DpH X ~ +oo (r)I.e Jl < 1'_). Y CJIOBHe 
'$1-o He06XO)I.HMO )I.Jiff CXO)I.HMOCTH HHTerpaJia, BXO)I.HIIJ.ero 
~~:,Jr HHTerpaJibHoe yp aaeeeue. AcHMIITOTuqecKoe noae)I.eeue 
::·,,-~ (x) npH x -+- -00 MO}KHO yCTaHOBHTb eenocpe.zr.cTBeHHO 
\!Is ypaBHeHHH (8): 

+ro . +oo 
q>_ (x) c:::: J e<x-y) "+<p+ (y) dy =ex"+ J e-Y"+<p+ (y) dy, 

- 0 

, ,'.Orcio)I.a BHJI.HO, qTo eeo6XoJI.HMo µ, < 'l'+ H <p_ (x) ,llOJI}KHa 
; pecru ce6H. npu x .-+ -oo, KaK e.n+. Q6o3ea11a.H 11epea 
. «>+ (k) H <D_ (k) npeo6pa3oBaHHH. <l>yphe <l>YHKUHH Cf+(x) 
; .u <p_ (x) COOTBeTCTBeHHO, 

saKJiioqaeM, qTo <D + aeaJIH-
TH11ea B DOJIYDJIOCKOCTH 
Im k = 1' > µ., a <D_ 6yJI.eT 
aHaJIHTHqea B DOJIYDJIOCKO-
CTH 1' < 1'+• 

3eaquT, cymecrayeT no-
Jioca µ < 1' < 1'+ (puc. 14), 
~ KOTOpo:H aHaJIHTHqHhl Bee 
npeo6pa3oaaHHH j{ (k), <D+, 

, <I>_. 3ToT ·pe3yJihT3T .ffB .. 
JI.ffeTC.ff OCHOBHhlM B MeTo)I.e 
Queepa - XonQ>a. 

IlpuMee.a.a npeo6pa3o-
Baeue <l>yphe K o6enM 

0 I 

PHC. 14. 

113CTHM ypaaeeHH.ff (7) H HCDOJib3Y.ff TeopeMy 0 CBepTKe, 
IlOJiyl.JHM 

CD++ <D_ = Y21i j( (k) '1>+, 

HJIH 

fl>+ (1 - 'V2n 1t (k)} + tI>_ == o. , 

t1>yHKUH.ff . 1 - Y2ii j( (k) aeaJIHTHqea B DOJIOCe 

If_ <:i Im k ~ T+• 

(9) 



170 M HT E f PAJibH bl E IlPEOB P A30B AHJH1 rr JI. 1v . 

IlonhITaeMCH pa3JIO>KHTb ee Ha MHO>KHTeJIH r + H I/r _ 
i:aK, lITOOhI 

,;o:: I'+(k) 
1 - r "'n Jt (k) = r - (k) • (10) ' 

9TH MHO>KHTeJIH .n.oJI>KHhI 6hITh aHaJJHTHlIHhI H oT JIHlIHilI C>T 
HY JIH B noJiynJIOCKOCTHX 't' > µ. H 't' < 't'+ COOTBeTCTBeHHO. 

06hllIHO )J.OilOJIHHTeJibHO TpeoyIOT, lIT06bI f + H f _ HMeJIH . 

aJireopaHtiecKH:ii pocT, a He 9KcnoHeHU.HaJibHhI:ii. Bo3MO>K· 
HoCTb TaKoro pa3Jio>KeHHH ohIJia noKa3aHa BHHepoM H 

XompoM. 
B Ka>K.n.o:ii .n.aHHo:ii 3a.n.aqe 9To pa3JIO>KeHHe Ha MHO}l{HTeJIH 

.n.oJI>KHO ohITb cpaKTHtiecKH ocym.ecTaJieHo. 
IlycTb TaKoe pa3JIO>KeHHe BhinoJIHeHo. Tor.n.a ypaaHe­

HHe (9) MO>KHO nepenHCaTb TaK: 

<D +r + = -<D _r _. < 11) 

JleBaH qacTb 9Toro COOTHO~eHHSJ aHaJ\HTHtIHa B noJiynJIO· 

CKOCTH Im k = 't' > µ, B TO BpeMH KaK npaBaH llaCTb aHa· 

JIHTHtIHa B noJiynJIOCKOCTH 't' < 't'+. IlocKOJibKY OHH HMeIOT 

oom.yIO OOJiaCTb aHaJIHTHlIHOCTH µ < 't' < 't'+t B KOTopo:ii 
OHH paBHbI, TO MO}l{HO YTBep>K.n.aTb, I.ITO (-<D_r_) HBJIHeTCH 

aHaJIHTHtiecKHM npO)J.OJI>KeHHeM <D+r + B HH>KHIOIO IlOJIY· 
nJiocKocTb. CJie.n.oaaTeJihHo, cpyHKUHH <D+r+ aHaJIHTHtIHa 
BO Bce:ii IlJIOCKOCTH KOMnJieKCHOH nepeMeHHOH k H IlOTOMY 
HBJIHeTCH u.eJIOH cpyHKUHeii p (k): 

OTKy.n.a 
<D+r+ = P (k), 

p (k) 
<D+= r+(k). 

lITOObI HaHTH BH)J. <D+r +' Ha.n.o em.e yqecTb noae.n.eHHe 9TOH 
~ cpyHKUHH npH ooJihIIIHX f k I· YcJioBHe HHTerpHpyeMocTH 
~+ (x) B HatiaJie Koop.n.HHaT -npHBO.lJ.HT K acHMnTOTHKe 

<D + (k) ~ 0 npH I k I --. oo. 
flycTb f + (k) y>Ke BbIOpaHa Tai\, I.ITO HMeeT aJireopaHtiecKHH 
pocT, T. e. npH OoJibllIHX k ae.n.eT ceoH, KaK IlOJIHHOM. Tor.n.a 
p (k) oy.n.eT npe.n.cTaBJIHTb COOOH IlOJIHHOM CTeneHH MeHbIIIeH, 

tieM nopH)J.OK pocra f + (k) (TaK KaK ~ ~!» )J.OJI>KHO CTpe· 

MHThCH K HY JIIO npH I k I ~ +oo ). 3THM onpe.n.eJIHeTcH BH.l( 
p (k). 
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TaKHM o6pa3oM, ytJHThIBa.R (11); Haxo.n.HM 

. p (k) p (k) 
<D+ (k) = r+ (k) ' <l>_ (k) = - r_ (k) ' 

OTKyJJ.a IlO ~OpMyJiaM Oopam.eHH.R IlOJiytJaeM 

+oo+i'f 
( ) 1 J p (k) i kx dk 

cp+ x = 1r r (k) e- ' 
v 2n +c + 

-co " 
+oo+i'C 

( ) - • I J p (k) -ikx dk 
cp_ x - - V 2n . r - (k) e . ' 

-co+i'f · 

17'1 

3THM saaepmaeTc.R pemeHHe HHTerpaJihHoro ypaaHeHHH 
BHHepa - Xon<t>a (6). 3aMeTHM, tJTO <D+ (k) H <D_ (k) onpe­
.n.en.RIOTCH C TOtfHOCTblO )J.O HeKOTOpbIX IlOCTOSIHHbIX. fiocne.n.­
HHe MOJKHO onpe.n.eJIHTb H3 <f>H3HtfeCKOro CMblCJia 38)l8llH 
HJIH IlOJJ.CTaHOBKOH pemeHHSI B HCXOJJ.HOe HHTerpaJibHOe 
ypaBHeHHe (6) .. 

n p H M e p. PaccMOTpHM HHTerpaJibHOO ypaBHeHHe 

+co . 
cp (~) = J e-lx-y)ip (y) dy • . · 

3.llecb SIJJ.po K (x)= e- Ix'· Ero npeo6paaosaHHe <l>ypbe 

.1t(k) = 2 . 
V2n (I + k2) ' 

TaK qTo .1( (k) aHaJIHTH'IHO B nonoce 

-1.< Im k <I. ('t'_ = -1, 't'+ =I). 

Bhlpa>KeHHe I - V 2n: .1t (k) B JJ.BHHOM. CJJyqae paBHO 
.... : • , ,.. >. 

1r- k2-l I'+ 
I - r 2n .1t (k) :::;::: = - • 

k2+1 r_ 

npeJJ.CTBBHM cpyHKllHIO 
k2- I 
k2 +I B BHJJ.e 

Cne)J.OBBTeJlbHO, 

(12) 
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<l>yHKl{Hff r _ BHaJlHTffqffa rrpH Im k> -1. <l>yHKilHJI• r _ (k} aaaJIHTHqffa 

H He o6pall\aeTcst B HYJib npH Int k <::! 1. Cym:ecrsyeT nonoca 0 ~Im k <! 1, 
B KOTOpoii o6e tPYHKIUIH, r _Hr+' aHaJIRTH'IHLI II OTJIH'IHW OT HYJUI. HMeeM 

<I> (k) - p (k). - p (k) (k + i) 
+ - r+ (k) - k2- I • 

cl>yHKU.HSI p (k) )lOJilKHa 6b1Tb aHaJIHTH'IHOH BO BCeH l\OHeqaoA llJIOCKOCTR 
KOMnJieKclf.OH nepeMeHHoA k, a '1>+ (k) ~ 0 npn I kl ~ +oo .. Ha sroro 

"ycJIOBIUI CJie,llyer, 'ITO B Jl3HHOM npHMepe p (k) ~OJUKID paBHSITbCB IlO• 
croHHHoii C; 0Ha ~e MOJKeT paCTH TaK 6blcrpo, KaK k, HOOTOr.1:ta '1>+ (k) ~ I 

.. npe l k I ~ oo. OH a He MO»<eT H. y6blear&, TaK KaK. orcro.ZJ;a BblT.eKaJio 6bl 
cyw.ecrBOBaHHe oco6eHHOCTH y <PYHKIUIH p (k) (IiOJnoca HJIH TO'IKH pasBeT· 
BJieHJut) B KOBeqHoH ll8CTH KOMILTleKCHoli DJIOCKOCTR. HTaK, p (It) =. c = 
= const H 

<I>,. (k) = C~k + i) , . 
-l 

c 
<l>_(k)=- k-i. 

+co+lt 

'P+(X)= ~ J 
-Q;>+i-i 

k +'l -ikx dk 
Jtt ~ l e I 

TaK KaK B 9TOM Bblpa>KeHHH x ~ 0, ro, sau&1Kait KOHTyp HHTerpupOBaHHSI 
llOJlYOKPYlKHOCTblO, .Jie»<all\eit B HHlKBeA nOJiyn~OCKOCTH, H HCROJib3YSI . 
TeopeMy KomH' o Bbll{enlX, naxo~RM . , - . 

'P+ (x) =A (cos x + sin x), x > 0. (13) 
·TaKHM »ee CilocoOOM H8XOAJIM 

c:p_ (x) = Aex, x<O. 

Mcx0Jv1 uenocpe.ZJ;cTBeHHO H3 earerpaJILHoro ypasueHHH, nerKo ycTaHo• 
BHTh, tJTO npH x !>- 0 <l>YHKUH.R cp = fP+ YJlOBJieTeopneT .1:tH4><1>epeu1lHaJ1&• 
110My ypaBHeauro 

q>" + q>= 0, 

J:tJI.R •~oropor,, · (13) ffBJJHeTCR . peme'1HeM. 

PaccMoTpHM renep& aeoAHQPOAHOe ypautreaue Buaepa -
Xompa . · · · 

. 
+<X) 

qi(x)=f (x)+A J K(x-y)qi(y)dy. (1) 

IlpHMeH~H npeo6pa30B8HHe <llyp&e·, npHXO}:\HM 'K C<;)OTHO­
weHHIO 

<»+(k) + <I>_(k) == F+ (k) + F_(k) + V2it 'A,1( (k) Cl>+ (k). (14) 
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~pe,ncTaBJI5UI I - V2n ').., Jt' (k) a au.u.e ~: ~:~ , rreperrnmeM 

paaeHCTBO (14) TaK: 

<D+r+ + r_(<D_-F_)-r~F+ =-O. (15) 

OepBhle ..u.aa. cJiaraeMhlX HMeIOT HYJKHbIH au.u.. TpeThe cJiarae .. 
p.108 \3KOfO BH,U.a He HMeeT. IlyCTh cyw.ecTByeT IlOJIOCa, B KO. 
Topoft aHaJIHTHqHbf H r _ H F +· Tor.u.a Mbl MO)KeM rrpuMeHHTb 
pa3JIO)Keaue (4): · 

r _F+ = G+ (k)+ O_ (k). (16) 

CooTHOIIIeHHe ( 15) rreperrHIIIeTCH IlOCJie 9TOfO T3K: 

<D+r+-G+ :s:-f_(<l>_-F_)+ a~= P(k). (17) 

JieaaH qacTb a.HBJIHTHqHa B HeKOTOPOH IlOJIYilJIOCKOCTH 
Im k > T0, npaaaH - B rroJiyrrJiocKocTu Im k < Ti· Cy .. 
mecTByeT IlOJIOCa aHBJIHTHqHQCTH, o6maH .U.JIH HHX, TaK 
lJTO rrpaBaH qacTb (17) 51BJI51eTC51 aHaJIHTHtfeCKHM npo.u.on­
.lKeHHeM JieBOH qacTH B ' HH>KHIOIO IlOJIYilJIOCKOCTb. <l>yHK­
IJ.HH p (k) BhI6HpaeTC51 KaK ueJiaH <IJYHKII.HH; xapa-KTep ee 

. orrpe.u.eJIHeTCH acHMilTOTHqecKHM rroae,u.eHHeM rrpu I k r ~ 00 

o,u.Horo H3 orrpe.u.eJIHIOIII.HX ee Bhipa:>1\eHuii. Orrpe.u.eJIHB P (k), 
H3XO,U.HM 

IT\ (k) _ P (k) + af (k) 
""+ - r+ (k , 

K no q>opMyJie o6pa.u!eHHH noJiyqaeM <I>+ (x). 



fJIABA V 

BU OJI HE 
HEUPEPblBHblE OUEPATOPbl 

noHHTHe BilOJIHe HenpephIBHOfO onepaTopa B03HHKJIO IlpH 

H3yqeHHH HHTerpaJihHblX onepaTopoa, KOTOphie H B HaCTOfl· 

mee apeMfl flBJifllOTCfl HaH6oJiee Ba>KHblMH npHMepaMH BilOJIHe 
HenpephIBHhlX onepaTopoa. 3To noHHTHe 6hlJIO aae~eHo 
ll. fHJib6epTOM H 3aTeM pa3p868ThlB8JIOCh ero IIIKOJIOH 
(3. lliMH~TOM, <P. PHCCOM, r. Be:HJieM H ~p.). 

<llyH~aMeHT8JihHhie HCCJie~oBaHHfl 9THX MaTeMaTHKOB no-.. 
Ka3aJIH, QTO OCHOBHble KJiaCCHQecKHe CBOHCTBa HHTerpaJihHhlX 

orrepaTopoa (HanpHMep, TeopeMhl <Ppe~rOJihMa) CBH38HhI He .. .. .. 
c HHTerpaJihHOH npHpo~OH 9THX onepaTopoB, a c HX IlOJIHOH 
HenpepblBHOCThlO, 

§ 21. KoMnaKTHOCTb MHOlKeCTBa. KpeTepeA: 
KOMnaKTHOCTH 

0 ri p e ~ e JI e H H e. MnoiJICecmoo D, pacnoAoiJICennoe 
e Memput.1.eCKOM npocmpancmee X, naabl8aemcR KOMnaKmHbl.M, 
ecAu ecRKaR. nocA.eooeantellbHGCmb 9A£Menmoe .MHGiJICecmea D 
cooepiHCUm CXOORU{YIOCR noonoc/leOOBame/lbHOCmb. 

EcJIH npe~eJihl yKa3aHHhlX nocJie~oaaTeJihHOCTe:H npH­
Han.Jie>KaT D, TO MHo>KeCTBO D H83hlBaeTCH KOMnaKmHbtM 
e ce6e; ecJIH >Ke 9TH npe~eJihI npHHa~Jie>KaT npocTpaHcTBY X, 
He npHHa~JIE*Ka, 6h1Th MO>KeT, MHo>KeCTBY D, .To D H83hl­
aaeTcH KOMnaKmHbtM e npocmpancmBe X. 

EcJIH Ka>K~oe 6ecKoHeqHoe no~MHo.>KecTao MeTpHqecKoro 

npocTpaHCTBa x co~ep.>KHT CXO~flllJ.YIOCfl K HeKoTopoMy 
3JieMeHTY H3 X nocJie~oaaTeJibHOCTh, To npocTpaHcTao X 1 

H83blB8eTCfl KOMil8KTHhIM HJIH npoCTO KOMnaKtnOM. 5IcHO, 

QTO KOMil8KT ecTb IlOJIHOe MeTpHqecKoe nyocTpaHCTBO. 
n p HM e p bl. 1. IlyCTh D ~= (0, 1 c R1• B CHJIY 

TeopeMhI BoJihUaHo - BeiiepmTpacca ( [27 l) MHo)KeCTBo D -
KOMil8KTHOe B ce6e MHO>KeCTBO. HHTepBaJI (0, 1) KOMilaK­
TeH a R1, Ho He KOMrraKTeH a ce6e. 
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2. IlycTb X = R1 (qucJioBaH npHMaH). IlpocTpaHCTBo X 
HeKoMnaKTHo: nocJie,noaaTeJihHOCTh HaTypaJibHhIX quceJI I, 
2, ... , n, ... He HMeer npe,neJia. 0,nHaKo B CHJIY TeopeMbI 
BoJihUaHo - Be:HepmTpacca acHKoe orpaHuqeHHoe MHo}Ke· 

, CTBO B npocTpaHCTBe R1 KoMnaKTHo. 
Boo6m.e, B n·MepHoM eBKJIH,noaoM npocTpaHCTBe BCHKoe 

orpaHuqeHHoe 6ecKOHeqHoe MHOJKeCTBO KOMil8KTHO. 
KoMnaKTHOCTh orpaHuqeHHhIX MHoJKecTB eCTb xapaKTe-

u u 
' pHCTHqecKoe CBOHCTBO KOHeqHoMepHbIX JIHHeHHbIX HOpMH-

poaaHHbIX npocTp8HCTB. 11MeHHO, ,nJIH Toro qTo6bI no,nnpo-
. crpaHcTBO L JIHHeiiHoro HopMupoaaHHoro npocTpaHCTBa E 

6blJIO KOHeqHoMepHbIM, Heo6xo,nHMO H ,nocTaToqHo, qTo6bI 
KaJK,noe orpaHuqeHHoe MHo~ecTao .9JieMeHTOB H3 L 6bIJio 
KOMil8KTHO. 

Ilpuae,neM KpHTepHH KOMil8KTHOCTH MHOJKeCTB B HeKOTO· 
pbIX cpyHKUHOH8JibHbIX npocTp8HCTB8X. 

K p H T e p H :H K o M n a K T H o c T H B C [a, b ] 

0 n p e .n e JI e H H e. MHofHCecm80 D t/JYHKU,Ut1 x (t) E 
e C [a, b] Ha3btBaemcR paBHOMepHo ozpaHutteHHblM, ecAu 
cyll{ecmByem .nocmoRHHafl M > 0 maKaR, ttmo Ix (t) I ~M 
iJAR BCex x ( t) E D npu .111060.M t e [a, b ]. 

MHo:JJcecmoo D t/JyHKU,Uti x (t) E C [a, b] Ha3bl8aemcR 
paBHocmeneHHO HenpepblBHblM, ec.llu OAR .ll106ozo e > 0 cyll{e:. 
cmoyem .S > 0, BaBUCRll{ee mo.llblW om e, ma1We, t.1.mo OAR 
11106blx t 1 u t2 us [a, b ], yooe.llemeopRIOlJ1UX HepaeeHcmoy 
I t 2 - t 1 I < .S, u OAR .ll106ot1 t/JyHKt1,uu us paccMampueae.Moeo 
MHOfHCecmea u.Meem Mecmo coomHotueH ue 

lx(i2)-x(t1)1 <_e. 
T e o p e M a (ApueJia). /J.AR mozo ttmo6bl MHofHCecmoo D 

t/JyHX:t1,ut1 x (t) E C [a, b] 6bl.llo KO.MnaKmHblM, Heo6xoou.Mo 
U iJocmamOttHO, ttm06bl OHO 6bl.ll0 paBHO.MepHO OepaHUtteHHblM 
u paBHocmeneHHO. HenpepblBHblM. 

MoJKHO c¢opMy JIH.poBaT.h npocToe ,nocTaToqHoe ycJIOBHe 
KOMil8KTHOCTH MHOJKeCTBa D cpyHKUHH x (t) E c [a, b ). 

Ec.llU 'iJ.llfl MHOfHCecmoa D t/JyHKU,UU x (t), out/Jt/JepeHU,U·,, 
pyeMblX Ha ompesKe [a, b ] , cut11ecniey10m maKue nocmoRHHble 
M 0 u M 1; ttmo O.llR ecex ~ (t) ED BblnO.llHeHbl nepaee:Hcmea 

jx(t) I~ M0 , Jx' (t)I ~ M1 \ft E [a, b}, 
mo MHofHCecmoo D KOMnaKmHo e C (a, b ] • 
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B C3MoM ,ll.eJie, ceMeifcrBo D paauoMepHo orp3HHtJeuo no 
ycJIOB.HIO.. IlpHMeH.ff.ff cpopMyJiy JJ3rpaH>Ka, HMeeM 

lx(t2)-x (t1) I= Ix'~) 11 t2-t1 I~ M1 I t2-t1 I, 

OTKYJI.3 cJie)l.yeT, t1To ceMeH:craoD paauocreneuuo uenpephIBHo. 
Hs TeopeMhl Apu.eJI3 cJieJI.yeT, 11To D KoMn3KTHo B C [a, b ). 

Y rr p a JK He H He. Byp;eT JIH KOMIT8KTHblM s C (0, I] ceMeiicrso 
4>YHKIUIR { tn} (n = I, 2, ._ •• )? 

K p H T e p u ii K o M n 3 K T H o c T u B Lp [a, b ) 

IlycTb x (t) E LP [a, b J. TipoJI.OJDKHM cpyHKIJ.ff.IO x (t) 
nyJieM 33 npe,ll.eJibl oTpe3K3 la, b ). Tor.n.a JVlfl moOOro OT· 
pe3K3 [A. BJ 11ucJioaou ocu HHTerp3~ 

B J l x (t)"lp dt 
A 

HMeeT CMhICJI. 
T e o p e M 3 5.1 (M. Pucc3). JI.Aft moeo ttmo6bl ceMeii­

C11UJO D c/JyHKt.fUu x (t) e Lp [a, b) 6bl.lle troMnaKmHo, Heot!J­
xoiJuMo u docmatnOllHo, ttm06bt smo ceM.eucmeo 6buto /Ja6Ho­
MepHo 02panutteHHblM no ·11,opMe u pa8HOMepne HenpefJb18Hbl.M. 
B c peoHeM, m. e. 'tmoow · 

b 

I) J J x (t) Ip dt ~ M"; 
a 

b 

2) J lx(t+h)-x(t)l~dt<eP, 
a 

npu 0 < h < i> (e) cpD3!J iJllJl BCtx t/JYNJG14au ceMeiicmsa • 

. 
§ 22. 8ooJ1Be eenpepweewe onepaTopw 

·o n p e JI. e JI e H H e. JI uHell11wa onepanwp A, onpe­
~eAeHHbtu Ha AUH£UHOM HOpMUpOBllHHOM npocmpmtcmee Ex, 
co s11at1.e11unMu 6 AUHeuHoM nopMupooaHHOM npocmpaHCmee By, 
tttl8bl8aemcft tmOAHe 11enpepb18HblM, ecAu OH omo6pa:xcaem 
BCJUWe , oepa1tu'll!HHoe MHQ31CectTUJO npocmpa11cmsa Ex 6 KOM· 
na.KmHoe MH03/Cec11l80 npoctn.paHCmsa E11• 
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~flycT&, HanpnMep, Ex = Eu === C (a, b} u 
b 

Ax = J K (t, s) x (s) ds, 
a , 

177 

·' 

~JJ.e K (l, s) - HenpepYBHoe a KBa,llpaTe Q {a < l, s < bf 
anpo. IloKa:>KeM, qTo onepaTop A BilOJIHe HenpepblBeH. 
flycr& ~ x (t)} - orpaHnqeHHOe MHOiKeCTBO <PYHKUHH H3 
C[a, b): 

.. II x II= max Ix (t) f ~ m. 
a<j<;,b 

> • Tor)la: · 
.i 1) <l>yHKU.HH 

b 

y (t) = J K (t, s) x (s) ds 
a 

paBHOMepHO orpaHuqeHbl. ,ileHCTBHTeJibHO, 'f/l E la, b) 
(Y (t) 1 <Mm (b-a), r)le M =max I K (t, s) I· 

a<;,t, s.,;;,b 
2) <l>yHKUHH y ( /) paBHOCTeneHHO nenpepblBHbl. B caMoM 

leJie, aos&MeM nlOOoe e > 0. B cnJiy paBHoMepHoii Henpe .. 
pYBHOCTH H.llpa K (t, s) Hali)lerc11 TaKoe 6 = 6 (e) > O, qTo 

I K (!,, s)-K (t1, s) I~ m (b
8
- a) 

·.npu I t 2 - 11 I < cS u JIJoObIX s E la, b ]. Ho· ror)la 
b 

I y (t,) ~ y (ti) I ~ J I K (t1, s)- K (ti, s) 11 x (s) Ids < e, 
a 

KaK TOJihKO I la :- li I < cS cpasy .llJIH acex <PYHKU.HA y (t). 
Ilocne,llHee osnaqaer paanocrenennyro HenpephlBHOCTb ce· 
MeiicTBa cpyHKU.Hii {y (t) = Ax (t)}. 

B cuny TeopeMbl Apu.eJia MHo:>KecTao <PYHKU.HA {y (t)} 
KoMnaKTHo a npocTpaHcrae C (a, b I. 3Haqur, cornacHo 

· onpe.neneuHzo, HHT.erpan&HblA onepaTop 
b 

Ax = J K (t, s) x (s) ds 

c uenpephlBHblM JIApoM K (t, s} anOJIHe HenpepblBeH • .. 
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F)le 

BnOJIHE HEnPEPbJBHblE onEPATOPbI 

Mo>KHO noKa3aTb, 11To onepaTop 

b 

Ax = J K (t, s)x (s) ds, 
a 

b b 

J J K2 (t, s)dt ds =B2 < + oo, 
a a 

crJI. v· 

BDOJIHe HenpepbIBeH KaK onepaTop, )leHCTBYIOlll.llH 113 
· L 2 [a, bl s L 2 [a, bl~ \ 

Mo>KHO noKa3aTb TaK>Ke, llTO enoAHe Henpepbt6Hbt.M RB~ 
· ARemc.R. onepamop <PpeacoAb.Ma c RiJpo.M, u1rte10U{U.M CAa6y10 

oco6eHHocmb. 
y n p a >K He H H e. floKa38Tb, qTo BCSlKHH JIHH('HHblH orpaHHqeu­

HblH onepaTOp B KOHe11HOMepHOM npocrpaHCTBe BOOJIHe HenpepblBeH. 

OrMeTHM HeKOTOphle CBOHCTBa BDOJIHe H:enpephlBHbIX 
onepaTopos. 

I) BcHKHii snoJIHe HenpephlBHhiii onepaTop HBJIHeTCH 
orpaH1111eHHhfM. 0)lH8KO He BCHKllH orpaHH11eHHbIH onepaTop 
HBJIHeTCH BDOJIHe HenpepbIBHbIM. IlpocTeHlllllH np11Mep: e)lll· 
HH11Hhfii onepaTop I B 6ecK0He11HoMepHoM npoctpaHCTBe He 
HBJIHeTCH BDOJIHe HenpepbIBHbIM. IloKa>KeM 9TO. IlyCTh 
x - MHO)J{eCTBO DOCJie)lOBaTeJibHOCTeii sem.ecrseHHbIX llHCeJI 

X = { 61, S:h • • ., Sn, ••• } T8KHX, llTO 

00 

L f ~k IP < + oo. 
k=l 

ECJIH X = {Sh • • ., £,u • • . } II Y = {111' • • •t 1ln1 • • • }, 
TO onpeJJ.eJIHM paCCTOHHHe MeiKJ).y 9THMH 9JieMeHT8Mll 

no <l>opMyJie 

Mo>KHO noKa3aTb, 11ro TaK sse.a;eHHoe paccroHHHe y.a;oBJieTBO· 
pHeT 8KCHOM8M MeTpllKll •. 

IloJiy11eHHoe MeTp1111eckoe npocTpaHCTBO Ha3bIBaeTCH npo­
cTpaHCTBOM l,. PaccMOTpHM, B qacTHoc;u, npocTpaHCTBO l 9 , 

HBJIHIOllI.eecH JIHHeiiHbIM HOpMHpoBaHHhlM npocTpaHCTBOM. 
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":. 

&ro npocTpaHCTBO HeKoMnaKTHO. Bonee roro, B HeM HMeIDTcB 
QrpaHHqeHHbie HeKOMnaKTHbie MHO)l{eCTBa, HanpHMep 38MK· 
uynxii e.nnHuqHblH map s = s (0, I). nettCTBHTe.TlbHO, pac­
:CMOTpHM nocJie.noaaTeJibHOCTb ToqeK us S: 

e1 =P, 0, 0, ... }, e2 =!0, I, 0, ... }, ... 

pqean.nHo, !lei-· eAI = V2 npn i =fo.·j, TaK qro noCJie.no· 
saTe.rihHOCTb {ed n Jiro6an ee no.nnoCJie,noaaTe.n:bHOCTb He 
~CXO.ZJ.BTCB, qro H .noKashlaaeT HeKoMnaKTHOCTb S. TaK KaK 
·eJJ.HHHqHbIH onepaTop I OTo6pa*aeT e.nHHHqHhlli map Ha 
:teOB, a nocne.nHnii HeKoMnaKTeH, TO, cJie.noaaTe.rtbHO, I 
He BBJIBeTCB anOJIHe HenpephlBHbIM B 6ecKOHeqHoMepHOM 
npocTpaHcTae. # 

-2) EcJIH A H B - anoJIHe HenpephlBHhle onepaTopbI, TO 
a.A + ~B, r.ne a, ~ - qHcJia, TaK>Ke BnOJIHe HenpephlBHhlH 
.oneparop. · 

3) n ye Tb A - BnOJIHe HenpepbIBHhlH oneparop' OTo6pa­
>KaIOW.HH 6ecKoHeqHoMepHoe 6aHaxoao npocTpaHcTBO Ea ce6B, 
-~ B - nponsBOJibHhlii JIHHe:fiHhIH orpaHnqeHHbIH onep aTop, 
JleiicTay10w.nu a TOM me npocTpaHcTae. Tor.na AB n BA -
.anoJIHe HenpepbIBHbie oneparopbI. . 

B caMoM .ne.n:e, onepaTop B npeo6pasyeT npon3BOJibHOe 
;QrpaHnqeHHOe MHO>KeCTBO Dc.E B orpaHnqeHHOe MHO>KeCTBO 
'B (D.)cE, a aro MHo>KecTBO oneparop A npeo6pasyeT 
a KOMnaKTHoe MHo>KecTBO A (B (D)). Cne.noaaTeJihHO, one-

• parop AB nep~ao.nnT JII06oe orpaHnqeHHoe MHO>KecTBO a KOM· 
naKTHOe " noTOMY BnOJIHe Hen_pepbIBeH. 

Y n p a >K H e H e e. rloK~3aTb, l!TO onepaTop BA anoJIHe ttenpe· 
_phIBeH. 

Hs roro, qro e.nnHuqHhiii oneparop I He anoJIHe Henpe­
phlBeH, noJiyqaeM Ba>KHOe CJie,ZJ.CTBHe . 

., BnoAH.e H.enpepbl8Hbltl onepamop· A e 6ecKoHettHoMepHoM 
·npocmpaHcftl6e He Mo~em uMemb oepaH.utteHHOeo o6pamH.oeo 
onepamopa A-1

• . 

4) EcJin nocJie.nosaTe.TibHOCTb anoJIHe HenpephlBHbIX one· 
paropoa {An}, oro6pama10w.nx npocTpaHCTBO Ex B nOJIHoe 
npocTpaHCTBO E11 paBHOMepHo cxo.nHTCB K oneparopy A, 
T. e. U A - An II___. 0, TO A TaK>Ke anOJIHe HenpepbIBHhIH 
oneparop (cM. [ 19]). _ 

DycT:i;, E - 6ecK9HeqH0MepHoe (aew.ecmeHHoe) 6aHaxoBo 
... npocTpaHCTBO. IlocJie.noaaTeJibHOCTb 9JieMeHTOB elt ., .. , e," ... 
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H3 E H83b1BaeTCB 6ll3ucoM 9roro npocTpaHCTBa, ecJIH nI06o:A 
9JleMeHT xe.E O.lJ.H03H81IHO npe,n;cTaBHM B BH.D.e 

00 . 

x z=z. Li ~'e" . 
£=1 

r.D.e ~' - semecTBeHHble 'lHCJia. 
IlpocTpaHCTBO E H83hIBalOT B STOM cJiyqae 6aHax08bl.M 

npocmpaHcmeoM c 6ll3uco.M. . 
PaccM6TpHM BnoJIHe HenpepblBHblH oneparop A, oro6pa .. 

>Ka10mHA 6aHaxoso npocTpaHCTBO E c 6a3HCOM caMo a ce6B. 
0Ka3blB8eTCB, qro oneparop A MOiKHO pa3JIO>KHTb Ha cyMMy 
.ll.BYX JIHHeHHbIX oneparopos: 

• 
A=A1 +A1, 

r.D.e oneparop A 1 - KOHe'lHOMepHblft B TOM CMblCJie, 'ffTO .D.JIB 
nl06oro xe.E 9JieMeHT A 1x npHH8.D.JieiKHT KOHe11HoMepH0My 
IlO.lJ.IlPOCTpaHCTBY' onpe.D.eJI.HeMOMY 6a3HCHhIMH SJieMeH· 
T8MH e 1 1 e 2 1 ••• , en, a HOpMa BTOpOrO He npeBOCXOJl.H'I' 
nanepeJl 38.ll.aHHoro 1lHCJia e > 0, KOTOpoe M02KHO BbIC5paTb 
CKOJib yro,n;Ho MaJlblM: 

Ilo9TOMY rosop.HT, lJ:TO BilOJIHe HenpepbIBHble onepaTOpbl 
B npocTpaHCTBe·c 0a3HCOM nottmu KOHettHO.MepHbt. 9TO CBOHCTBO 
qacro npHHHMalOT B K81IeCTBe onp~.D.e.neHHB BilOJIHe Henpe­
pblBijOro oneparopa: 

/f uHeaHbtit onepamop· A HaabllJaemcR BnOAH.e HenpepblJJ­
HbtM, ecjlU OH MO~m 6btmb c A106oit mO'iHOCmblO annpOKCU· 
MupO(JaH KOHettHO.MepHbtM, m. e. MO:J1Cem 6btmb npeiJcmaBAeH 
e sube cyMMbt KOHettHO.MepHoeo onepamopa u o~pamopa 
c KQ.1' y;:,oiJHO MaAoa HOpMot1. 

HHrerpa.JibHblft oneparop c Bblpo.>KAeHHblM eenpepblBHblM 
B.lJ.poM 

fl n 

A1x - J ~ ak (t) b,, (s) x (s)ds _ 
. a koal . 

ff BJl.HeTCB KOHelIHOMepHbIM (H, 8H8tIHT, BDOJIHe HenpepblB· 
H~M): OH oTo6pa>KaeT see npoc;:TpalICTBO C [a, b I ua OOA· 
npocTpaHCTBO JIHHeftHblX KOM6HHauHii cpyHKUHH a1 {t), 
a 2 {t), ••• , a4 {t). 
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PaCCMOTpeHHoe B § 14 npe)lcTaBJieHHe npOH3BOJlbHOrO 
~npepbIBHoro HJlpa K ( t, s) B BHJle cyMMbl BhlpO}f(){eHHoro 
ppa H H)lpa c MaJJOH HOpMOH 9KBHBaJieHTHa, TaKHM o6pa30M, 
'1Pe.zlCTaBJieHHIO BnOJIHe HenpepblBHOro HHTerpaJibHOro one· 
paropa <l>pe)lrOJibMa_ B BHJle c~MMbl KoH:qHoMepHoro onepa· 
JQpa H onepaTopa c MaJJOH HOpMOH. 
;::··:· . 
!~ . . ,,,. 

§ 2'3. YpaeueHHR PHcca-Way)l.epa 
..;.f. 

~. y paeHeHUJlMU 
1JBJJ.a. 

Pucca-lllayaepa Ha3bIBalOT ypaBHeHHH 

~: .. 
.;-. 

" 
· <p(t) = M<p + f, (1) 

•; ··:-

tp.e A - BnOJIHe HenpephlBHbIH onepaTop. TaKHe ypaBHe­
HliH y.n.o6Ho u3yqaTb B rHJib6epTOBOM npocTpaHCTBe H. 

Ilycrb H - JIHHeii:aoe npOCTpaHCTBO c YMHO>KeHneM Ha .. 
'ICOMnJieKCHble IJ:HCJJa, Ka)KJJ.OH nape 9JieMeHTOB KOTOporo 
'nocraBJieHO B COOTBeTCTBHe KOMnJJeKCHoe' IJ:HCJIO (x, y), 
lt83bIBaeMoe CKaJl!lpHbtM npoUSBedeHueM 9JJeMeHTOB x H y 
·,B o6na.n.arom.ee CBOHCTBaMH: 

, 1) (x, y) = (g, x}, B IJ:aCTHOCTH, (x, x) Be~ecTBeHHd; 
2) (x1 + X:u y) = (xh y) + (x!h y); 
3) (A.x, y) = i\. (x, y) JlJJH JJI06oro KoMnJJeKCHoro qucna i\.; 
4) (x, x) ~ 0, npuqeM (x, x) = 0 # x = 0. 
ECJIH H - JIHHeii:Hoe' npocTpaHCTBO c yMHo1KeHHeM Ha 

p.eii:CTBHTeJibHble IJ:HCJJa, TO CKaJJHpHoe npoH3Be]J.eHHe npeA-
DOJiaraeTCH )leHCTBHTeJibH.blM. . 

no CKaJIHpHOMY npoH3Be,lleHHIO B H MO:>KHO BBeCTH HOpMy 

11x11 =Vex, x), 

nocJJe 11ero H craHOBHTCH JJHHeii:HblM HopMnpoBaHHbIM npo· 
' CTpaHCTBOM. . 

EcAu H 6ecK.OHe.ttHoMepHO u .. noJ1Ro no BBeiJeHHoa HOpMe, 
mo OHO HQ3b/.6aemcJl 2UAbOeptn06bl.M npocmpaHCtn80M (KOM-
DJieKCHbIM HJIH .n.eii:CTBHTeJibHbIM). 

:~ TaKHM o6pa3oM, BCHKoe rHJJbfiepToso npocrpaHcrso HB· 
. JIHeTCH 6aHaXOBbIM. Jl:JJH JIIOOblX 3JleMeHTOB x. y rHJJbfiepToBa 
npocrpaHCTBa cnpaBe)lJJHBo HepaBeHCTBO ByHHKOBcKoro-

, µ.Isapna: • 

j(x, y)l ~UxHOYU· 
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n p. H M e p bl. 1. npocrpaHCTBO l 2 CT3HOBHTCH. fHJlb- · 
6epTOBblM, eCJIH DOJIQ)KHTb 

00 

(x, Y) = ~ ~k~· 
k=l 

2. ilpocrpaHCTBo L 2 [a, bl KOMnJieKCH03HaqHbIX <}lyHK• 
uutt craHOBHTCH rHJibOepTOBhIM, ecJIH noJIO)K~Th 

b 

ex, Y> = J x ci> y (t) dt. 
a 

0 ·a p e .n e JI e H u e. JJ,ea 9AeMeHma x u y 2UAb6epmooa 
npocmpaHcmea H Hf13btBa10mcR opmoeoHaAbHblMu, 8CAU 

(x, y)= 0. 

ConpH*eHHhlii onepaTop 

nycrh H - fHJib6epTOBO npocTpaHCTBO ·" A - orpaHH­
qeHHblH JIHHefiHhIU onepaTop, onpe,neJieHHhIH Ha H, c 06-
JiacTbIO 3HaqeHHU B TOM )Ke npocTpaHCTBe. 

0 n p e .n e JI e H u e. Onepamop A* maKotl, ttmo 

(Ax, y) = (x, A*y) Vx, yeH, (2) 

Hf13btBaemcR onepamopoM, conpR"'eHHblM c onepamopoM A. 
nJIH onepaTopa <I>pe,nrOJibMa B L2 [a, b J c .si,npoM K (t, s) 

conp.si*eHHblM onepaTopoM 6y.neT onepaTop <I>pe,nroJihMa 
c .si,npoM K (s, t). 

OnepaTop A He MO)KeT HMeTb ooJiee o.nHoro conpH*eH­
Horo, npuqeM conp.si)KeHHOCTb orpaHuqeHHbIX onepaTopos 
eCTb csoucTBO B3aHMHoe, TaK qTo A** = A. 

Conp.si*eHHbiii onepaTop JIHHeeH: 

A* (ax + ~y) = aA*x + ~A*y 
(noKa)KHTe 9To!). 

Hcxo,nH H3 onpe,neJieHHH conpH*eHHoro onepaTopa, He­
Tpy,nHo JJ.OK333Tb, qTo 

(Ai+ A2)* =A~+ A~, (A1A2)* = Af A~, (A.A)* =AA*, 

r,ne A. - DOCTOff HHaH. 
· Mo)KHO noKa3atb, qTo BCHKuii· orpaHHqeHHhlii on~paTop A 

HMeeT conp.si*eHHhlii A*, KOTOpbIH TaK*e orpaHnqeH · u nMeeT 
TY *e HopMy, ~o u .naaHhIH onepaTop .. 
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JloKa:>KeM, HanpHMep, paaeHCTBO HopM A H A*. B ·TO:>K­
~ae (2) noJio:>KHM x = A*y. Byn.eM HMeTb 

(A*y, A*y) = 11 A*y IF= (AA*y, y). (3) 

tJileHHBaH npaayro qacTh (3) no HepaaeHCTBY ByHHKOBCKoro­
IUsapua, noJiyquM 

II A*y·IF ~II AA*y 1111yII~IIA1111A*y1111 Y II, 

II A*y II~ II A 1111Y11. 

~o HepaaeHCTBO noKa3bIBaeT, qTo onepaTop A* orpaHuqeI:f 
tir tiro If A* II ~ II A II. · 
~~- nonaraH Tenepb B (2) y = Ax, TQqHo . TaK :>Ke Hau,ueM, 
''1-o II A II ~ II A* II. CJie.u.osaTeJibHo, II A II = II A* 11. 
> IlycTb B ypaaHeHHH Pucca-lllay.u.epa (1) f (t) eL 2 aa; b J H <p (t)EL2 [a, b ). 3ro ypaBHeHHe MO.>KeT 6hITb pe· 
~llieHo TeM :>Ke npHeMoM, KOTOpbIH B § 14 6hIJI npHMeHeH 
;x ypaBHeHHIO <I>peJI.rOJibMa c HeBhlpO:>KJI.eHHbIM HJl.pOM. l1MeHHO, 
.~npeJI.CTaBJIHeM onepaTop A a BHJI.e cyMMhl onepaTopoa: 

A =A1 +A2, 

.rJI.e 
n 

A1<p = L ( <p, bk) ak (t) 
k=l . 

. ~ Bhrpo:>KJI.eHHhl.H (KoHeqHoMepHhlH) onepaTop, A 2<p - one­
'p_aTop C JI.OCT3TOtIHO M3JIOH HOpMOH. naJibHeHlllHe paccy:>KJI.e­
HHH no cyw.ecray He QTJ]HqaKITCH OT npoBeJI.eHHbIX B § 14. 

ByJI.eM Ha3bIB8Th 3HaileHue A. xapaxmepucmuttecKu.M, ecJIH 
OJl.HOpOJI.HOe ypaBHeHHe 

HMeeT HeTpHBH8JibHble pemeHHH, KOTOpble H83bIB8lOT cof5-
cmeeHHbl.MU t/JYHKl{UJl.MU onepaTopa A, OTBet1a10rn.uMH JI.aH­
HoMy xapaKTepHCTHlleCKOMY 3HaqeHHIO A.. nJIH ypaBHeHHH 
Pucca-IllayJI.epa cnpaBeJI.JIHBhl TeopeMbl <I>peJI.roJihMa. 

T e op e M a 5.2. EcAu aHat.teHue A. He aBARemcJl xapaK­
mepucmuttecKu.M, mo KaK ypa.6HeHue (1), maK u conp~eHHoe 
c HUM ypa.6HeHue 

(4) 
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roe A* - onepamop, conpR.'1CeHHbltl c A-, pa3petUUMO npu 
/U06oM CBo6oiJHoM tt.n.eHe u peU1£Hue K.a3fCa020 ua amux ypOJJHe· 
HUU eauHCmseHHO. ' 

T e o p e M a 5.3. EcAu A. xapa1anepucmuttecK.oe, mo 
oiJHopoiJHoe ypaeHeHue u conpJlOICeHHoe oiJHopoOHoe 

(5) 

UMelOm oaHo U mo ;J/C,e ttUqAO AUHeUHO He8a8UCUMblX COOCnuJeN• 
Hbl.X rjJyHK.11ua. 

Teo p e M a 5.4. P.AR tn020 'lmOObl ypaeHeHue (1) 6blAO 
paspeiuuMo, 11eo6xoauMo u (}ocmamottHo, 'lmo6bl eeo CBo6oiJH.blu 
'lAeH I 6blA opmoeaHa/leH K. A1060MY peiueHUIO oaHopolJH.OZO 
conpRmeeHHOeO ypaeHeHUR (5). ' 

T e o p e M a 5.5. BnoAHe Henpepb111HblU onepamop ltMeem 
He 60.n.ee ettemHoeo MH03fCec11UJa xapaK.mepucmuttecK.ux 'lUceA, 
K.OmOpblC Moeym czyU{llmbCR mOAbK.O Ha 6ecK.OHe'lHOCmu • 

.UnH ypaaHeHHH Pucca-lll.ay;r.epa ocraeTcH a cuJie aJibTep· 
uarusa cJ>pe;r.roJibMa. ... 
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CHMMETPHqHblE 
HHTEfPAJlbHblE YPABHEHHSI 

TeopHH CHMMeTpHt1HhIX HHTerpaJibHblX ypaaeeHHi, Jl.JIS 
JOTophIX K (t, s) = K (s, t), Mo»<eT 6b1Th nocrpoeea eesa .. 
8HCHMO OT TeopHH <l>pe.n.roJihM8. . 
~: MbI eatiHeM usJiomeeue c o6w.ux TeopeM, Kaca10muxcH 
'-, IJJ CHMMeTpHtIHblX JIHHeHHblX onepaTopoe. 

, § 24. CHMMeTpH'IHble onepaTopbl. 
TeopeMa rnAhOepTa~lllMHATa 
0 n p e .n. e JI e H u e. JluHeUHbltl onepamop A, lJeucmoy­

IOU{Utl ua cUAb6epmoea npocmpaHcmoa H s H, HCl8bU3aemcn 
; CUMMempUttftblM; eCAU a/l.11. Ato6blX x, y EH 
:. (Ax, y) = (x, Ay). (1) . 
r Paeeecreo (1) noKasbleaeT, tiTO .n.Ji.H CHMMeTpHtieoro one-
l'.'paTopa 

A*y-=Ay Vye.H, 

:· T. e. cHMMeTpHt1Hblii onepaTop coena.n.aer co C'.Q9HM conpH­
. meHHbIM. Tio9TOMY CHMMeTpHllHblH onepaTop H83blB8IOT T8K>Ke 
· caM<rconpJtJ1CeHftblM onep aTopoM. 

B npocTpaecree l 2 [a, bl paccMOTpHM HHTerpaJibHblH 
onepaTop <l>pe.n.roJihMa : 

b . 

Ax·= J K (t, s) x (s)ds 
a 

c .n.eiicreHTeJihHhIM £ 2 .. H.n.poM K (t, s). HcnoJI.hsys TeopeMy 
<l>y6HHH' HMeeM . 

(Ax, y) =I {f K (t, s) x(s)ds} y(t) dt = . 

.. r= j{f K (t, s) y(t) dt} x(s) ds""" (.Y1 A*y), 

• 
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r.u.e 
b 

A*y = J K (t, s) y (t) dt. 
a 

TaKHM o6pa3oM, nepexo.u. K conpH>KeHHoMy onepaTopy 
33KJIIOtiaeTCH B TOM, tITO HHTerpHpoeaHHe Be)J.eTCH no nepBOH .. 
rrepeMeHHOH, Tor.u.a K3K B HCXO)J.HOM onepaTope OHO Be)J.eTCH .. 
no eropoH. 

ECJIH HP.po K (t, s) CHMMeTpHt1Hoe: 

I( (t, s) =I( (s, t) Vt, s, 
TO 

b b 

A*y = J K (t, s) y (t) dt = J K (s, t) y (t) dt = Ay, 
a a 

H onepaTop <l>pe.u.roJibM3 B 9TOM CJiyqae CHMMeTpHtIHblH. 
KoMnJieKcHo3Hat1Hoe HP.po K ( t, s) H33hIBaeTCH cu.M.Mem· 

pUttHbl.M, eCJIH 

I( (t, s)= I( (s, t). 

H HtneepaAbHoe ypaeHeHue, !Wpo KOtrlfJpoeo cu.M.MemputtHo, 
. 6yae.M HOSblBamb CU.M.MempUttHbl..M UHtneepllAbHbl.M ypaeHeHUe.M. 

HanoMHHM cJieAy10mHe noHHTHH, oTHOCHIIJ.HecH K JIH· 
HeHHhlM onepaTopaM (He ooH3aTeJihHO CH~MeTpHtIHhlM). 

IlycTb HMeeM ypasHeHHe 

Ax-A.x =f HJIH (A-A,/)x =f, (I) 

r.u.e A - JIHHeHHbIH onepaTop, .u.eft.CTBYlOIIJ.HH B oaHaXOBOM 
npocrpaHCTBe x' H ;.., - HeKOTOpbIH napaMeTp. 

HapHJJ.Y c ypaetteHHeM (I) paccMOTpHM ypaeHeHHe 

Ax-A,x=0,, HJIH (A-A,/)x=0, (II) 

KOTopoe H33bIB3eTCH O)J.HOpOJJ.HbIM ypaeHeHHeM, COOTBeT· 
crey10m.HM ypaeHeHHIO (I). 9To ypasHeHHe ecer.u.a HMeer 
peweHHe x = 0, KOTOpoe H33bIBaeTCH TpHBH3JlbHblM pewe­
HHeM. 

JlonycTHM, tITo JJ.JIH HeKoToporo ;.., onepaTop A-'AI 
HMeeT oopaTHbIH (A - 'J...It1 = R)_t- H33bIB3eMbIH pesoAb­
BeHmHhl.M onepamopo.M )J.JIH ypaBHeHHH (I) .. nJIH 9TOfO A 
ypaeHeHHe (I) HMeeT npH JIIOOOM /EX e)J.HHCTBeHHOe perneHHe 

x=RJ. 
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fJJlHopoJlHoe ypasHeHue (I I) nMeeT B 3TOM cJiyqae TOJihKO 
TpBanaJihHoe peweHue x = 0. 
· · · 0 n p e .u. e JI e H u e. 3HatteHUR i ... , npu KOmopblx ypae· 
lf.eff,Ue (I) UMeem eauHCmBeHHoe pew.eHUe npu A1060M f EX, 
(1 onepamop Ri. onpeoeAeH Ha sceM X u 02paHutteH, Ha.3bt· 
erpomcR peeyARpHblMU 8HQtteHUJlMU a./lJl onepamopa A. . 

·cosoKynHOCTb peryJIHpHbIX 3HaqeHHH Ha3blBaeTCH pe· 
8f>Ab6eHm1tblM MHo~ecmBOM p (A) onepaTopa A. 
; EcJiil ypasHeHne (I I) npu .rr.aHHOM A. nMeeT, KpoMe. Tpu­

puaJibHoro, HeKOTopoe .rr.pyroe perneHue, To TaKoe 3H~qeHue A. 
pa3b1BaeTCH co6cmBeHHblM aHatteHueM onepaTopa A, a He· 
g>usuaJibHoe pewenue ypasHeHuH (I I) Ha3blBaeTCH co6cmBeH­
""M 8AeMeHmoM onepamopa A' COOmBemcmBy10w,uM aaHHOMY 
'i;o6cmBeHHOMY aHatteHu10 A.. 

B npocTpaHCTBe Rn co6crseHHblH BeKTop JIHHeuHoro 
pnepaTopa A ecTh TaKon BeKTop x, KoTopblft: nepeso.rr.nTcH 
ljnepaTopoM A B eMy KOJIJIHHeapHhlu; 

AX=AX. 
Jl.JIH e.rr.uHuqHoro onepaTopa I JII06ou BeKTop x HBJIHeTCH 
~o6CTBeHHblM c co6CTBeHHblM 3HaqeHueM I, TaK KaK 
!".-

' lx=x Vx. 
~.H onepaTopa no.Zlo6MH c Ko3¢q>uuneHTOM no.rr.o6HH a JIIOOoH 
,eKTOp x HBJIHeTCH co6CTBeHHblM c co6CTBeHHblM 3Haqe~ 
~neM a, TaK KaK no onpe.rr.eJieHHIO onepaTopa no.rr.o6nH 
-.· 
· Ax=ax . 

. OnepaTop nosopoTa Ha yroJI <p, 0 < <p < n~ .rr.eucrsy .. 
IOIUHH B R2 , He uMeeT co6CTBeHHhlx BeKTopos, TaK KaK, 
KaKuM-6bl HH 6bIJI BeKTOp x =fo 0, DOCJie DOBopoTa Ha yroJI <p 
(0 ~ <p < n) MbI HHKor.u.a He noJiyqnM BeKTop, KOJIJIHHeapHbIH 
HCXOJ(HOMY BeKTopy. -

ECJIH A. - co6CTBeHHoe 3HaqeHue onepaTopa A u ypaBHe­
HHe (I) HMeeT perneHue npu HeKOTopoM f •. TO 3To perneHue 
Be 6y.rr.eT e.rr.uncTBeHHhIM. B caMoM .rr.eJie, ecJin x 0 - pemeHue 
ypaBHeHHH (1) 

Ax0 -Ax0 =f 
u e - co6cTBeHHhlH 3JieMeHT onepaTopa A, 0Tseqa10muu 
.rr.aHHOMY co6CTBeHHOMY 3HaqeHHIO A, TO, corJiaCHO onpeJJ.e­
JieHH.IO co6cTBeHHoro 3JieMeHTa, 

Ae_..:J..,e = 0, 
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H, 3HaqnT, 

A(x0 + e)-A.(x0 + e) = Ax0 -A.x0 + Ae-Ae =ft 
T. e. x0 + e eCTb TaK:>Ke perneHue ypasHeHHH (I). 

0 n p e Jl e JI e H He. CoooKynnocmb ecex 8Hattenua A., 
He RIJAJIJOU1UXC!l pee!JA!lpHblMU, Ha3bl8aemca cneKmpoM (J (A) 
onepamopa A. B qacrHocTu, sc.e coocTBeHHhle 3HaqeHHH 
npuHaJJ,Jie>KaT cneKTPY. 

H p H M e p bl I. TiycTb A - ·JiuHeHHbIH onepaTop, JJ,eu-
cTsy10111.nii BR", u nycrb ~ = (aa)i.i=l~2, ... ,n ecrh 
MaTpuua 9Toro onepaTopa. 

YpasHeHne 
Ax --- A..x =I. (III) 

.. 
r,a:e x = (x1, ••• , Xn), f = (/ lt .... , f n), npeACT3BJIHeT 
co6ou cu~eMy n JIHHeHHbIX HeoJJ,Hopo,llHbIX aJire6pauqecKnx 
ypasHeHuii c n HeH3BeCTHbIMH. Ee.nu onpe.n.e.nuTeJib fl (A.) 
cucreMH OTJinqeH OT HYJIH, T. e. ecJin A. He ecrb KopeHb 
ypaBHeHHH fl (A.) = 0, TO CHCTeMa (III) HMeer npu JIIo6bIX 
npaBblX qaCTSIX e,llHHCTBeHHoe pemeHHe H, CJJe.D.oBaTeJibHO, 
see TaKne 3HaqeHHH napaMerpa A. peryJI.srpHbI. KopHu ypas­
HeHuH ~ (A.) = 0 ot5pa3y10T cne~Tp, TaK KaK npu TaKnx A 
CHCTeMa (III) B 06111.eM cJiyqae Hepa3pernnMa. Tip~ 3THX 
3HaqeHRHx A oJJ,Hopo.n.Ha!f cucreMa 

Ax-'Ax=O 
. 

uMeeT HeHyJiesoe pemeHne H, 3HaqnT, JIIOOaH ToqKa cneKTpa 
eCTh co6crseHHoe 3HaqeHue. · 

2. PaccMOTpHM B np~paHCTBe C (0, I] onepaTop yMHO· 
JKeHHH Ha He33BHCHMY10 nepeMeBHyIO: 

Ax= tx(t). 

YpasHeHue (I) npuHnMaeT B atoM cJJyqae BB.lt 

tx {t)-A.x (t) :::::: f (t), 
HJIH 

(t - A) x ( t) = f ( t) (O~t~ I). (IV) 

ECJIH "'e (0, I], TO ypaBHeHHe _(IV) HMeeT npu' JIIOOOH 
f ( t)eC co. 1] e,llHHCTBeHHoe uenpepblBHoe pemeHHe 

I 
x (t) = t _:.a, f (t), 
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~ 1ff0 ace 3HaqeHHH A. E [0, l] HaJIHIOTCH peryJI.stpHblMH. 
J;" .npyroft cropoHbI, KaK HeTPYJJ.HO IlOK333Tb ( (381), ace 
~tiaqeHHH A. E (0, 11 .HaJI.HIOTCH~ToqKaMH cneKTpa. TipH 9TOM 
P. .OJI.HS ToqKa cneKTpa He HaJI ReTCH co6craeHHblM 3HaqeHHeM, 
,,.K KSK perneHHeM OJJ.HOpOJJ.Horo ypaaHeHHH 
~~/ 
~'"· -·~ 
;~:'. l 

fl:" ,-;.· (/-A.)x (t) == 0, 
:; t ~ 
<!"i 

• npocrpaHcrae c [ 0, 1 ) HaJIHeTCH TOJlbKO cPYHKUHH x ( t) ~ 
:::::: 0. B caMoM JJ.eJie, npH JIIOOoM cpHKCHpoaaHHOM A. 0 e f 0, 1 J 
~MHOJKHTeJih t-A. 0 o6pam.aeTCH a HYJih JIHillh npH t = A. 0; 

:t:r;ro6hl <l>YHKUHH ( t-A. 0) x ( t) To1K,ll.ecraeHHo paaHHJiacb HYJIIO 
:Ba (0, l ), HaJJ.o, 11To6bl x (t) :::: 0. 

PaccMoTpHM HHTerpaJihHoe ypaaHeHHe 
I:: 

cp (t) = A. J K (t, s) cp (s) ds + f (t). 
a 

06o3HaqaH 
b 

Acp = J 1( (l, s) cp (s) ds 
a 

H noJiaraH 1/A. = µ, 33IlHllleM ypaaHeHHe a au.ne 

Acp-µcp = -µ/, 
OTKyJJ.a aHJJ.Ho, trro co6cmBeHHbte 8HatteHUR onepamopa A, 
ecJIH OHH cym.ecTayroT, cymb o6pamHb/,e BeAUttUHbl xapaKme .. 
pucmuitecKUX ttuceA RiJpa K (t, s). . 

y CTaHoaHM HeKOTOpbie caoiicraa co6craeHHblX 9JieMeHTOa 
H co6crneHHblX 3HaqeHHH CHMMetpHqHbIX onepaTopoa a rHJib .. 
6epToaoM npocTpaHcTae H, aHanorHqHble cooTaeTcTayrom.HM 
caoiicraaM KOHeqHoM.epHbIX CHMMeTpHqHbJX onepa-ropoa. 

l. Bee cp6cmeeHHbl.e BHatteHUR cUM.MemputtHoeo onepa­
. mopa A o H iJeucmeumeAbHbl. 

B caMoM JJ.eJie, nycTh Ax = A.x, II x JI + 0. TorJJ.a 

A. (x, x) = (Ax; x) = (x, Ax) = (x, A.x) =I (x, x), 

OTKy.n.a "' = ~t qTo MOJKeT 6b1Tb JIHWb npH ,ll.eHCTBHTeJibHOM A.. 
2. Co6cnweHHble 9Ae.MeHtnbl cuM.MeinpU'f.HOOo onepamopa, 

omeet.ta10u;ue pa3AUttHb/.M co6cmtJeHHblM sHatteHU.R.M, opmoeo. 
HQ/tbltbl,. 
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JleiiCTBHTeJihHo, ecJIH Ax = 1..x, Ay = µ,y, npuqeM /.. :::/= µ., 
TO 

/.. (x, y) =(Axt y) = (xt Ay) = (xt µ,y) = µ (x, y), 

oTKy.n.a (x, y) = 0, 'ITO, corJiacHo onpe.n.eJieHHIO, 03Haqaer 
opToroHaJibHOCTb sJieMeHTOB x, y E H. 

OrMeTHM ew.e, 'ITO JI.JUI CHM~eTpH'IHoro onepaTopa A 
seJIH'IHHa (Ax, x) scer.n.a .n.eiiCTBHTeJihHaH. B caMoM .n.eJie, 

(Ax, x) = (x, Ax) =(Ax, x); 

tJTO H JJ.OK83blB8eT Hallie yTsep:>KJJ.eHue. 
BseaeM CJieay10w.ee IlOHHTHe. nocJieAoBaTeJibHOCTb {xn}t 

Xn E H' H83bIB8eTCH C/la60 cxoaJttl{eUCJt K 3JleMeHTY x 0 e H' 
c.n 6 H Xn ~ x0 , eCJIH JI.Jiff JIIO · oro y ~ 

B OT JlH'IHe OT CJl800H CXOJJ.HMOCTH CXOJJ.HMOCTb no Hop Me 
B rHJih6eprosoM npocTpaHcrse H H83blB8IOT cuAbHOu cxo­
auMOCmb10. 11.3 CHJibHOH CXOJl.HMOCTH CJie.n.yeT CJI808H; .ot5paT­
HOe, K8K OOK83blB8IOT npHMepbI, HesepHO. 

KaK H3BecTHot ccpepa KoHe'!HoMepHoro npocrpaHCTBa 
KOMU8KTH8, T. e. K8}K,ll.8H OeCKOHetJH8H nocJieJJ.OB8TeJibHOCTb 

ee 3JieMeHTOB co.n.ep)KHT CXOJJ.HW.YIOCH no.n.nocJieJJ.OB8TeJibHOCTb 
(npHHUHil BoJibU8Ho-BefteplllTpacca). B oeCKOHetJHOMepHblX 
npocrpaHCTB8X 3TO, K8K Mbl BHJJ.eJIH, HeBepHo. Ho B KOHeq .. 
HOMepHbIX npocrpaHCTB8X CHJlbH8H CXO,llHMOCTb COBil8,ll8eT 
CO CJI800H, H OK83blB8eTCH, lJTO CBOHCTBO CJl800H KOMil8KT .. 
HOCTH coxpaHHeTCH H npH nepexo,lle .. K OeCKOHetJHOMepHOMY 
CJiyttaIO. 

HMeHHo, BCJtKoe oepanutteHHoe MHo'JICecmeo zuAb6epmoea 
npocmpancmBa cAa6o KoMnaKmHo, m. e. ua A106ou nocAea<>­
BameAbHocmu aAe.Menmoo, npunaaAe'JICa~u maKoMy MHa'JICe· 
cmey' MO'JICHO Bbl,aeAumb CAa6o CXOORU{YIOCJt noanocAeaOBa· 
meAbHOCmb. 

LloKa>KeM reopeMy, Hrpa10rn.y10 OCHOBHYIO poJib BO BCex .. 
,ll8JlbHeHlllHX nocrpoeHHHX. 

T ,e o p e M a 6.1. BcJtKuu omAuttlibl,u om HYAeBozo BnoAHe 
HenpepblilHbtU CUMMempUttHbtU onepamop A' aeucmey10U{UU 
B eUAb6epmoooM npocmpaHcmBe H, uMeem no KpauHeil Mepe 
WHO HeHyAeBoe co6cmeeHnoe SHatteHue A. 
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. .n 0 K a 3 a T e .n h c T B o. nycrh A =I= 0 - CHMMeTpuq­
"·JllilH eno.nHe HenpepbIBHblH, onepaTop, .l(eHCTBYIOlll.HH B rH.nh-
(feptoBOM npocrpaHcree H. PaccMOTpHM cpyHKUHoHa.n (Kea­

tnpatHqHyro <Pop My) (Ax, x) Ha eJI.HHHqHoA c~pe S 1 : II x JI = 1. 
iHs ~ Kypca aHa.nH38 H3BeCTHO, qTo <PYHKUHH m nepeMeHHbIX 
~~1 {X·1, x 2t ••• , Xm), HenpepblBHaH B 38MKHyToA orpaueqeH-
fBOA o6.nacrH 0 ToqeK m-MepHoro npocrpaHCTBa (T. e. Ha 
~~ROMilSKTHOM MHOJKecree), ,ll.OCTHf8eT B 0 ceoero HSHOO.nhWero 
··;H HSHMeHhwero 3HaqeHHH. 

AHa.noruqHo, nocKo.nhKY c<Pepa S 1c.H c.naoo KoMnaKTHa 
, ' ce6e, a KBaJI.paTHqHaH cpopMa (Ax, x) c.na6o nenpepbIBHa, 
'TO OHS Jl.OCTHf SeT Ha s 1 ceoero HSHOO.nhwero H HSHMeHhWero 

. . . 
auaqeHHH. 

Ilycrh 
M = sup J(Ax, x)I 

JI xU=l 

· (Mo>KHo noKasaTh, qT·o M = II A JD. 
;., no onpeJI.e.neHHIO eepxHeil rpaHH HaliJI.eTCH noc.neJI.oea­
t:Te.nhHOCTh HOpMHpoeaHHblX 3JieMeHTOB {en}, ,n..nfl KOTopoli 
:: ~y~ecreyeT 

paeHhlH + M u.nu -M. 3TOT OT.nHqHhlii oT Hy.ns npe,ll.e.n 
Q()o3HaqHM A.p Hs orpaHuqeHHOH nocJieJI.oBaTeJihHOCTH Jen} 
Bbl,lleJIHM IlO,Zl.IlOC.ne,Zl.oBaTeJihHOCTb {entJ ' lt Jl.JIH KOTopoH. 
cymecreyeT 

_1imAe11 , =h, 
l-)>CO 

(2) 

111'0 B03MO>KHO, 
nocKO.nhKY 

TaK KaK onepaTop A enoJIHe HenpephleeH. 

H Aen, __;_ A.i.eni 11
2 = (Aen, - 'A.1en,, Aen, - A.1eni) == 

=II Aen, Jf-.2A.1 (Aen,, en) + A.i, 

TO 

Jim II Aen - A.1en U 2 = llh IJ 2 - 2A.j + A.f == Uh ll 2-A.i.. (3) 
l-+co l i 

Ho 

II Aen, JI ~ M It en 1 II = M = ( A.1 }, 

TaK ~o U h II ~ I A.1 t. 
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-
TiocKoJihKY Jieeasi qacrb (3) HeoTpuuaTenhHa, To Uh II = 

= J Ai ( H, CJie,ll.OBaTeJibHO, 

(4) 

OTKy,ll.a CJie,ll.yeT, lffo Jim en£ cymecreyeT H, c yqeroM -(2), 
i -7 OO· 

paBeH h!A.i. BBe,ll.H 3JieMeHT Xi = hlA.i, HOpMa KOToporo 
paeHa e,ll.HHHile, H3 (4) noJiyqaeM b 

Axi -A.ixi = 0, 
HJIH 

' 

Axi = A.ixtt 

1ffo H o3Haqaer cymecreoeaHHe HeHyJieeoro co6CTaeHHoro 
3JieMeHTa Xi, I( Xi II= 1, 0Teeqa10w.ero HeHyJieeoMy coo .. 

. creeHHoMy sHaqeHHIO Ai. TipH 3TOM 

·1 Ai I = sup I (Ax, x) I =II A JI. 
ttxtt=I 

Hs npHBe,ll.eHHhlX paccyiK,ll.eHHii HCHo, lffo enoJIHe HenpepbIB• 
HblH CHMMeTpHqHblH onepaTop A, He HMeIOIUHii HeHyJieJ3hlX 
co6creeHHhlX 3HaqeHHH, ecrh HyJieeoii onepaTop: A = O. 

}lJIH HeCHMMeTpHqHblX onepaTopoB B n .. MepHOM npocTpaH .. 
CTBe. eepHa CJie,ll.yIOIU3H TeopeMa: 8CJIK06 AUH8UHOe npeo6-
p0308aHue e n-MepHiJM npocmpaHcmee UMeeni xonm 6IJI. oOUH co6 .. 

_ ctnoeHHbf,u ee1e1nop. 
3To yTeep:iK,ll.eHHe He nepeHOCHTCH Ha oomHe · enoJIHe 

HenpepbIBHhle onepaTopbl B H. JleiiCTBHTeJihHo, nycrh one .. 
paTop A sa,ll.aH B l 2 <PopMyJioii 

Ax - A ( ) _ (o x. xn-t ) - X17 X1, •, ., Xn, • •• - , Xtt 2' • • ., n -1' . . . • 

9tOT onepaTop BilOJIHe penpepblBeH, HO He HMeeT HH O,ll.HOro 
COOcTBeHHoro 3JleMeHTa. . 

Jlpyroii npHMep: HHTerpaJibHblii onepaTop BoJibTeppa 
B L 1 [0; 1 J · 

' Ax= J K (t, s)x(s)ds 
0 

c HenpepbIBHblM H,ll.pOM He HMeeT HH . O,ll.Horo HeHyJieeoro 
co6cTBeHHoro sJieMeHTa, 
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iise.n.eM CJI e.n.yiom.ee 
o· n p e .n. e JI e H H e. fl oiJnpocmpaHCmBo L e H Hfl3bl­

Ba'erntR UHBapuaHmHblM noiJnpocmpaHcmeoM onepamopa A, 
ec/W. iJ.11.R .11.106ozo x e L uMeeM Ax e L. 

11.JIH CHMMeTIHltIHoro oneparopa A BMeCTe o L uusapnaut­
Hbl~ no.n.npocrpaucrsoM HBJIHeTCH raK*e He L - oproro· 
HaJihHoe AonoJiueune L. B H, T. e. eosoKynHOCTb scex sJie· 
MeHTOB Z e H, oproroHaJibHbIX L. B caMoM .n.eJie, nycrb 
l{e He L H y - JIIo6oii 3JieMeHr L. 11MeeM 

(Ax, y) = (x, Ay) = 0, 

;fa.K leaK Aye L B CHJIY HHBapHaHTHOCTH L. TaKHM oopasoM, mx oproroHaJieH JIIOOoMY 9JieMeHry H3 L, T. e. Axe H e l, 
tITO H )l.OKa3bIBaer HHBapHaHTHOCTb DOCJJe;I.Hero no.n.npo-

tofpaHCTBa. . . 
BepHeMCH K nocrpoeHHIO cneKrpa CHMMerpHtIHoro BDOJIHe 

llJenpepbIBHoro oneparopa. nycrb Li -·no.n.npocrpaHCTBO, 
lroPO}l{)l.eHHoe 9JieMeHTOM x it T. e. C0!30KYDHOCTb 9JieMeHTOB 
IHJJ.a { txi\, r.n.e t - tIHCJiosou napaMerp. Tor.a.a . 

Atxi = tAxi = !Ai.xi e Lb 

11, CJie.n.osareJihHo, Li - HHBapuauruoe no.n.npOCTpaHCTBo 
oneparopa A. Tor.a.a H 1 == H e L1 raK}l{e HHBapHaHTHOe 
no.n.n'pocrpaucrso. PaccMOTpHM ero KaK caMOCToHTeJibHoe 
r.unh6eproBo npocrpaucrBo. IlpHMeHHH K oneparopy A, 
Aeiicrsyrom.eMy B H 1 , paccy.>K.D.eHHH, auaJiorHtIHble npnse­
AeHHbIM B reopeMe 6.1, aaKJIIOtiaeM, tITO cyw.ecrsyer sne­
-11eur x 1 e Hi' II x 2 IJ = 1, raKoA, ·qro 

Ax2 =A.ax2. ~ 

fipn SToM sJieMeHT x 2 oproroHaJieH xi H 

I A.m I = sup I (Ax, x) I ~sup I (Ax, x) I =I A.1 f. 
s1 nHi S1 

-~areM paccMarpnsaeM no.n.npocrpaucrso L 2, nopo*.n.euHoe 
SJieMeHTaMH xi H x 2, H T. )I.. 

JlorHtieCKH B03MO}l{HbI .n.~a CJiytiaSI. 
1. IlocJie n~ ro wara HMeeM 

Ctn = inf (Ax, x) = ~n = sup (Ax, x) == O. 
Sl n Hn . t Sl n Hn 

7 M. JI. Kpacttoa 
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Tor.n.a (Ax, x) = 0 Ha H nt tITO B03MOJKHO, JIHWb ecJIH Ax = 0 
Ha Hn.. B 9TOM cJiytiae Mhl rroJiyqaeM, tITo 

Xb X2,, ,. • • , Xn, 

A.1, A-2, • • • ' An 

o6pa3yIOT CHCTeMy acex COOCTBeHHbIX 9JieMeHTOB H acex 
HeHyJieBbIX co6craeHHhIX 3HatieHHH ·orrepaTopa A. 

Tor.n.a 

3.n.ech l,,, - rro.n.rrpocrpaHCTBO, rropo:m.n.eHHoe aJieMeHTaMu x 1 , 

x 2 , ••• , xn; N - rro.n.rrpocrpaHCTBo HyJieu orrepaTopa A 
(T. e. COBOKYIIHOCTb 9JleMeHTOB, OTBetiaIOIIUIX co6craeHHOMY 
3HatieHHIO A. = 0). Ero o6o3HatiaIOT Ker A. CnMaoJI E9 
03HatiaeT cyMMY opToroHaJibHblX rro.n.rrpocrpaHCTB. 

TaKHM o6pa3oM, JII06oH: aJieMeHT xEH Mo:meT OhITb rrpe.n.· 
craaJieH B BH,lle 

n 

x= ~ cixl +x0 , Xo E Ker A, 
l=l 

OT Ky.Ila 
, n 

Ax= ~ ciA.,xz. 
i=1 

Orreparop A a aToM cJiyqae KoHetIHoMepHhIH a TOM cMhlcJie, 
tITo oH oToopa:maeT rHJib6epToao rrpocTpaHcTao H B ero 
KoHetIHoMepHoe rro.n.rrpocrpaHcrao. 

CTpHMep - HHTerpaJlbHbIH orrepaTop <f>pe,llfOJibMa C Bbl• 
po:m.n.eHHblM H,llpOM. 

2. CTpouecc IIOCTpoeHRH COOCTBeHHblX 9JieMeHTOB. orrepa• 
Topa Mo:meT OhITb rrpo.n.oJI:meH HeorpaHntieHHo. B STOM CJIY· 
qae Mbl rroJiyqaeM oproHopMHpoBaHHyIO CHCTeMy COOCTBeHHbIX 
9JieMeHTOB . 

TaKaSI CHCTeMa He 6oJiee treM CtieTHa, tITO BbITeKaeT H3 CJie• .. 
.n.y10m.eu TeopeMhl. _ 

Teo p e Ma 6.2. flycmb A - eno11.1te HenpepbtBHbtU 
CUM.MemputtHbtU onepamop, aeticmoylOU{UU 8 2UAb6epm080M 
npocmpaHctnBe H. Toeaa amom onepamop Mo31Cem u.Memb 
Auutb JWHettHoe ttuc/lo co6ctnBeHHbtX aHatteHuu, npeeocxoaatJiUX 
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~ . 

Ito-- MOOYJUO saaaHHOe 'tUC/lO p > 0, u KCt:»CaoMy HeHyJteBOMY 
fcOOctnBeHHOMY 8HatteHUIO .MO:JIC.em COOtnBemctnBOBamb /lUWb 
'.iwneLtHDe LtUC/lO /lUHeUHO He8a8UCUMblX co6ctnBeHHblX EJJteMeHmOB .. 
. Jl 0 K 8 3 8 T e JI b C T B O. CTpe,llnOJIOJKHM, HanpoTHB, 
J?ro onepaTop A HMeeT oeCKOHetIHOe MHOJKeCTBO COOCTBeHHblX 
~aqeHHH A1, A. 2, ••• , nputleM I;..,, I ;:::: p > 0 .H.JISI acex i. 
'.?l<a:>K,Il.OMY COOCTBeHHOMY 3H8tieHHIO ')..,i COOTBeTCTBYe'r no 
~.KpaH:He:H Mepe o.n.nH coocTBeHHhlH 3JieMeHT x,, .rrpHtieM 6es 
~;orpaHHt:IeHHSI o6III.HOCTH MOJKHo cqnTaTb, qTo II x, JI = 1. 
~:CoaoKynHocrb TaKnx 3JieMeHTOB {xd, i = I, 2, .•. , ecTb 
~~.rpaHHtieHHoe MHoJKecTBo, u T8K KaK A anoJIHe HenpephIBeH, 
~to MHoJKecrao { Axd, i . 1, 2, ... , KoMnaKTHo. YtIHThlB8H 

~,f PTOfOH8JibHOCTb xi H Xj npH i =I= j' HMeeM 
~ ,:. 

~~' 

~ itAx,-Ax· 112 =ll'A-x·-A·X·112 = (A·X,-A·X· ')..,.x,-tv·X·) = '~ ~ J J l l J J J l J J' l J / 

'~- = Af Hxc 11
2 + ;..,; llxi 11

2 =Ai+ ')..,j ~ 2p2
• 

i'Ms 3TOfO CJie.n.yeT, tITO HH nocJie.n.oaaTeJibHOCTb {Axd, HH 
,'AI008.ff ee no.n.nocJie,Il.OB8TeJibHOCTb He Moryr CXO,Il.HTbCH, 
~:sonpeKn KOMnaKTHOCTH MHoJKecTaa {Ax,}. TioJiytieHHoe 
r npOTHBOpeque ,Il.OK83blB8eT nepaoe YTBepJK,lleHHe. AHaJIOfHtIHO ,, ' 

~ ,UOK83b1BaeTcH H BTopoe YTBep:>K.n.eHne TeopeMhl. . 
f' C JI e .n. c T B H e. EcAu enoAHe Henpepbl.BHblU cuMMempuLt­
~~-Hb/.tl onepamop A uMeem CtlemHoe MHo:>JCectnBo co6ctnBeHHbtX 
~_fJHaLteHutl A1 , A2, .... , mo 

~ .. : IimAn =0. 
n~oo 

- renepb MOJKHO 38HyMepoB8Tb ace COOCTBeHHble 3HatieHHH 
: . H coocTBeHHhie 3JieMeHThl onepaTopa A. HMeHHo, 6y .ueM 
,· JlyMepoB8Tb COOcTBeHHble 3H8t:IeHHH nocJie,Il.OB8TeJibHO B no­
' · PH.H.Ke y6hIB8HHH Mo.n.yJieH:, noaTopHH KSJK.H.oe coocraeHHoe 
;_ SHatieHHe CTOJibKO pas, K8KOB8 ero KpaTHOCTb (T. e. tIHCJIO 
: JIHHeHHO He38BHCHMbIX COOCTBeHHbIX 3JieMeHTOB, OTBetI8IOIII.HX 
~- _9TOMY COOCTBeHHOMY 3H8tieHHIO). TipHXO,Il.HM K KOHet:IHblM 

llJIH CtieTHblM CHCTeMaM ., 

npe.n.craaJIHIOW.HM cooo:H noJIHhle cHCTeMhl coocTBeHHhlx sHa .. 
lileHHil H coocTBeHHhlX 3JieMeHTOB onepaTopa A. 
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Oycrh L - non.npocrpaHCTBo, nopo»<,ZJ.eHHoe · opToaopMu­
poeaHHoA CHCTeMoii {xi l· ECJIH xe:L, i. e. x = L ~ixi, 

i 

TO Ax = L ~tAtXt e l, TaK q~o L - -HHBapHaHTHoe noJI.-
i 

npocrpaHCTBo onepaTopa A. Ho Tor,ZJ.a N = H e L 6y.n:eT 
TSK.IKe HHBapuaHTHhIM no,D.npocrpaHCTBOM A.- 51cHo, qro 
Ax =·e Ha N, TaK KaK B npOTHBHOM cJiyqae eN cy~ecTao .. 
ea.ii 6bl HopMHpOBSHHblit (HeHyJieBoH) co6CTBeHHblH 9JieMeHT 
onepaTopa A, qTo HeB03MO>KHo, TaK KaK Bee TaKue sJieMeHrbl 
npHHa)(Jie>KaT l. IloJiyqeHHble HaMH pe3yJibTaTbl COCTaB­
JIHJOT CO,D.ep>KaHHe <f>yH,ZJ.aMeHTaJibHOM reopeMbl f HJib6epTa-
IllMH,ZJ.Ta. -

T e o p e M a 6.3. P.AR AJOqoeo snoAHe HenpepblBHOZO 
CUMMemputtHoeo AuHet111.oeo onepamopa A B euAb6epm08oM 

· npocmpaHcmse H cyWsecmsyem opmoeoHaAbHaJI. HOpMupOBaH .. 
Ha.R cucmeMa { x;} co6cmseHHJ:JtX fJJteMeHmoo, omeettatoWsux· 
co6c11UJeHH.b/,M 8HfltteHURM {An} onepamopa A , maxaR, ttnw 
iJllJI A106reo x EH uMeem Mecmo npeacmll8AeHue 

x = L ~~k + ~, x0 EN = Ker A. (5) 
k 

llpu amoM 
(6) 

eae L 08Haq,aem KOHett1ty10 cyMMY UAU 6eCKOH8ttHblil pRO 8 aa­
k 

sucuMocmu om ttucAa co6cmee1tffblx 8Ae.MeHmOB onepamopa A. 
EcAu cucmeMa {x1} 6ecKOHettHa, mo lirn An = 0. 

n-+ co 

3ta TeopeMa pacnpocTpaHHeT Ha BnOJIHe HenpepblBHhle 
CHMMeTpHqHhie onepaTopbI B rHJib6epToB6M npocTpaHcrBe H 
H3BeCTHbIH <f>aKT 0 npHBe.n.eHHH MaTpHUbl caMoconpH>KeHHoro 
JIHHeHHoro onepaTopa B KoHeqHoMepHOM eBKJIH,ZJ.OBOM npo· 
crpaHCTBe K ,ZJ.H8fOH8JlbHOM <f>opMe B HeKOTopoM opToHopMH• 
p0B8HHOM 6a3HCe. 

. 

§ 25. Peweeae oneparopHblX ypaeeeeaii 

PaccMoTpHM onepaTopHoe ypaaHeHHe . . 
Ax-'Ax=f, (1) 

r,ZJ.e A - BnoJIHe HenpephlBHhlii CHMMeTpnqHhlii onepaTop, 
f- H3BeCTHhlii aJieMeHT, f e H. 
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'-IlOJtCTaBJHIH B (1) BMeCTo x u Ax HX Bblpa:rKeHHH (5) 
It (6) .u3 § 24 H 3aMeHITTI f qepe3 ~ fliXi + f 0, noJiy~uM 

, ' t 

· ·~ (Ai - A.) ;,x,- Axo = L fJtXt +lo· (2) 
i i 

·PaccMOTPHM .ll.B8 c.nyqas: 
I. 'A ::/= 'A, npu JitoOOM i. 
YMHo:>KaH o6e qacru paaeHCTBa (2) cKaJIHpHo Ha xk u 

~LIBaH opToroHaJibHOCTb xk 9JleMeHTaM x, npu i =F k 
•·'':~JieMeHT3M x I) H f I)' IlOJIYt.IHM 

.f (A"-'A) ~ = 'lk, (3) 

e · 'lk · 
hk= 'l 'l" l'wk - l'w • 

.. (4) 

fto.ncTaBJIHH B (2) BMeCTO ~[ HX Bblpa:rKeHHe H3 (4), uaH,n.eM 

-.'Axo = fo, 

~: " 

J., 

1 
.to= -rfe· 

~BKHM 00p330M, B CHJiy (5) HS § 24 
~· ' 'li 1 
, X=~ Ai-f..Xi-Tfo· 
. . i 

(5) 

Pho· ecTb pemeuue ypaaHeHHH (1) npu A =I= 'A, (i = 1, 2, ... ). 
~~o O)lHOSHaqHQ onpe.n:.eJ:IHeTCH npH JIIOOOH npaao:H qaCTH f' 
'~Wky,na cJie,nyeT, qTo npu A =F 'At (i = 1, 2, • • • ) c yru.ecra yer 
]>esOJibBeHTa R;.. = (A - 'A/f 1. 

'.> · · TaKHM oopasoM, JI106oe saaqeuue napaMe-rpa A, ue HB­
;:1:11110w.eecH coocraeHHbIM suaqeuHeM, ecrb perynHpHoe sua­
/~HHe onepaTopa A, if, suaquT, cneKTp anonHe HenpepbIB­
; lloro CHMMeTpuquoro onepaTopa, ,neucray10iuero ·a ruJIL6ep-
'l'OBOM npocTpaHCTBe, COCTOHT JJHllib HS COOCTBeHHblX 
'.$HaqeHHH. 

,: ' 2. A= Am= Am+t =. ~. = Am+p-lt 
'~ " . 

. rAe p -- KpaTHOCTb co6cTaeuuoro suaqeuuH A. 
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Ilpu k + m, m + 1, .•. , m + p - l K09qxpuuneHThI ~, 
KaK H paHbUie, onpe)leJunOTcH no cpopMyJie (4). )l.nn 3Haqe­
HHH k, coana)laIOUI,HX c O)lHHM H3 queen m, m + 1, .•• 
. . . , m+p-1, paBeHCTBO (3) B OOil{eM CJiyqae He y)lOBJleT• 
aopnercH 9 TaK KaK JieaaH qacrb ero o6parn.aeTcH B HYJib, 
a npaaaH aoooUI,e He paaHa HYJIIO. llTOObI ypaaHeHue (3) 
OhIJIO pa3peUIHMO H )lJIH 9THX 3HatieHHH k, Heo6xo)lHMo, tITOOhI 

flk = 0 (k = m, m + 1, .•. , m + p - 1), T. e. tfrOOhI 
caooo)lHhIH tIJieH ypa~HeHHH (1) 6h1JI opToroHaJieH aceM 

co6craeHHblM 9JieMeHTaM Xm, Xm+tt ••• , Xm+p-1' COOTBeT· 
CTB yIOUI,HM coocTBeHHOMY 3HatieHHIO "A. YpaaHeHHe (~) cao· 
)lHTCH TOr)la K TOiK)leCTBY 0 = 0 H y)lOBJileTBOpHeTCH 'npH 
JIIOObIX 3HaqeHHHX K09Cpq>HUHeHTOB ~k (k = m~ m + 19 ••• 
... . , m + p- 1). PerueHHe ypaaHeHHH (1) HMeeT B 9TOM cJiyqae 
BH)l 

m+p-1 

X= L Ai~A x, + ~ c~k-}fo, (6) 
i+m, m+I, ... , m+p-1 k=m 

r)le Cm, Cm+1' ••• , Cm+p-1 npOH3BOJibHbl,, 
11TaK, BO BTOpOM CJiyqae ypaBHeHHe pa3peUIHMO He 

scer)la~ H ecJIH pa3peUIHMO, TO peUieHne ero onpe)leJIHeTCH 
HeO)lH03HatIHO~ Ilpeo6pa3yeM HeCKOJlbKO cpopMyJiy (5): 

I L 'lli (At - A - A.£) 1 f X=-- x,-- 0 = A Ai-A A 
i 

=-}(~TJ1X1+fo-~ ,_~~1,_x1) = 

1 ~ Ait'Jl . l f 
= T £.J A.,-A x,-T • 

t 

9ro TaK Ha3hrnaeMaH t/JopMyAa llf Muama. 

§ 26. HHTerpaJibHble ypaeHeHHH 
C - CHMMeTpHttHblM H)lpOM 

(7) 

B npocTpaHCTBe L 2 [a, b] paccMoTpHM HHTerpaJibHoe ypaa­
HeHHe 

b 

<p (t) ="A J K (f, s) cP (s) ds + f (t) (1) 
a 

c CHMMeTpHtIHhIM L 2-H)lpOM K (t, s); He paBHhIM TOJK)lecTaeHHO 
HYJIIO. 
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OnepaTop 
. b 

Acp=JK(t, s)cp(s)ds 
a 

ecTh, KaK Mbl 3HaeM, BilOJIHe HenpepbIBHhIH CHMMeTpHQHblH 
· oneparop a rHJih6epTosoM· npocTpaHcTse L 2 [a, b]. 

· On0paHCh Ha pe3yJihTaTbl § 24;· noJiyqaeM: · 
1) Hnpo K(t, s) HMeeT no KpaliHeli Mepe oJJ.HO xapaKTe· 

pucTHqecKoe q0cJio, npHqeM see xapaKtep0cT0qecK0e -q0cJia 
)leHCTBHTeJihHbie; . . 

2) co6CTBeHHbie <PYHKUHH, OTBeqa10mHe pa3JIHlJHbIM xa­
paKrepHCTHqecKHM lJHCJiaM, opToroHaJibHbI Me)K)ly co6oH:; 

3) Ka:>K)lOMY xapaKTepHCTHqecKOMY t{HCJIY MO:>KeT OTBe­
lJ8Tb JIHIIIb KOHelIHOe lJHCJIO JIHHeHHO He3aBHCHMbIX co6CTBeH­

HblX <PYHKUHH. 

Y n p a >K H e H B e. Ilycrh "-o - xapaxrepHc'fHqecxoe tJHCJIO CHM· 
MeTpHqHoro SI.Apa K (t. s), a p - xoJrnqecrBo oraeqarow.Hx SToMy tJHCJIY 
JIHHeHHO He3aBHCHMblX coocraeHHblX <f>YHKUHH. Iloxasarb, 11To 

( 8
2 

= j f I K (t, sd dt ds), 
IlpHMeHHH npouecc opToroHaJIH33UHH, JIHHeHHO He3aBH­

CHMbie co6CTBeHHble <f>YHKUHH, OTBella10m.0e )l3HHOMY xapaic­
TepHCTHlieCKOMY . lJHCJIY, MO:>KHO C)leJiaTb nonapHo opToro­

H8JibHblMH. 

Il p 0 U e C C 0 p T 0 r 0 H 8 JI H 3 a U H H. IlyCTb HMeeM KOHetJ· 
1:1y10 HJIH c11erHy10 cHcreMy JIHHeiiHo He3aBHCHMblX <l>YHKU.HH H3 L 2 [a, b]: 

<p1 (t). <p2 (t), ••• , <J>n (t), • . • . 

(BecKOHeqHaSI CHCTeMa SJieMeHTOB JIHHeHHOro rrpocrpaHCTBa H33b1Baerc.H 
IIHHeHHO He33BHCHMOH, eCJIH JII003SI KOHe1rna.si no,n:cilcreMa 3TOH CHCTeMbl 
IIHHefrno He33BHCHMa.) 

Ilpou.ecc oproroHaJIH33U.HH (GoHHHa-llIMH]J.Ta) COCTOHT B nocrpoe· 
IIHH opTOHOpMHpOB3HHOH CHCTeMbl <l>YHKU.HH (1)1 (t), (1)2 (t), •.• ' ron (t}, .•• 

no cJie,1ly10w.eMy npaBHJIYi 

. . '1'1 (t) 
"1'1 (t) = <J>1 (t), ro1(t) = II "1'1 II ' 

n-1 

1l'n ( t) = <J>n (t) - ~ ( <J>n, rok) rok ( t), 
k=l 

"i'n (t) 
ron (t) = II 'i'n II , n = 21 31 ••• 

.. 



3AeCb D "1n II . (J fn (t) dt r2 , ('11n, Olk)= l 'l'n (i) rok (t) dt. 

. . . . . l 
.lle.n• o6e qacrn ypaBHeH1u1 (1) aa "1=!::0 H o6oaKa11a51 T 

1 . 
11epe3 µ, a -· T f (t) qepe3 g (t), npH.lleM K ypaeHeHHIO 

BHJJ.8 
b 

J K(t, s)<p·(s)ds~.µq>.(t)=.g(/) (2) 
a 

HJIH, B onepaTopHOH QJopMe, 

Aq>- 1.up = g, (3) 

rJJ.e A - snoJIHe. nenpepbIBHhIH. CHM.MeTpnqnhlit onepaTop. 
. K ypaBHeHHIO (3) Mhl MOJKeM. npHMeHHTb see BhlBOJ\hl, 

noJI·yqeHHble B § 25. 11MeHHo, cneKTp onepaTopa A cocTOHT 
H3 KOHet1aoro HJlll cqeTHOro MH01KeCTB3 3HaqenHA 

. f.t1, . ~. • •. • ' µ,;.. • . . ' 
H ecJIH µ He COB113JJ.3eT HH c 'O.ltHHM H3 HHX, TO ypaBHeHHe· (3) 
HMe~T eJJ.HHCTBeHHOe pellleHHe cp (t) ,llJUI JllOOOA 4>YHKU.HH 
g (t) e L 2 [a, b t .3To peweHHe )l.aeTcH $>pMyJio~ : 

1 ~ µigf . I . 
cp (t) . µ £r µj-· µ <pi (t) -µ g(t), (4) 

r.ne <l'i (t) - HOpMHpOB3HHbie COOcTBCHHble QJYHKUHH H)lpa 
K (t, s) n · . . 

l 

g j. = J. g ( t) cp j '< t) dt-. 
a 

. . -

TipH 9TOM O){Hopo.n~oi ypaeHeHHe. (g (t) = 0) 6.y.B.e'r HMeTb 
JlHIIIb TpHBH3JlhHOe pemeHHe cp (t) -= 0. 

E~JIH µ coana,naer c co6cTaeHHblM 3HaqeHHeM onepaTopa A 
Kp8THOCT.H p, T. e. · µ. = flm = µm+l = • • ·=µm+P-1' 
H caooo)lH:blii qJieH g (t) optorottaJieH co6cTBeHHhlM <f>YHKUHSIM 
HJlpa•'K (t, s), OTBeqalOW,HM 3TOMY co6cTBeHHOMY 3H8lJeHHIO: 
b 

.Jg (t)_cpk (t) dt - 0 (k=m, m+ 1, ••• , m+p-1), (5) 
a 
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• ypaBHeHHe (3) pa3pelll:UMO, HO HOO)lH03HatlHO. 3ro IIOJr­
HOCTbIO corJiacyercH c TeopeMOH .3.8 .,pe.a.roJibMa, TaK KaK 
' }laHHOM CJiytJae O)lHOpO)lHble COIIpH:>KeHHble HHTerpaJibHble 
:)ypaBHeHHH COBnanam. . 

~~:. · Peweaee <p (t) B 9TOM cJiyt1ae .ll8eTCH cpopMyJioii 

:·-~ 11~ 1 ~ ~i igi (t) l (t) + ..• '\,,=- . <p, --g . ' µ µ,-µ µ 
'' i+m. m+l, •.• 1 m+,a-1 

,". 

+ C m<pm (t} + '• ' + Gm+p-t<l'm+p-1 (f}~ • (6} 

lf:.if? Cm, Cm+tt ••• , Cm+P-l - npoH3BOJibHbre IIOCTOj)Hffble • 
. {. Bo3Bparu.ascb K HCX-OJJ.HhlM 3HatJeHH.RM napaMeTpa, HMeeM 
;-'l1.e = l/µk H 'Ak ~ 00, ecJIH co6cTBeHHhlX 3Ha.lf~HHH 6ecKo­
~·uetIHoe MHO:>KeCTBO, TaK tJTO HHTerpaJibHOe ypaBHeaee <l>pe)l­
~ rOJibMa 2Mro po.Ila c CHMMeTpHtIHbIM L 2-H.llPOM acer.Ila HMeeT 
>xapaKTepHCTlfllecKHe lJHCJia, KOTOpbIX He ~Jiee tJeM CtJeTHOe 
·· MHO:>KeCTBO. . 
', ' J.13 <PoPMYJibI (4) IIOJiyqaeM, tJTO pemeHHe ypaBHeHHH (I) 
;JlJIH 3HatJeHHH, _A, He HBJIHJOW.HXCH xapaKTepHCTHtJecKHMH, 

~~Meer BH.ll ... 
'~ 

<p (t) =iv~ 'A;,':__ 1 <pi (t} + f (t) (i =I, 2, ••. ), (7) 
i 

> ' b 

, rlle f i = J f (t) <pi (t} dt. <l>opMyJia (6) cooTBeTCTBeHHO, )laer 
a 

. <p ( t) = A . ~ 'Ai'!__ 1 <p, (t) -+ f (t} + 
i'#m, m+I, ... 1 m+p-1 

m+p-1 

+ ~ Ck(f'k (t}, (8) 
k m 

; .. r)J.e ck (k = m, m +I, ... , m + p - I) - rrpOH3BQJibHble 
· DOCTOHHHble. 

:· '.-; cl>opMyJibl (7) H (8) Ha3b1BaIOT c/JopMyAaMU lllMuiJma JlJUI 

. pemeHHH HHTerpaJibHOrO ypaBHeHHH c CHMMeTpHtIHblM H)lpOM. 
,, . . EcJJH B npaBblX qaCT.SJX tPoPMYJI (7), (8) CTORT 6ecKOHeq.; 
~:· HHe pH.llJX. TO OHH, KaK MO'.>KHO DOK333Tb, CXO,Zl.HTCSI B cpe,n.HeM. 
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ECJIH .11.onOJIHHTMbHO npe}lnonoJKHTb, qTo HJJ.po /( (t, s) yJJ.oB .. 
JieTBOpHeT ycJIOBHIO (A): · 

b 

· J K2(f, s)ds~A =canst \ft E [a, bJ, 
a . 

TO PHJl (7) oy}leT CXO}lHTbCH a6coJIIOTHO H paBHOMepHo .. 
IloKa}KeM 9TO. BYJJ..eM necaTh BCIOJlY oecKouequble pHJlbl, no­
CKOJihKY B CJiyqae KOHequoro qecJia C06cTBeHHblX ~YHKUHH 
Mbl noJiyqaeM KOHeqHble cyMMbI, CXO}lHMOCTb KOTOpbIX }lOKa .. 
3bIB3Tb He Ha}lo. 

HTaK, nycTb f (t) E L 2 [a, b] e nycTb fi (i = 1, 2, .•. ) -
KosqxpeueeHTbl <l>yphe 9TOH ~YHKUHH B ee pa3JIO}KeHee B p.H.Zt 
no opToHopMepoaaHHblM coocTBeHHblM ~YHKUHHM CJ>i (t) 
HJJ.pa K (t, s): · 

b 

fl =-J f (t) CJ>i (t) dt (i = 1, 2, I Io). 
a 

PaccMoTpHM pHJl 

H noKa}KeM, qTQ OH CXO}lHTCH a6cOJIIOTHO H paBHOMepHo. 
CoCTaBHM OTpesoK p.RJJ.a 

n+p n+P b 

~ ~i Cf>t (t) = ~ f i J K (t, s).q:>, (s)ds 
i=n i=ll a 

(p E> 0 -· JIIOooe). 
IlpeMeHHH HepaaeHcTBO Kame, noJiytJeM 

b 

BeJieqeHbl J K (t, s) CJ>i (s) ds MO*HO paccMaTpeaaTb KaK 
a 

Ko$PeueeHTbl <I>yphe pa3JIO}KeHHH HJJ.pa K (t, s), paccMaT· 
peaaeMoro KaK ~YHKUHH TOJihKO OT s, B pHJl no cpyHK-
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'\IUUIM cp, (s}. TipHMeHHSI K 3THM K09¢<1>HUHeHT3M HepaBeHCTBO 
. BecceJIH *), oy.u.eM HMeTb ' 

;~ (j K (t, s) qii(s) ds )' ~ j 1(2 (t, s)ds ~A. 
TaKHM oopasoM, 

(~I ~', qi,(/) 1)2 ~A ~,;~Ai~,~ 
VIE [a, bJ. 

ro 

IlocKOJibKY f (t) E L2 [a, b J, qecJIOBOH pH,ll ~ n CXO)lHTCH .. 
i=l 

, Ilo9TOMY Mhl MOJKeM, Bb16upaH ,nocTaToqHo ooJihmoe n, c)le· 

j 
/' 

. J13Tb npaay10 qaCTb IlOCJie)lHero HepaBeHCTB3, He3aBHCHMO 
OT p, ·MeHhUJe JIIOooro Hanepe,n sa,naHHoro e C> 0. TaKHM 

o6pa30M, )lJISI JIIOOOro 8 ? 0 cyrn.ecTBYeT TaKOH HOMep 
N = N (e), qTo ,llJIH acex n S> N (e) H JII06oro p £> 0 

n+p 

~ I ~; qi1 (t) I< s Vt E [a, b]. 
i=n · 

ro 

B \CHJIY npH3HaKa KoUJH 9TO 03HaqaeT' qTQ pH,ll ~ r: <pi (t) 
i=1 

CXO)lHTtSI 30COJIIOTHO H paBHOMepHO. 

Ho cToHrn.aH B <l>oPMY Jie (7) cyMMa 

noJiyqaeTcH H3 9Toro pstua nyTeM yMHOJKeHHH Kam,noro era ,..,. 
qJieHa Ha ,..,, _i "-. TaK KaK 9TH MHO>KHTeJIH, HatIHHaH c HeKo-

Toporo i, cTaHOBHTCH noJIO>KHTeJJhHhlMH H cTpeMHTCH K I npH 

*} EcJIH f (t) E L 2 [a, b 1 u fl - KoajxpnuueHTbl <l>yp&e s pa3JIO>Ke· 
HHH f (t) ITO HeKOTOpoA opTOHOpMHpOBBHHOH CHCTeMe «l>YHKUHH { <J>i (t)}' 
TO HMeer Mecro 11.epaee11cmeo Becce1m 

ro b 

~ 2 J 2 1-J f i =::;;;; f (t) dt. 
i=l a 
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B03pacraHHH i (Ai":_ A == l A H ,,,, ....-+-- 00); TOH pH,ll, CTOS~ 
1--, At 

UI.HH B cpopMyJie (7),, CXO,D,HTCSI a6cOJllOTHO H paBHOMepHo. 
<l>opMyJiy (7) MO)KHO nepenncaTb B BH.lle 

b_ 

~ J f (s) cpi(s) ~i(I) ds 

<p(t) =f (t) +A~ a ,_
1 

_ 1 

HJIH 

b 

tf> (t) = f (t) + ~f R (t, · s; '>..) / (s) ds, 

" 
00 

R (t, s; }.,) = ~ ff'l (/)'fl ts) 
~ At-A 
i=I 

-
HBJIHeTCH pa3pe111a10UJ;HM H,D,pOM *). 

PaaJioiReHHe 

noKa3bIBaeT, llTO {Je30AbSeHma cuM.Mempuq,flJJ20 L 2~RiJpa uMeem 
AUUlb npocmttre no1110Cbl, omeettl{UOUtue xapaxmepucmuq,ecKUM 
"lUCAaM amoeo aiJpa. 

B11J11:tHeiHoe pa3JIOlKe·HHe 
CHMMeTpHqHblX H,D,ep 

nycTb HMeeM CHMMerpHllHOe RJlPO K (t, s), H nycria OHO 
HMeeT JllU1lb O,D,HO xapaKTepHCTHlreCKoe llHCJIO A1, KOTOf>OMY 
OTBet1aeT JIHlllb O,D,Ha JIHHeHHO ne3aBHCHM8H co6CTBeHHftfl 

*) ECJIH, HanpHMep, BAPO K (t. s) ecr.a L 2-B,n:po, YAOBJieTBopBIO~ee­
YCJIOsHIO (A)> ro MO>KHO nepecraBJIJtTO 3Han cyMMbl H HHTerpana. 
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biiKUHSI <i>1 (t), KOTopy10 Mbl 6y)J.eM C'IHT8Tb HOpMHpoBaH· 
(roiL To_r)la 

1 ,:·,, · . --K (t, s) = ~ rp1 (t) «p1 (s). (9) 
1 

B caMoM ,II,eJie, paccMoTpHM CHMMeTpH'IHoe H)lpo 
~ . 1 

:Jt (t, s) = K (t, s)-1; <p1 (t) <p1 (s) (10) 

I noKa}f{eM, 'ITO y H)lpa :Jt (t, s) Her HH o,ZJ.Horo HeHy JieB't>ro 
~paKTepHCTH'lecKoro 'IHCJia, TaK 'ITO :ft (t, s) = 0. r By)leM paccy>K,II,8Tb MeTO)lOM OT npOTHBHOro. nycTb 
'(t) =¢= 0 ecTb COOCTBeHHaSI <PYHKUHSI H)lpa K (t, s), TaK 'ITO 

' - b 

~(t) =A J Jt(t, s) <p(s)ds = 
a 

b b 

= A J K (t, s) <p (s) d'l - : <p1 (t) J <p (s) <p1 (s) ds. · ( 11) 
a 1 a 

'¥MHO>K851 OOe '18CTH (11) Ha <i>1 (t) H HHTerpHpyH no t B npe· 
;AeJ)aX OT a )lO b, IlOJIY'IHM' . 

J cp (f) cp1 (t) ~t = J {;. f K (t, s) cp (s) ds} <p1 (t) dt -
o a a 

. - ; (f cp (s) cpl (s) ds) f cp~ (t) dt. (12) 
1 a a 

: Ho 

. J {j K (t, s) cp (s) ds} cpi(t) dt = f {j K (t, s) cpi(t) dt} cp(s)ds ~ 

. = j{j K (s, t) CfJt (f) dt} cp (s) ds -. i;-f cp1 (s) cp (s) ds. ( 13) 

~~ .(3.ll.ec;E> Mhl oocnoJI.b30BaJIHCb caMMeTpH'IHOCTblO H)lpa K (t,__s) 

~J H TeM, .'ITO j K (s, t) cp 1 (t) dt = ~. <r1 (s).) 
r ... 

. , 



206 .· . CHMMETPlfq'HbIE 'HHTErPAJibHbIE YPABHEHH5I [rJI. ·VI 

TaKHM o6pa30M, H3 (12) HMeeM 

b 

J cp (t) cpl (t) dt = o. 
a 

Ho TOr)la B CHJIY (11) 
b 

cp(t) =A J K(t, s) cp(s)ds, 
a 

(14) 

TaK qTo cp (t) )l.OJI>KHa 6bITb co6CTBeHHOH cpyHKUHeii H)lpa 
K (t, s), H, cJie)loBaTeJI·bHO, cp (t) nponopuHoHaJibHa cp 1 (t), 
qTo npOTHBOpeqHT (14). 3HaqHT, Hallie )l.OilYJ..UeHHe HeBepHO 

H :Jt (t, s) = 0. 
nycTb Tenepb )l.JIH CHMMeTpHqHoro .H)lpa K(t, s) H3BeCTHa 

CHCTeMa ero xapaKTepHCTHqecKHX qHceJI 

Ai, ~' ••• ' Am ... , 

H co6cTBeHHbIX cpyHKUHH 

cpl (t), cp2 (t), • • • , cpn (t), .. ' 
By.1leM cqHTaTb, qTo co6ctBeHHb1e cpyHKUHH optoHopMHpo­

BaHbl, a xapaKTepHCTHqecKHe qHcJia pacnoJio>KeHbI B nopH)l.Ke 
B03p3CT3HHH 30COJilOTHblX BeJIHqHH, T3K qTo 

I At I ~ I A2 I ~ · • ' ~ I An I ~ · · • 
CoctaBHM HOBoe H)lpo 

j=l 

5IcHO, qTo :It m (t, s) - ,CHMMeTpHqHoe H)lpO. Mo>KHO IlOKa-
33Tb, qTO IlOCJie)l.OB3TeJibHOCTH 

"-m+l' Am+2' • • • ' 
cpm+l (t), cpm+2 (t), • • • 

• 
o6pa3yIOT CHCTeMy xapaKTepHCTHqecKHX tIHCeJI H COOTBeT­
CTBYlOJ..UHX HM co6cTBeHHbIX cpyHKUHii H)lpa :Jt m (t, s). 

3HaqHT, HaHMeHblllee no MO)l.YJIIO xapaKTepHCTHtieCKOe 

qH<:Jio HApa :It m (t, s) ecTb Am+i' ecJIH TOJibKO H.Upo K (t, s) 
HMeeT 60.nee m xapaKTepHCTHqecKHX qHceJI. 
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PaccMOTpHM tiacTHbIH cJiyqaft:, KOr)l.a SI)l.po K (t, s) HMeer 
KOHetIHoe tIHCJIO xapaKTepHCTHtieCKHX tIHceJI A. 1 , A. 2 , .... , Am. 
Tor)l.a SI)l.po ::It: m (t, s) He HMeeT HH 0)1.HOro xapaKTepHCTHlle· 

CKOfO llHCJia H, 3H3llHT, :Jt: m (t, S) = 0, T3K llTO 

m 
~ cpi (t) cpi (s) 

K(t, s)= , . /.. . 
.'--' j 

(15) 

i=I 

.MDI paccMaTpHBaeM )l.JISI npocTOTbl cnyqaft: )l.eHCTBHTeJihHOfO 

CHMMeTpHtIHOro Sl)l.pa; B o6m.eM cJiyqae BblpO)K)J.eHHoro KOM· 
n~eKCH03H3llHOf0 Sl)l.pa 

m 

K(t, s)= 1: 
i=I 

cpi (i)'Pi (s} 

Iv, 
• (15') 

cl>opMyJia (15) noKa3bIBaer, tITO H.llpo K (t, s) BbipO>K)l.eHHoe. 
BcnOMHHaSI, llTO BCSIKOe BblpOiK)l.eHHOe SI)l.po HMeeT TOJibKO 
KOHeLIHOe llHCJIO xapaKTepHCTHlleCKHX llHCeJI, npHXO)l.HM K 3a· 

KJIIOlleHHIO: 
JI.AR moeo q,mo6bt cucmeMa xapaKmepucmuttecKux ·q,uceA u 

co6cmeeHHblX </JyHKl{Uii cuMMemput1,1-toeo L 2-RiJpa K (t, s) 6blAa 
KOftet1,1-toii, 1-teo6xoauMo u aocmamoq,Ho, q,mo6bl amo RiJpo 6blAo 
8blpomcae1-t1-tbtM. 

B 9TOM cnyqae H.llpo MO>KeT 6hITh npe.llcTaBneuo B BH)l.e ( 15). 
PaccMoTpHM L2#H.llpO K (t, s) KaK cpyHKUHIO nepeMeHHOH s, 

a<. s <. b, lI napaMeTpa t. Tor)l.a H3 ycJIOBHSI 

b b 

J J K.2(t, s)dt ds< + oo 
a a 

H TeopeMbl <Py6HHH cJie)l.yeT, tITO K (t, s), KaK cpyuKUHSI s, 
DpH OOllTH Bcex 3HalleHHSIX napaMeTpa t npHHa)l.JieiKHT 
L 2 [a, b]. Do9ToMy )l.JISI K (t, s) MOiKHO nocTpOHTh pH.ll 
cl>yphe no OpTOHOpMHpOB3HHOH CHCTeMe { cp, (s)} COOcTBeH­

HbIX cpyHKUHH SI)l.pa K (t, s), KOTOpbIH: 6y)l.er cXO.llHThCSI B cpe11:­
HeM K <PYHKUHH K (t, s). Ko94¢HuHeHThl <Pyphe onpe)l.eJisiTcsi 

<IJopMyJiaMH 

b 

ck(t) = J K (t, s) <pk (s) ds = ~k <flk (t), (16) 
ti 
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·'faK llTO PHJJ. <l>ypbe JlJUJ K Cti s) oy.lleT MMeTb BH)l 

. ~ <J'i ( t) <pi ( s) K (t, s) = ~ ,._, . (17) 
i 

9ro paseHCTBO Ha3bIBaeTCH 6UAUHeUHblM pa3A0{)1CeJ.lUeM 
H/tpa K (t, s) rro ero coocraeHHhIM cpyHKUHHM. -

CTpe.ueJibI cyMMHpoaaH1u1 MoryT 6bITh nn6o KoHet.1HhIM11 
(B CJiyqae BblpOmJI,eHHOfO H)lpa), JIHOO OeCKOHeqHhlMlf (B CJIY· 

liae HeBhipomJleHHoro). TeopeMa o 6ttJIHHeHHOM pa3Jio.>KeHHH 
Rnpa Jl.JlSI np003BOJibHbIX HenpepbIBHblX HJJ.ep B npocTpaH­
CTBe C [a, b ), KOr.ll.a cXOJJ.HMOCTb pHJlOB .llOJI)KHa 6h1Th paaHo· 
Mepnofi, He HMeeT MecTa. 0JI.H3KO eCAU RiJpQ Henpepbl8HO 
e Q {a ~ t, s ~ b\, a eeo xapaKmepucmu'l£cKue ttucAa noAo· 
mcurneAbHbl, mo 6uAuHeilHbtq pRa s-moeo RiJpa cxoaumcR pa(JHO· 
Atepno (TeopeMa Mepcepa, (311) •. 

r.ne 

n p H M e p. PaccMOTpHM HHrerpaJibHoe ypasHeHHe 
l 

cp (t) = A J K (t •. s) cp (s) ds, (l ') 

K (t, s) = 

0 

t (l - s) 
l 

s (l - t) 
l ' 5~ t ~ l. 

Herpy.nHo noKa3arh, qro K. (t, s) = K (s, t). 3anuweM ypasHeHHe (l ') 
B BH.[l.e 

t .. , 

cp(t)=+J s(l-t)cp(~ds+{- J t(l-s)cp(s)ds. (I") 

0 t 

Orc10.n.a DH.II.HO, 'ITO . cp (0) = cp (/) = o. llmfxpepeHUHPYSI o6e qacrH 
( 1 "), Ha.H,neM 

t l 

A. J ~ J cp' (t) = - T scp (s) ds + -
1 

(l - s) q> (s) ds. 
0 t 

noaTopnoe .ztmf><PepeHUHpoBaHHe .naeT q>" (/) = -A.cp (t). HTaK, lfHTerpaJib• 
Hoe ypaBHeHHe (l ') CBO.llHTCH K KpaeBOH Sa.ztatie 

q>" (t) + A.<p (t) = 01 <p (0) = 0, q> (l) -:- O. 



.HeTpnsHaJrbHW! peme1uu1 STOA sa.ztalfH: 

rmt 
'i'n (/) = sin -r • 

cf>yHKUHH ¢n (t) JUJJUllQTOI COOcrseJUl.WMH 4>YHKl.UUIMH HHTerpanbHoro 
·- a a 

ypasHeHHJI (I:>, ~ 118f>aK'l!tpHeTlflfeCDM '111£JI8M An = n ,: -j 

&Toro ypasHeHH.st. KaK us.aecrao, CHCNMa. 4>YHKUHA {sin n~t } opr?ro· 
IUlJlWNl ua (0,, J-1 Jlallee, -

l ' 

ll'tn lia = J stn2
· n~ di=+• 

G 

TaKHM o6pasoM, CHCTeMa op1t>aopMBpoBaHHhlX co6cTBeHHLIX +¥aXll&A 
flApa K (t, s) H COOTBeTCTBYIOW.ltX HM xapaKtepHCTH'leCKHX 'IHCeJI B Ha· 
UJeM CJiy11ae TaHOBa: 

cp1 ( t) = Jf ~ sin ~t , . 
1 /2 2itl 

<1>2 {t) = JI T sill I, ... 

,/2 nnl 
• • • 'ci>a (t) = J' T sin l L· • ~' 

BHnHueAm11I pq (17) s .Q.aHHOM CJiyqae HMeeT BH.lt 

I 

. . nnt '- nns 
sm 1 s.m1 

n'l. 

B CXOAHTCR paBHOMepHO. ' 
Pasn01K1t:M s pBA cf>yp&e no cuHycaM (0 ~ t ~ I) <{>yHKUHIO 

co 

g(t) = K (t, s) = ~ bn sin n~t • 
n=l 

Hcnonbaya HSBecTHLie c)op!f!'JIW Sinepa - <l>ypbe 

l 

Ila - + J K {t, s} sin n~t dt {n = 1, 2, ••• ), 
' '1 
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H3XO,l(HM 
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b 
21 . nns 

n=--sm-l-, n2n;2 

TaK qTo .IJ.eHCTBHTe~bHO 
. co • nnt 

1 
nns 

21~ sm-l-snl 
K (t s) = - . ' n2 ni. 

n=l 

[fJl. VI 

c nOMOUJ.blO pa3JIO.>KeHHH. ( 17) MO.>KHO noJiyqHTb MHoro-
qHcJieHHbie noJie3Hble cpopMy JihI. . 

. TaK, B03BO.ZUI ooe qacTH paaeHCTBa (17) B KBa.npaT, HH· 
TerpHpyH pe3yJihTaT no t ·H s a. npe.neJiax OT a .no b H HMeH 
B BHJJ.Y opTOHOpMHpOB3HHOCTb c~6CTBeHHhIX <PYHKUHH, IIO· 
JiyqHM T' 

b b 

J1! . SS IK(t, s)j2 dtds= 1: :~. (18) 

a a i 
3 a Me q a H He. E~H H.IJ.pO HeCHMMeTpHtIHO, TO HMeeT MeCTO <PYH· 

.IJ.3MeHTa~bHOe HepaBeHCTBO 11. Illypa: . 

~ I 'Al· 12 :::::;;B2., . 
. I 
I 

IloJiaraH B (17) t :::= S H HHTerpHpyH ooe qaCTH no /, IIOJiyqHM 
JJ.JIH cJie.na ttenpepbIBHoro H.llpa K (t, s) cpopMyJiy 

b 

J K (t, t) dt = L +· 
. I 

a I 

(19) 

PaccMoTpHM HTepHpoaaHHbie H.npa J(JIH H.npa K (t, s). 
11cnoJJh3YH. pa3JIO)K~H~e (17), B CHJIY opTo~opMupoaaHHOCTH 
COOCTBeHHhIX cpyHKUHH HMeeM . . 

b 

K2(t, s) = f K (t, -r) K (-r, s) d-r = 
a 
b 

= J L ~' 'Pl (t) <pi (~)' L f CJ>i (-r) ci>1 (s) dT = 
. . j 

a i L 

= ~-+ <pi (t) Cf>i (s). (20) 
·~ 1! 
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. . . 

. 
·A·lfff.110rHCfHO 
r,,·,' .. ; . , ... .._ 

Km (t, s) = 1:-k <pj'(t) <f>i (s) • 
A· 1 

j 

(21) 

~tl>opMYJibl (20) H (21) .n.aIOT· 6)1JIHHeHHble p33JIO)KeHHH HTepH-
..._~~ 

;poaaHHhlX H.ZI.ep. 
~ ·. TaKHM o6pa3oM, ecJIH H.ZI.po K (t, s) CHMMeTpHqHo, a {An} 
Flf) {Wn (t)} - CHCTeMbl ero xapaKTepHCTHqecKHX qHceJI H co6-

:~qaeHHblX <PYHKIJ,HH, TO npH m > 2 ltHCJI3 {A~} H <f>YHKIJ,HH 
~l4>n ( t)} o6pa3yIOT CHCTeMy xapaKTepHCTHqeCKHX qHceJI H 

~TBeTCTBYIOIUHX 3THM. qHcJiaM 'COOcTBeHHblX <f>YHKIJ,HH 
}ii-ro HTepHpoaaHHoro H.ZI.pa Km (t, s). · 
, . TaK KaK .ZI.JIH HeBhlpo}K)l.eHHoro H.ZI.pa A; ....+- oo, TO c yae-
: ~00 
' ... 
;.JQiqeHHeM m yJiyqmaeTcH cxo.n.HMOCTb pH.ZI.OB B npaaoH 
'.,,acrH (21). 113 (21) noJiyqaeM 
,.· 

b b 

SS K~(t, s)dtds = 1: ).im (22) 

a a i 

(23) 

:·~opMyJibI (22), (23) MO}KHO HCilOJib30B3Tb )l.JIH npH6JIH}KeH-.. 
HhlX BblqHcJieHHH nepBbIX xapaKTepHCTHqecKHX qHceJI 

_B.n.pa K (t, s). IlycTh I A1.I <I A~d ~ ... Tor.n.a c pocTOM m 
: B. npaBhlX qacTHX (22) H (23) CT3HOBHTCH npeo6JiaJJ.310IUHM 
nepaoe cJiaraeMoe. Or6pachIBaH oc1aJlhHble cJiaraeMble, no-
JJ.yqaeM npH6JIH}KeHHbie cpopMyJibI . 

( J
b Jb 2 . )-l/2m I At I~ a a ,Km (t, s) dt ds , 

I 
b -l/m 

I A, j = I Km ( t, t) dt • 
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B TeopHH HHTerpaJibHbIX ypaBHeHHH H ee npHJJO.tKeHHHX 
6onbmy10 poJih HrpaeT aonpoc o 6blcTpo~e pocTa xapaKTe· 
pHCTH'lJ.eCKHX lJ.HCM HllTerpaJihHOro ypaBH-eHtUI 

b 

cp (t)-=°I" J K (t, s) cp (s) ds. (24) 
a 

9TH lJ.HcJla, KaK H3BecTHo, H.BJH!IDTe:SI HYJIRMH (j>yHKII.HH 
D (1'.) - onpe.neJJHTUS <l>pe,!1.rOJibMa. <l>yHKII.HR D (Ii.) onpe .. 
.neJu1eTC}] KaK cyM.Ma pMa no cTenea.HM A,: 

(25) 

H S:BJUleTCJil UeJIOH <PYHKIUteH OT 1. 
B npe)lnoJio:H<eHHH orpaHHlJ.eHHOCTH -"Jlpa K (t, s); 

IK(t, s)J~M V(t, s)eQ{a~t, s~b}, 
I 

11cnoJih3-YH HepaBeHCTBo A.naMapa, MbI no..11yqHJIH 011.eHKY 
(CM. § 3) 

I Cn I< [M (b-a)t nn12
• (26) 

Hs TeopHH ueJiblX aHaJJHTHlJ.ecKHX cpyHKUHH, a .CHJJY Hepa· 
aeHCTBa (26) )lJIH I en t,, CJie.nyeT' lJ.TO Bee KOpHH ypaBHe­
HHH· D (A) = 0, pacnoJio>KeHHble B nopH.nKe B03pacTaHHH HX 
MO)lyJieH, o6Jia)lalOT TeM CBOHCTBOM, 9TO pH)l 

e>O, (27) 

CXO)lHTCH )lJIH BCHKOrO 8 ~ 0. 
9ToT pe3yJibTaT MO:H<eT 6hlTb yTOlJ.HeH. HMeHHO, ecJIH 

K. (t, s) - CHMMeTpHlJ.HOe .fJ)lpo, TO Bee xapaKTepHCTHlJ.eCKHe 
lJ.HCJia An .nei'icTBHTeJibHbl H HMeeT MeCTO uepaaencTBO 

b b n 

JS K'(t, s)dtds> .E ~%, (28) 

a a k-==l 
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(D 

cJie)J.yer CXO)J.HMOCTb p11.11.a ~a.~. ecmi 
k=[ 

b 6 

J J f(2 (t, s)dtds=B2< + oo. 
a a 
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{<;.neJJ.yeT OTMeTHTh, QTO 9TO yCJIOBHe orpaHHQeHHOCTH neaoii 
i'l3CTH HepaBeHCTBa (28) neyJiyqmaeMO. 
·~, HenocpeJJ.CTBeHHaH on,eHKa K09<1xl>Hn,HeHTOB Cn c noMOI..UhlO 
•aeeHcT&a A.rtaMapa no3BOJister H a caMOM olitneM c11yqae 
(:., HMMeTpHttMoro n.npa IlOJtY'lilTb OUeHKY 6WCTpOThl pocTa 
~·:An I a 3aBHCHMOCTH OT rJiaAKOCTH cpyHKIJ,HH K (t, s) no nepe­
, "- HHhlM t, s . .[(JIH c.rryqaJ:l m pa3 HerrpepbIBHO JJ.H<)xpepeHUH­
f; 'JeMoro H)J.pa K( t, s) r. BeHJib noJiyQHJI CJie)J.y10my10 acHMn-­
~tfOTHKY xapaKTepHCTHQecKHX QHCeJI H)J.pa npH B03pacTaHKH n: 
!-i-· , 

• nm+l/2 
ltm 1 =0. 
n~CJ:1 n 

i-,lloJJ.po6nee 06 3TOM cM-. [ 18]. 

§ 27. TeopeMa fHJ1b6epTa - WMH,1'Ta 
AJIA HHTerpa.JlbHYX onepaTopoe 

B CHJIY o6meii TeopeMbl rHJib6epTa -lllMH)J.Ta )J.JIH BnOJiHe 
!t_!lenpepblBHblX CHMMeTpHQHbIX onepaTOpOB B rHJib6epTOBOM 
~ppocTpancTBe H JI.JUI BCHKoro xEH HMeeT Mecro <PopM)'Jia 
W· . 
~-~- Ax= ~ AtCiXi, 
~! i 
;\~· 

~-~..Ile Ct = (x, X1) - K09<1xl>HIJ,HeHTbl «Pypbe 9JieMeHTa x no op­
'7fonopMHpOBaHHOH C'HCTeMe {xi l co6CTBeHHblX svteMeHTOB one-
'.:pwropa A. _ 
:: 3ra Q>opMy JI a Il0Ka3-bl8'8e'l'' QTO JIKJOoH 9JieMeHT H3 o6Jlacr H 
~f". ~ 

;~aqeHHH BilOJJHe Henpep:bIBHOrO CHMMeTpHl.IHOFO ooepaTopa 
~J>a3JiaraeTCH B PHJJ. <l>ypbe no COOcTBeHHblM 9JieMeHTaM 3'Foro 
~~eparropa. · 
f:-; PaccMOTpHM HHTerpaJibHbIH onepatop c CHM~HlfHblM 
itL .. 4 HJJ.pOM B npocrpaHCTBe l2 [a, b ): 

b 

Ax= f K (t, s) x(s)ds. 
a 
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DpHMeHHTeJihHO K TaKHM onepaTopaM noJ1yt1aeM KJiaccHqe .. 
lKYIO TeopeMy f HJih6epTa - lliMH,llTa. 

Te a· p e Ma 6.4. llycmb K(t, s) - c~MMemputtnoe 
L 2;RiJpo, u nycmb h (t) - npoU380JtbHall cpyHKl{Ull U3 
L2 [a, b ]. Tozaa 6CJIJ(,O,Jl i/JYHKl{Ull f (t), npeacmaouMafl ttepea 
aapo (ucmoKOo6pa8HO npeacmasU.MaJl cpyHKL{Ull): 

b 

f(t}=Ah=JK(t, s)h(s)ds, 
a 

pasAazaemcR e cxoaRw,uiicR e cpeaneM pRiJ <Pypbe no opmonop· 
MupooaHHblM co6cmeeHHbtM cpyHKl{UflM {<p1 (t)} Ri}pa K(t, s): 

h. y 

f (t) = ~ +. {j)j (t). (1) 
. I D 
I 

3,llech 'Ai - xapaKTepHCTH11ecKH.e tIHcJia H,llpa K( ~,. s), 
b 

hi= J h (t) <j}j (t) dt 
a 

- K03¢i<PHUHeHTbl <l>yphe cpyHKUHH h (t) no CHCTeMe {<pi (t)}. 
IlpH .llOIIOJIHHTeJibHOM ycJIOBHH 

b 

J K2 (t," s) ds ~ C =canst 
a 

pH,ll (1) CXO,llHTCH a6coJIIOTHO H paBHOMepHO ( (30 ]). 
EcJIH H.llpo K (t, s) HerrpephIBHO B Q {a < t, s < b}, TO 

orreparop <l>pe,llrOJihMa rrepeBO.llHT BCHKYIO cpyHKUHIO h (t)E 
EL2 [a, b] B HerrpepblBHYIO cpyHKUHIO (CM. JieMMY Ha CTp. 68). 
B 3TOM cJ1y11ae ace co6craeHHhle cpyHKUHH c Hetty JieBbIMH 
co6craeHHhIMH 3Ha11eHHHMH raK>Ke HerrpepbIBHhI. 

TeopeMa fHJib6epra - IllMH.llTa HMeer Mecro H B rrpo­
crpattcrae C [a, b], T. e. ,llJIH HerrpepbIBHhIX H.llep K (t, s) 
H HerrpepblBHblX cpyHKUHH h (t), rrpHtieM CXO,llHMOCTb pH,ll.3 (1) 
6y,lleT paBHOMepHOH. 

3aMeTHM, tITO B TeopeMe fHJib6epra - ilIMH,llTa IIOJIHOTa *) 
CHCTeMhI co6CTBeHHhIX cpyHKUHH {<pl (t)} He rrpe,llnOJiaraeTCH - . 

' 
*) 0pTOf0H8JlbH8ff CHCTeM8 {<pt (t)} cpyHKl{HH H83bIBaeTCff HeilOJIHOH, 

eCJIH cyw.ecTBYeT OTJIHqHaff OT TOLK,ztecrseHHOro HYJiff KBa,ztpaTHqHo cyM­
ArnpyeMaff cpyHKl{Hff, opTOfOH8JlbH8ff KO BCeM cpymrn,HffM CHCTeMbl; B npo .. 
THBHO.M CJiyqae CHCTeMa { <Jli (t)} H83blBaeTC11 IlOJIHOH. 
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.(118.HPHMep., ,ll,JIH BbipOJK)leHHOfO an.pa OHa 3aBeJtOMQ HenOJIHa, 
BO MO)KeT 6bITb HenoJIHOH B ,ll,JIH HeBbipO>K,ll,eHHbIX H,ll,ep) ~ 

H~ TeopeMe fHJih6epTa -illMB,ll,Ta ocHoaaH MeTO,ll, Ke.nJiora 
JlJIH npBOJIB)KeHHoro· BhltIBcJieHBH A. 1• IlycTb K (t, s) - CBM· 
MeTpBqHoe H,ll,po B (J) ( t) - npOB3BOJlbH8H cpyHKUBH B3 
L, [a, b J. 

IloJIO>KBM 

b b 

ro1 (t) = J K (t, s) ro (s) ds, ro2 (t) = J K (t, s) ro1 ( s) els 
a a 

JJ; aoo6me, 
b 

ron (t) = J K (f., s) ro~1 ( s) ds. 
a 

11cnOJih3YH teopeMy f BJib6epTa - IllMB,ll,Ta, noJiyqaeM 

. . ' . . . . . . . 

b 

@, = J (J) (t) <pj (t) dt. 
a 

EcJIH ro 1 ::/= 0, TO npB OOJihlllBX n B pa3JIO}KeHBB ron (t) 
npeo6Jian.aeT nepaoe cJiaraeMoe. IlosToMy MO>KHO aocnoJih30-

, QaTbCH npBOJIB>KeHHbIMB <j>opMyJiaMB 

(2) 

(3) 
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<l>opuy.11a (2) ].{aeT 3HaqeHHe I A1 I c HaOblTKOM. np11 JlOCTaT-OqHO 
6oJiblllHX n MO~o TaKare noJih30BaT&e'fl cpopMyJioe 

IAil~ n 
1 

• (4). 
v-11 eon-(,>n- . 

MMeer Mecro cJie,ny10mufl sa>KHhIH q>aKT •. 
llycmb cpyrtKl{U.El ro (t) opmoeOHQAbrta /(, opmOHOpMUpOBaH· 

HblM co6cmeertHblM ¢yrtKl{UJlM <pi (t), <p, (t) ••.. , <pk-i (t)', 
Ho rte opmozortaAbHil K co6cmeertnou t/JyHKJ.fUu· <I'• ( t). Tozoa 

II ©n (t) II I nOCAeoooameAbHOCmb ll©n-1 (t) II U.Meem . npeoeAOM ) Ak f . eoe 
A14 - k-e xapaKmepucmut/£CKOe 11.ucAo RiJpa K (t, s). 

§ 28. 3KcTpeMaJlbHble ceoiicTea 
xapaKTepHCTHqecKHX queen 
H co6cTBeHHblX tf>yeK~uii 

IlyCTb QJYHKUHH h (t)Els [a, b ). Ilo TeopeMe fHJlb• 
6epTa - IllMH,ZlTa 

b . ro 

Ah= J K(t, s)h(s)ds= ~ (k.A:n) <pn(t). (1) 
a n=l 

(PaccMaTpusaeM 06w,1ui cJiyqaii neBbipo:m,neHHOro L 9-H)lpa.) 
YMHO>KaH o6e qacTH (1) cKaJIHpHo Ha h (t), noJiyqaeM 

IlycTh, KaK o6hltrHo, qucJia An pacnoJio>KeHbI B nopH,nKe B03· 
pacTaHHH, HX a6cOJIIOTHblX BeJilt({HH, TIIK ~o H8HMeHbllIHM 
no Mo,nyJI10 HBJIHeTCH qucJio Ai· Tor.na H3 (2) cJie,nyeT 

I °' 
I (Ah, h) J ~ I Ai I· ~1 l(h, <pJ r. (3) 

qHCJia (h, Cf>n) CYTb KO.ajx}>HUHeHTbI tl>ypbe 4>YHKUHH h (t) 
RO CHCTeMe {<pn (t)l. HcllOJib3YSI uepaBeHCTBO BecceJIH ( [5]), 
H3 (3) Haxo,nHM . 
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(4) 

~'.3HaK paBeHCTBa B (4) ,ZJ.OCTHraeTCH npH h (t) = <I>t (t), _r,ZJ.e 
cp 1 (t)-- HopMuposaHHa11 cOOcraeHHaH q>yHKU.HJI fl,ZI.pa K (t, s), 

: 01aeqa10w.aH xapaKTepHCTHtJecKoMy tJHcJiy At· B caMoM JJ.eJie; 

· <I>t (t) = A.iA<i>1· 

.<YMHO>KaH o6e tJaCTH nocJie,ZJ.Hero paBeHCTBa CKaJIHPHO Ha 
,(iii (t), IlOJIYtJHM . 

. r · · (A ) II 'f>1. I~ l 
" . <I>tt <I>t = A.1 = 1i • 

\;TaKHM o6pa30M, cnpaBe,ZJ.JIHBa cJie,ZJ.y10w.aH TeopeMa (cM •. 
~:·TaK>Ke CTp. 192). 
:.' T e o p e M a 6.5 .. Ha MHO{}ICeCtrUJe 1topMupooaHHblX </JyttK-
·t u,uu II h II = 1 eeAutiuHa I (Ah, h) I uMeem .MaKCUMyM, paenblu · 
~·vi At I· 3mom MaKCu.MyM aocmueaemcR. npu h (t) = <p 1 (t). 
~· · PaccMoTpHM MHo>KecTBo HopMHpoaaHHhlX cpyHKUHH h (t), 
i_;oproroHaJlbHhlX nepBblM m - 1 COOcTBeHHbtM tFYHKUHHM • 
. · T or,ZJ.a 

00 

Ah = ~ (h,;:k> <I>k (t). 
k=m 

Paccy>K,ZJ.eHHHMH, aHaJiorHtJHhlMH BbllllenpHBe,ZJ.eHHbIM, no­
; nyqaeM .cJie,ZJ.y10w.Hii · pe3y JibTaT: 
~~- Ha MHomcecmee </JyHKl{Utl, nopMupooaHHblX u opmoeonaAb­
c. HblX nepBblM m -.1 co6cnuJeHHbLM </JyHXl{UJlM RiJpa K (t, s), 
· BeAUttuna I (Ah, h) I UMeem MaKCUMyM, paeHblU 1/l Am j, KOmo-
-~pbltl iJocmueaemcR npu h (t) = <i>m (t). . 

§ 29. HuTerpaJ1bHhle ypaeueHHH, npuBoAH~HecJI 
K CHMMeTpuqHblM 

B npHJIO>KeHHHX qacTo BCTpetialOTcH ypaBHeHHH BH,ZJ.a 

b 

tp(t) =A. J K (t,. s) p (s) <p (slds + f (t), 
a 

(l) 

. r,ZJ.e K (t, s) - ,ZJ.eiicTBHTeJibHoe CHMMeTpHtIHoe MPO H p (t) > 0 
-Ha [a, b ]. Y~Ho>KaH o6e qacTH (1) Ha V p (t) H BBO,ll.H_ Hoay10 
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HCKOMYIO cpyHKUHIO 1J' (t) = Jf p (t) <p (t), npHXOJ(HM K HH· 

TerpaJibHOMY ypaBHeHHIO 

b 

1¢(t) ='A J L (t, s) ip (s)ds + V p .(t)f (t) (2) 
a 

C CHMMeTpRtIHbIM .ffJf.POM 

L ( t, s) = K ( t, s) V p ( s) p ( t). 

IlycTb ;.,,k H 'l'k (t) - xapaKTepHCTHtieCKHe tIHCJia H COOcrBeH­

Hble cpyHKUHH OJ(HOPOJf.HOro ypaeHeHH.ff, COOTBeTCTBYIOW.ero 

ypaetteHHIO (2). ByJI.eM CtIHTaTh cpyHKUHH 1"k (t) opTottopMH· 
poeaHHblMH: 

• 

j 'lji; (t) 11'1 (/) df = { 1 npH ~ = ~' 
a 0 npH i + 1· 

Yt1HTblBa.ff cooTHOIIIeHHe 'Pk (t) = <l'k (t) VP('t), noJiyt1HM, 
tITO co6CTBeHHbie cpyHKUHH OJ(HOPOJf.HOrO ypaBHeHH.ff 

b 

<p(t)= 1 J K (t, s) p (s) <p (s) ds 
a 

Op TO Hop MHpoeaHbl c eecoM p ( t): 

b 

J p (t) <pl (t) <J>i (t)dt = { l npH ~ = }, 
a 0 npH l + /. 

y n p a H{ He H He. IloKa3aTb, qro ypaaHeHHe (1) MOlKHO llpHBeCTH 
K ypaBHeHHIO 

l 

w (x) =A J Ki (x, y) w (y) dy + f i (x) 
0 

c CHMMeTpH'lHLrM sucpoM Ki (x, Y) nyreM nepexo.l(a K BOBblM nepeMeH· 
HhlM X H y: • 

t 

X= s P (S) d6, 
a 
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§ 30. KJ1accuct>uKauuH CHMMeTpuquyx HJJ.ep 

IlycTh K (t, s) - CHMMeTpH11Hoe HJJ.po H p (t), q (t) -
cpyHKUHH H3 L 2 [a, b J. PaccMoTpHM 6HJJHHeHHbIH <l>YHKUHOHaJJ 

b b 

J J K(t, s)p(t)q(s)dtds, (1) 
a a 

aHaJIOrHtIHblH 6HJIHHeHHOH ¢opMe 

n 

l:i aikXtYk 
i, k=l 

. 'IlpHMeHHH .TeopeMy fHJlb6epTa-lIIMHJ(Ta, noJJytIH~ 
b 00 

f K (t, s) p (t) dt = ~ ik <{'k (s), 
a k=il k 

rJJ.e 
b 

Pk =JP(/) <l'k {t) dt 
a 

- K09Cf:><PHUHeHTbl <I>ypbe <l>YHKUHH p (t) no opTOHOpMHpo­
BaHHOH CHCTeMe {<p1 (t)} co6cTBeHHblX <l>YHKUHii HJJ.pa K (t, s). 

YMHO>KaH o6e 11acTH nocJJeJJ.Hero paaettcTBa Ha q (s), HH~ 
TerpHpyH no s H o6o3Ha11aH 11epe3 qk Ko9Cf:><l>HuHeHTbl <I>yphe 
. cpyHKUHH q (s), noJJytIHM 

b b 00 

J J K (t, s) p (t) q (s) dt ds = ~ P~:k . 
a a k=l 

IlpH q (t) - p (t) noJJy11aeM aHaJJor KBaJJ.paTHtIHOH Q>opMbI 

bb 00 2 

J {p} = J J K (t, s) p(t) p(s)dt ds= ~ ~: • (2) 
a a k=l 

9ra cj>opMyJJ.a Jle>KHT B OCHOBe KJiaccHq>HKaUHH CHMMeTpHtI· 
Hlitx HJJ.ep. B CHJIY (2) ueo6xoJJ.HMblM H JJ.OCTaToqHbIM ycJJo­
BHeM nOJIO>KHTe.nbHOCTH Bcex xapaKTepHCTHtieCKHX tIHCeJI 
HBJlHeTCH Hepa~eHCTBO 

J {p} > 0 JI.JI.ff acex p (t) e L 2 [a, b ). 
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B caMoM ·.aene, ecJJH see ~ .. 6> o. To H3 paaeuCTea (2) 
BH.ll.HO, llTO J 1P} > 0 'Ip (t) e L 9 [a, b L .nonolKHM Tenepb, 
lJTO HMeercB XOTb OJI:HO OTpHU8TeJlbHoe xapaKTepHCTHllecKoe 
tJHCJIO, HanpHMep lv1 <:'.! 0. 

Bo3hMeM p (t) = <p 1 (t). B CHJIY opTottopMHpoaaHHOCTH 
co6cTaeHHblX cpyHKtUti noJJyqnM, lffo p 1 = 1, a ace ocranh­

Hb1e Pk = 0 (k > 1). 
flpaBaff. lJ3CTb (2) o6paTHTCH TOf,ll.3 B 1/A1 H 6y.lleT OTpH· 

uaTeJibHOH, T. e. 6y.neT J ffP1} ~· 0. 
{f>yHKUHOHaJI J {Pl H H.npo K (t, s), 06Jia.na10mHe caoii· 

CTBOM 

J {p} > 0 Vp (t)eL'L (a, b ), 

H33blB8IOTCH HeompUtfameAbHO onpei>eAeH.Hb/..MU. 
EcJIH STO HepaaeHCTBO HBJIHeTCH crporHM .ll.JIH acex 

p (t) =la 0, cpyHKUHoHaJI J{pl H H.npo K (t, s) H83bIB8IOO'CH 
noAo~umeAbHo onpeoeAeHHb/..MU. . 

Mo>KHO noKa3aTh, rrro OM no.A001Came/lbHou onpeoeAeH­
Hocmu RiJpa K ( t, s) Heo6XoOUMO u oocmamottHo, 'lmo6bl ece A1t 
6blAU no/lo~umeAbHbl u cucmeMa ¢Y1!,Kl{UU {cpk (t)l 6blAa 
nomotl. 

y n p a»< He H He. noK838Tb, qTo BTopaSI :wrepaUHSI K2(t, s) ll,!l· 

pa K(t, s) BCerll.a HeoTl'fftllareJibHo onpe.aeneHHaH. . 

AHaJiorH.lJHblM oopa30M, cpyHKUHOHaJI J {p} H H.ll.PO K ( t, s) 
H83blB8IOTCH Hett.OA03/CUme/lbHblMU, ec.riH . 

J {Pl~ 0 'Ip (t) EL2 [a, b]. 

Coaepwettno TaK }Ke, KaK H BblWe, MO>KHO noKa3aTb, 'ITO 

ycJIOBHe J {pl ~ 0 paBHOCBJibHO 'rOMy, lffO Bee '>..k < 0. 
IlpH 9TOM 

l . 
1.~J {P}_~O, 

r.ne A. 1 - naHMeHbWee no a6coJIIOTHOMY 3eaqenH10 xapa~­
Tep HCTlfllecKoe lJHCJIO. 
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. . 
;:~.. § 31. cl>yHKI\HH fpuua. Cee}J.euue Kpaeaoii aaJJ.attH 
i 

.' I( H":TerpaJlbHOMY ypaeueHHJO 
. L •yuK~HR rpuua KpaeeoA 3a)l.311H JI.JUI OtiblKHOBeuuoro 

~~HIJ)la.JlbHoro ypaeueuua. PaccMOTpHM .nHcjxpepeHUH· 
l:Jl&Hoe ypaaHeHHe · 

. lfl.x 
Lx = dtt. + q ( t) x ( t) = h ( t), · (I ) 

. -
·lr.lle ·q (t) H h (t) - Henpep&IBH&1e Ha 
': : ' 0yCTb HIIJ.eTCH perueHHe 
'.;r (t) ypaaHeHHH (I), y.noa-
~tJleTBOpHEOIII.ee (.llJIH npoCTO-

[a, b J. QlYHKUHH. 

~'.,Thl) KpaeBblM ycJIOBHHM ii(t-s) 
•~ I -------------r:>;+ r ~ x(a)=x(b)=O. (2) 
' ~; 
' . 0 n p e .n e JI e H H e. 
:, 'P:yH.Kl{Ueii FpuH.a G (t, s) O 
~ Kpaeoou aa8attu ( 1 )-(2) H.a- Puc. 15. 
~ fibu;aemcJl cpyH.Kl{UJl OByX ne· 
~ peMeH.H.btX, onpeoeAeH.H.aR B K8a8pame a <. t, s <. b u maKaR, 
r.·'tmo 
.: 1) L1G (t, s) = 0 npu t <s u t-;> s, m. e." .G (t, s), Ka~ 
~· tPYH.Kl{UJl t, y8ooAemsopRem npu yKa3aftH.blX aH.atteH.uRx t u 
: s ·y paeHeH UIO (1). 
: 2) <PyH.Kt{UJl G ( t, s) y80tJAemeopRem nocmOJJAeH.H.blM 2paH.uit-
J. NOi.Ai ycAOBUJlM 
~- G(a, s)=O, G(b, s)=O 8A.Jl a<s<b. 
t·· 3) G ( t, s) H.enpepbl8H.a npu t = s: 

a·(s + 0, s) = G (s-0, s). 

4) n pouasoiJH.aJl 
aa at B · mottKe t = s npemepneeaem 

C: x· • ;; Ka'l.0 • 
aa (s +o, s) _ aa (s-0, s) _I 

at at - • 
. 

YqHThlBaH 9TOT e,u.HHHqHhlH cKaqoK a ToqKe t = s H 
. HMeH B BH.llY npaaHJIO .n:HqxpepeHUHPOB3HHH e.nHHHqHQH cpyHK­

UHH 0 ( t - s) (pHC. 15), 3aKJifOqaeM, qTQ 
dt. d ( d ) d2G 
dti G (t, s) =di df G (t, s) =6 (t-s) + dt'J., 
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d2G 
rne () (t - s) - C5-cp .. yHKUH51 (CM. [471), dt2 - KJiaCCHqe .. 

CKaH (o6blqHa51) BTOpaH npOH3BO,ll.Ha51 cpyHKUHH fpHHa. 
Ilo9TOMY ycJIOBHH 1) H 4) MOiKHO 3aMeHHTb ycJIOBHeM 

L1G (t, s) = C5 (t-s). (3) 
TaKHM o6pa30M, cpyHKUHH fpHHa HMeeT npocTo:H cpH3HqecKHH 
CMhlCJI. 3-ro peweHHe 3a,llaqH .ll.JIH e,llHHHqHoro TOt1et1Horo 
HCTOqHHKa: 

h(t) =C5(t-s). 

Tenepb MOJKHO cpa3y HanHCaTb peweHHe Kpaeao:H 3a,llat1H 
(I )-(2) c noMOI.IJ.bIO cpyHKUHH fpHHa. HMeHHO, perneHHe 
Kpaeao:H 38)1.aqH (1)-(2) ,llaeTC51 qmpMyJIOH 

b 

x ( t) = f G (t, s) h ( s) ds. · ( 4) 
a . 

B caMOM ,lleJie, a cHJIY ycJIOBHH 2) Ha cpyHKUHIO fpHHa, cpyHK· 
UHH x ( t), onpe.lle.nHeMaH cpopMyJioli (4), Y.llOBJieTBopHeT rpa­
HHqHblM YCJIOB,H51M (2) . 

.llaJiee, 

Lx(t) = L1 {f G (t, s)h(s) ds} =I L1 G(t, s) h (s) ds = 
' b 

= J C5 (t- s) h (s) ds=h (t), 
a 

TaK t.ITO cpyHKUHH x ( t) Y.llOBJieTBOpHeT .llH¢¢epeHuHaJibHOMY -
ypaBHeHHIO ( 1). 

(CTaHOB51Cb Ha TQqKy 3peHH51 «cpH3HqecKOH CTpOrOCTH», 
MOiKHO acer,lla .ll.HqxpepeHUHpOBaTb no,ll 3HaKOM HHTerpaJia,, 
ecJIH paccMaTpHBaTb pe3yJibTaT KaK ooooI.IJ,eHHYIO <PYHKUHIO.) 

Il pH Me p. . 
d2x . 

Lx = dt2 -x(t)=h(t), (5) 

x(O)=O, x(l)=O. (6) 

nocTpOHM cpyHKUHIO f pHHa 3a,llaqH (5)-(6). OoI.IJ,ee perneHHe 
O~HOpO,llHOro ypaaHeHH51 

d2X 
dtt. - x ( t) = 0, 

COOTBeTCTBYIOI.IJ.ero ypaBHeHHIO (5), HMeeT BH.ll 

x (t) = C1et + C'lfi-'• 
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nocKOJibKY cpyHKUHH G ( t, s) JI.OJiiKHa OblTb pemeuHeM 9Toro 

OJI.HOpOJI.HOrO ypaBHeHHH npH t < s H npH t > s, npeJI.CT8BHM 
ee B BHJI.e 

G (t, s) = ~1 (s) et + a2 (s) e-1 

G (t, s) = b1 (s) et + b2 (s) e-t 

B cHJIY ycJIOBHH 2) JI.OJiiKHO OblTb 

npH O~t~s, } 
npH s~t~l. 

G (0, s) = 0, G (I, s) = 0, 

a1 + a2 =0,} 
b1e + b2e-1 = 0. 

(7) 

(8) 

YcJIOBHe 3) uenpephIBHOCTH cpyHKII.HH fpHHa npH t = s npH· 
BOJI.HT K COOTHOilleHHHM 

b1e5 + b?fJ-s = a1es + a'l,f!-s. 

HaKoneu, ycJioaHe 4) npHHHMaeT BHJI. 

b1e5 -b'l,f!-5 -[a1e5 -a'l,f!-5] =I. 

(9) 

(IO) 

113 COOTHOilleHHH (8), (9), (IO) H8XOJI.HM BeJIHqHHbl a1, a2, 
h1t b2, qTo JI.BeT 

{ 

sh t sh (s -1) O & t & 
sh 1 ' ~ ~ s, 

G (t, s) = . 
sh ssh (t -1) & t & I 

sh 1 ' 8 
-..::::: -..::::: • 

(I I) 

HeTpyJI.HO BHJI.eTh, qTo G (t, s) = G (s, t), T. e. cpyHKUHH 
f pHH8 CHMMeTpHqHa. 3TO BbITeKaeT H3 OOW.ero npeJI.JIOiKeHHH, 
yTaepiKJI.BIOW.ero, qTo ecAu KpaeeaJl saiJatta (I)-(2) caMoco­
npJl{)ICe1t1taJl, mo t/Jy1tKl{UJl I'pu1ta amou saBattu R8AJlemcJl cuM:­
Memputt1tou. 

<l>H3HqeCKHll CMblCJI STOro pe3yJibT8T8 ecTb COOTHOilleHHe 
B38HMHOCTH, T. e. OTKJIHK B TOqKe t Ha eJI.HHHquoe TOqequoe 

B03Myw.euHe B s paaeu OTKJIHKY B s ua eJI.HHHquoe Toqequoe 

B03Myw.euHe B t. 
CToJI.pOOHee C ycJIOBHHMH c'aMOCOilpHiKeHHOCTH KpaeBOH 

88JI.8qH, a T8KiKe cyw.ecTBOB8HHH eJI.HHCTBeHHOH cpyHKUHH 
fpHHa MOiKHO Il03H8KOMHTbCH, uanpHMep, B [39 ]. 
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2. Cee.e.eHHe KpaeeoA aa.e.aqu K HHTerpa.rr&RoMy ypaa­
HeHHIO. OrpaHHtIHMCH npocTef'rmHM cJiyqaeM. IlycTb Tpe6yeTcH 
H8HTH peweHHe x ( t) ypaaHeHHSI . 

d2r. 
Lx = d;; + (-1 + Af/(t))x(t) =h(t) (12) 

(A. - tIHCJIOBOH napaMeTp ), 
y.noaJieTaopHIOIII.ee KpaeBblM ycJIOBHHM 

. -

x (0) = x ( l) = 0. ( 13) 

, flepenumeM ypaaHeHue (12) B BHJ.te 
tJ:ix 
~-x(t) =h (t)-A.q(t)x(t) (14) 

H 6y.neM paCCMaTpHB8Tb npaByIO qaCTb (14) KaK H3BecTHY10 
cpyHKUHIO. 

Tor.na 9KBHBaJieHTHblM 9TOMY ypaaHeHHIO H KpaeBblM yc­
JIOBHHM (13) 6y,u.eT. HHTerpa.JibHOe ypaaHeHHe 

l 

x (t) =-A JG (t, s) q(s)x (s) ds + h1 (f), · (15) 

r.ne 
I 

h1 (t) = f G (t, s) h (s) ds, 
o. 

a G (t, s) - <PYHKU.HH. fpuHa, OTaeqa10maH ypaaHeHHIO 
d2x --x(t)=O d/2 . 

H KpaeBblM ycJIOBHHM (13). 
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HHTEfPAJlhHhlE YPABHEHH$1 1-ro POM 

§ 32. YpaBHeHHe 80JI&Teppa 1-ro po.n:a 

nycTb HMeeM ypaBHeHHe BoJibTeppa 1-ro po.Ila 

t 

J K ( t, s) -t> ( s) ds = f ( t), 
a 

(I) 

r.Zle K ( t, s), f ( t) - H3BecTHb1e cpyHKUHH, q> ( t) - HCKOMaH 
~YHKUHH. , 

,lLnH 0.ZlH03HaQHOH pa3pernHMOCTH HHTerpaJib.HbIX ypaa­
HeHHH 2~ro po.Ila ,I(ocTaTOQHO ObIJio noTpeooaaTh, HanpHMep, 
HenpepbIBHOCTH H.Zlpa K (t, s) H cao6o.llHOro qJieHa f (t). Opu 
9TOM petueHHe q> ( t) Heo6XO,llHMO OK83bIBaeTCH HenpepbIBHblM. 

IlpH H3yqeHHH ypaaHeHHII (I) npHXO,llHTCH BBO,llHTb HOBbie 
·TpeooaaHHH. qTOObl yHcHHTb ux Heooxo.llHMOCTb, p_accMoTpHM 
JIPOCTeihnee ypaaHeHHe 9Toro THna, noJJyqa10rn.eecH npu 
K (t, s) = I: 

t 

J q> (s) ds = f (t). (2) 
a 

EcJIH npe.llnOJIOJKHTb, qTo HeH3BecTHaH cpyHKUHH q> ( t) TOJibKO 
orpaHHQeHa H HHTerpupyeMa, TO 38.Zlaqa oKa3bIBaeTCH He­
onpe.ZleJieHHoii, TaK KaK B 9TOM CJiyqae MO/KHO, He H3MeHHH 
sHaqeHHH HHTerpaJia, npoH3BOJibHO MeHHTb 3HaqeHHe cpyHK­
nun: q> ( t) B KOHeqHOM H ,ZlaJKe OeCKOHeQHOM QHCJJe TOQeK 
OTpe3Ka HHTerpupoaaHHH (ToqHee, Ha MHOJKecTBe MepbI HYJib, 
ecJIH noHHMaTb HHTerpaJI B CMbICJie Jle6era). 
. c .Zlpyrofl CTOpo'HbI, OKa3bIBaeTCH,. qTo cpyHKUHH f (t) H'e 
MOJKeT ObITb npoH3BOJibHOH H~npepbIBHOH cpyHKUHe:H: oHa 
AOJIJKHa y .llOBJieTaopHTb He,KoTopbIM ycnoBHHM, HanaraeMblM 
Ha f (t) H ee npoH3BO.llHble. JlJIH onpe,ZleJieHHOCTH 6y.lleM cqH­
TaTb, QTO peweHHe HW.eTCH B KJiacce c [a, b 1 cpyHKUHH, 

8 M. JI. Kpacuon 
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uenpephIBHhlX Ha [a, b 1. B TaKOM cJiyqae, qTOOhI ypaBttettHe (2) 
HMeJIO pernettHe <p (t)EC [a,, b ], . HeOOXO.D.HMO, qT06bl 
cpyttKUHH f (t) o6parn.aJiach B HYJih npH t = a H .nonycKaJia 
HenpepbrnHy10 npoH3BOJJ.HYIO B (a, b). Tor.n:.a HCKO!dhIM pe­
rneHHeM 6y.n.eT 

cp (t).= f' (t). 

PaccMoTpHM 6oJiee o6rn.ee ypaaHeH.He 
t . 

S 
(t- s)n-1 
( n _ 1) 1 <p ( s) d~ = f ( t). (3) 

a 

qT06hI 9TO ypasHeHHe HMeJIO CBOHM perneHHeM HenpepbIBHYIO 
cPYHKUHIO 'cp (t), Heo6XO)I.HMO, llTOObl cpyttKUHH f (t) HMeJia 
HenpepbIBHbie npOH3BO)I.Hble f' ( t)' . . . t t<n> ( t) H qTo6hl CaMa 
iTa cpyHKUHH H ee n - 1 nepBbIX npOH3~0,lI.HbIX o6parn.aJIHCb 
e HYJib npH t = a. · 

EcJIH 9TH ycJIOBHH Bhino~HHIOTCH, 16 ypasHeiI11e (3) HMeeT 
CBOHM peweHlleM HenpepbIBHYIO ·cl>YHKUHIO cp (t) = t<n> (t). 

n p Ii M e p bl. 1. PaccMOTpHM HBTerpaJibHOe ypaBHeHHe BH.lla (3): 

t . 

J (t - s) <p (s) ds = 12. 
0 

. 3.necb f (t) = /2, n = 2. <l>yHKUHH f (t) HMeer HenpepbIBHhle npoH3BOJl,Hble 
scex nopH)J.KOB, npHqeM f (0) = t' (0) = 0. IlpHMeHHH npeo6pa30BBHHe 
JianJiaca H HCilOJib3YH reopeMy 0 CBeprKe, nepeii.lleM OT JlBHHOfO HHN· 
rpaJibHOfO ypaBHeHHH K onepaTOpHOMy: 

I . 2 
- <I> (p) - -p2 - p3, 

OTKy)J.a a> (p) = 2/p, TaK qTo <p (/) = 2 eCTb HenpepbIBHOe pemeHHe JJ.BH• 
HOfO ypaBHeHHH. 

2. PaccMoTpHM ypasHeHHe 

t J (t - s) <p (s) ds = sin t, (4) 

3)1.ecb onHTb n = 2, a f (t) = sin t. <l>yHKUHH f (t) HMeer HenpephIBHbie 
npOH3BO)J.Hbie BCeX IlOpH)J.KOB, f (0) = 0, HO f' (0) == 1 ::fo Q,. npHMeH~Ul 
npeo6pa3oBaHHe JlanJiaca, Hali)J.eM 

1 
<I>(p) = 1 - p2 + 1 J 
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· cp(t) = 6(/)- sin\ t, 

-rAe 6 (t) - JteJibTa--<t>yHKUH.SI • 
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. : , · TaKHM o6pa3oM, ypastteHHe (4) HMeer perneHHe, Ho B KJiacce o6o6· 
nteHHhIX cpyttKUHH. 

PaccMoTpHM rerrepb ypaaHeHHe 

t · .. · 

J K ( t, s) cp ( s) ds = f ( t) (1) 
a 

. "Ji oyD.eM npe.n.noJiaraTh, qTo HJJ.po K ( t, s) H ace ero qacTHhie 
": npoH3BOJJ.Hhle HY:>KHoro nopHJJ.Ka cy'Th HenpepbIBHhie cpyHKUHH. 
· llnH Toro qTo6hl ypasHeHtte (I) HMeJio HenpephIBHoe pe­
. weHHe q:i (t), He06X01J,HMO BbIIlOJIHeHHe ycJIOBHH f (a) = 0 • 

.UaJiee, ecJIH HJJ.po K ( t, s) HMeeT HenpephIBHYIO npOH3BbJJ.· 

-, Hy!O 
0

0~ , TO JieBaH qaCTb (1) T3K:>Ke HMeeT HenpepbIBHYIO 

npOH3BOJJ.HYIO no t, OTKy.n.a CJie.n.yeT, qTo Ht (t) JJ.OJl:>KHa HMeTb 
- HenpepbIBHYIO npOH3BOJJ.HYIO f' ( t). 

llmjxpepeHUHPYH o6e qacTH (I) no t, npHJJ.e~ K ypaa­
HeHn10 

t 

K (t, t) cp (t) + J K; (t, s) cp (s) ds = f' (t), (5) 
a 

KOTOpOMY y JJ.OBJieTBOpHeT perneHHe q> ( t) yp.aaHeHHH ( 1), H Ha­
ooopoT. 

nycTb K (t, t) He o6pamaeTCH B HYJib HH B OJI.HOH ToqKe 
OTpe3Ka [a, b]. )leJIH o6e qacTH · (5) Ha K ( t, t), noJiyqHM 

t 

. Kt (t, s) f'(t) S 
I 

qi (t) + K (t, t) q> (s) ds = K (t, t) • (6) 

a 

. 3To - HHTerpaJihHoe ypasHeHHe BoJibTeppa 2-ro poJI,a, H 
K HeMy MOJKeT 6hITb np11MeHeHa pa3BHTaH Bblille TeopttH - ., 
TaKHX ypaaHeHHH. 
.. Y1TaK, ecAu -¢YHKlfU/.l f ( t) u K ( t, s) uMe10m HenpepbLBftbte 

· oK 
npouseodHbte f' ( t) u <ii , .f (a) = 0, a K (t, · t) He o6paU{aemcJl 

· 8 HYAb Ha [a, b ], mo ypaeHeHue (I) uMeem 8 uHmep8aAe (a, b) 
· eiJuHcmeeH~oe HenpepbtBHOe peiueHue. 

8* 
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EcJIH K ( t, t) oopamaeTcH B HYJih B HeKOTOpoH: TOtIKe 
0Tpe3Ka [a, b ], HanpHMep B TOtIKe t = a, TO ypaBHeHne (5) 
ooJia.n:.aeT oco6hlMH csoH:cTBaMH, coseprneHHo oTJIHtIHbIMH oT 
CBOHCTB ypasHeHu:H: 2-ro po.n:.a. TaKu:e ypasHeHH5J, cJie.n:.yn 
nHKapy, Ha3hIBaIOT ypaBHeHUfl.MU 3-eO poiJa. 

EcJIH K ( t, t) TO:>K)leCTBeHHO pasHo HY JIIO, TO ypasHe· 
Hu:e (5) ecTh onHTh ypaBHeHHe 1-ro po.n:.a, c KOTOpbIM MO:>KHO 
nocTynaTh TaK :>Ke, KaK c nepBoHatiaJibHbIM, ecJIH TOJibKO 

a')K (t s) 
K ( t, s) HMeeT HenpepbIBHYIO npOM3BO.D.HYIO ~ at>-' • npH 

3TOM, lJTOOhl ypaBHeHHe (5) HMeJIO HenpepbIBHOe pemeHHe, 
Heooxo.n:.HMO, tITOOhI f' (a) = 0 u: f" (t) OblJia . HenpephIBHa .. 
)lmpcpepeHuu:pyH ooe tiaCTH (5) no t (K (t, t) = 0), npu.n:.eM 
K ypasHeHHIO 

t • , J iJ2K (t s) K, (t, t) <p (t) + ar},' <p (s) ds = r (t), . (7) 
a 

KOTopoe HBJIHeTcH HHTerpaJihHblM ypasHeHHeM 2-ro po.n:.a, 
ecJIH K; (t, t) oTJIHtIHa oT HYJIH Ha [a, b ]. 

3roT npouecc hpo.n:.oJI:>KaeM .n:.o Tex nop, noKa He npu:.n:.eM 
an -lK (t s) 

K npOH3BO)l.HOH ()tn _ 1' , KOTOpaH npu t = S He oopa-

II.J,aeTCH TO.IK)l.eCTBeHHO B HYJib. npu 3TOM, lJTOObl ypaBHeffue (1) 
HMeJIO pemeHHe <p (t)E c [a, b ], HeOOXO)l.HMO,- lJTOOhl 
f (t)EC<n- 1> [a, b ], T. e. HMeJia ObI HenpepbIBHhle npon3-
so.n:.H~Ie .n:.o nopH.n:.Ka n - 1·, npHtieM see oHu .n:.oJI:>KHhI oopa­
m.athCH B HYJih npH t = a. 

· anK (t s) 
EcJIH npou:3so.n:.HaH ' HenpephIBHa, TO iienpe-

iJt11 
pblBHoii .n:.oJIJKHa OhlTh f<n> (t), H Mbl np1ixo.n:.u:M K ypasHeHHIO 

qn -lK (t I t) (t) + st on K (t' s) . (s) ds . f (11) (f) 
i} r- 1 <p i.Jtn cp ' (8) 

a 

KOTOpoe HBJIHeTCH HHTerpaJihHhIM ypaBHeHueM 2-ro po.n:.a, 
an- 1K(t t) 

€CJIH a1n- 1' He oopamaeTCH ~s HYJih Ha [a, b ]. 

B 3TOM cJiytiae. ypasHeHu:e (8) HMeeT e.n:.u:HcTBeHHoe He­
npephIBHoe perneH:tte, KOTopoe y.n:.osJiersop5,1er ncxo.n:.HoMy 
ypasHeHHIO (1). ' 
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3 a M e q a H H e. YpasHeHHe 

t 

J K ( t, s) cp ( s) ds = f ( t), 
a 

K (t, t) ::fo 0, 

229 

(1) 

MO.'/KeT 6bITb cae.neeo K ypaBHeHHIO 2-ro po.na c IlOMOW.blO 
HHTerpHpoaaHHH no qacTHM. 

IlOJIOJKHM 
t 

<D (t) = J cp (s) ds, 

TaK qTo <D (a) = 0. Tor.na 

t 

a 

(9) 

t 

J K (t, s) cp (s) ds = [K (t, s) <D (s)J _ J aK (t, s) <D (s) ds 
as 

a s=a a 

H HHTerpaJibHOe ypaBHeHHe (I) npHMeT BH.ll 

t 

K (t, t) <D (t) - J aK ~:· s) <D (s) ds = f (t), 
a . 

. HJIH 

t , 

f K5 (t, s) . f (t) 
<D (t)- K (t; t) <D (s) ds = K (t, t) • 

a 
(10) 

K ypaaHeHHHM (1) npHBO.llHT MHorHe aa.'IKHbie npHKJia.ll.Hble 

38.llaqH. IlyCTb <p (t) - H3JiyqeHHhlH pa.llHOHMilYJibC, f (t) -
CHrHaJI, 38IlHCaHHbIH Ha HeKOTOpOM pacCTOflHHH OT ToqKH 
H3nyqeHHH. Tor.na ~ 

t 

f(t) = f K (t--r)cp (-r) di:, ( 11) 
0 

rJ.t.e K (t - -r) - HMilYJibCHaH ¢YHKUHH Tpaccb1 pacnpocTpa­

HeHHH pa)lHOHMDYJibCa, 38BHCflW.8fl OT CBOI1CTB cpe.nhl (rpyHTa, 
BJia.'IKHOCTH B03.1l.yxa H T • .n.). 

c ypaaHeHHeM ( 11) MO.'IKHO CBfl38Tb ueJibIH UHKJI 38.1l.8lf, 
HanpHMep: 

1) l13aecTHbI K ( t - i:) H f ( t). BoccTaHoBHTb H3nyqee .. 
HhlH CHrHaJI <p (t). 
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Boo6me, ypaBHeHHH 1-ro po.lla qacro ecTpeqaIOTcH e sa­
,aattax., r.zie no pesyJibTaTaM K8Kf1X·TO H3MepeHHH Tpe6yeTCSI 
BOCCT3HOBHTb HCXO)J.Hoe HBJieHHe. 

2) no H3BeCTHbIM BXOJJ.Y cp ( t) H. SblXOJlY f ( t) onpe,ZI.eJIHTb 
K (t - -r). Tor.na Mhl 6y.n,eM 3HaTh. KaK ~JJHHeJ' npe96pa3oaa-.. 
Te.Jib . pa..n.~ocarHaJJa .. Ha BXO)J.HOH CHrHaJJ •. 

y n p a )I{ H e H. H e.. Bo MHOrHX OOJI~CTSIX eCTeCTB03HaHHSI . BCTpe-
1Jaercsr sa,naqa OTLICKaHH.sI saKoua pacnpe.neJieHHSI. pasMepoB . wapoebnc. 
11aCTHU, norpy>KeHHblX B aenpospaquyIO cpe.ny, no H3M.epeHHSIM cerMeHTOB., 
KOTopble noJiy'laIOTC.SI ttJ>H nepeceqeHHH qacreu CJiyqaiitfbIMH IlJIOCKOCTBMH. 

0603H8lJ8.SI qepe3 f (r) (r - ;D.HaMeTp qacrHUbl) IlJIOTHOCTb sepOHTHOCTH . 
pacnpe,neJieHHH ,nHaMeTpOB lJBCTHU, noJiyqaeM, qro <l>YHKUHB f (r) .AOJDKHa 
onpe.nen_HThCH H3 HHrerpaJI&Horo · ypaBHeHHSI Tuna ypaeHeHHSI A6e . .1u1 

. +oo 
c:p x = - · . r, ( ) x . s r ( r) d 

. 'o V r2 __. xJ · 
" r.ne c:p (x) MO>KeT 6b1Tb Ha:H,neHa H3 H_a6JI10,neHHH, r0 = canst. 

flolCasaT&, tJTo peweaHeM ypaeiieH~rn ( 12) · S1BJI.He1c.si 
. co 

(12) 

f (r) = - 2~o J (x'-, fo)-1/2 ! { 'I' ;x) ) di:.·. (13) 
%' . 

y Ka 3 a H He. IlOJIOJKHTb f (r) = rf 1 (r2). . - -
YpaeHeHHe (12) noSIBJIHeTcH TaK>Ke B reopHH C3a,naqH rJ106y1rnpe~ro 

CKOilJieHHH» B acrpOHOMHH (rJIOOYJISlpHoe CKOilJieHHe npe~CTaBJUleT· CoOOH 
~q()pauHe sse3,n, pacnOJio>KeHHblX ·BOKpyr o6iuero ueHTP~ ccpep11t1ecKHMll 
CJIOHMH IlOCTOHHHOii . DJIOTHOCTH). . 

-
§ 33. _Ypaeueaue 4>peArOJ1hMa l-ro poAa 

l1HTerpaJibHoe ypaaHeHHe <I>pe,n.roJibMa 1-ro po,ZI.a 
b . 

J K (t, s) cp (S.) ds = f (t), (1) 
a 

. . 

r,ZJ.e K (t, s}, f (t) -·H3BetTHhle <PYHKUHH, cp (t)·- HCKOMlu1 
¢YHKil"HH·, TaK'.>Ke npeJJ.cTaBJIHeT TPY,ZJ.HOCTH:. ,ZJ.JIH Hsy11eHHH, 
cyw,ecTBeHHO O'l:'JlHqHbJe OT Tex, c KOTOpbIMH Mhl BCTpeqaJIHCh 
B TeopHH HHTerpaJibHbIX ypaeHeHHH 2-ro .po,ZI.a. -
· IlycTb, uanpHMep, HJJ.po K (t, -s) ~cT·h MHoroqJieH OTHO· 

cnreJibHO t H s: -

K (t, s) = a0 (s) tm + a1 (s) tm-I + · · • +am (s), 

r,n.e ai (s) - MHOfOqJieHhl .OTHOCHTeJibHO s (i ~ 1, 2, ~ •• , m). 



VPABHEHHE ¢PEnron&MA •~o POnA 

· .. Torna JieBaf.I qacTb (1) 6yner HMeTD BHn b0.tm + b1 tm-t + 
, + · · · + bm nnH nl06ofi <p (t)eC {a, b J, ·a cnenosareJihHO, 

T8KOR iKe BHn noJiiKH8 HMerb H npaaaf.I qaCTb (1), T. e. ¢>YHK• 
·nnH f ( t). 

TaKHM o6pa30M, nnH n'106ofi HenpephlBHOH Q:>yHKUHH f (t) 
:.:.perneHue ypaaHeHHf.I (1), aoo6rue roeopH, He cyruecrayeT 
. -npu cKonh yronHo cxoporneM» Hnpe K (t, s). 
. PaccMoTpHM, HanpHMep, npocreiirnee HHTerpanhHoe y.paa-
_.iteHue l·ro pona 

1 . 

J <p(s)ds=t 
0 

;: c HnpoM K (t, s) 1 u f (t) = t. 
;:.· QqeaHnHo, qTo B Knacce HHTerpupyeMblX (B qaCTHOCTH, 
:: HenpepblBHblX) ¢>YHKUHH 3TO ypaaHeHHe He HMeeT perneHHH. 
UycTb Hnpo K ( t, s) ypaaHeHHf.I ( 1) CHMMeTpuqHoe. 

B cuny TeopeM&I. fHnh6epTa - IllMunra nnH cyruecTBO· 
;·BaHHf.I perneHHf.I ypaBHeHH51 (1) Heo6xonHMO, qToobl ¢>YHK­
. llHH f ( t) pa3naranacb no co6craeHHhlM ¢>YHKUHf.IM { <p1 (t)} 
t·Hnpa K (t, s): 

.. f (t) = ~ (/, <p,) <p, (t). (2) 
i 

~' 

:': Ilpu BblITOnHeHHH 3TOfO ycJIOBHf.I 'perneHHe <p ( t) ypaBHe­
. HHf.I (1) MOiKHO HCK8Tb B BHne 

(3) 

~~.IloncTaBJif.lf.I (3) a (1) H cpaaHuaan c (2), nonyquM ~ = 
..... - (f' <p,), OTKyna .. c, = i..., (f, <pJ. EcJIH Mbl XOTHM, qT06&1 
. perneHue <p (t) npHHa;I.JieiKano £ 2 [a, b ], Hano HaJIOiKHTh Ha 
. ./ (t) nononHHTeJI&Hoe rpe6oaaHue. 
r Te 0 p e M a. 7.1 (ilHKapa). HHmeepaAbHOe . ypa61teHue 
~,J-eo poiJa c saMKflYtnbtM cuMMemputiHtHM 11opoM K (t, s) 
\' 

b 

f K (t, s) <p (s)-ds = f (f), (1) 
a 

'eiJe 
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UMeem, u npumoM eauttctrUJeHHOe, peUteHue 8 KAacce L2 [a, b I 
moeOa U mOAbf(() moaiJa, f(()ZiJa pRiJ 

(4) 

cxoiJ umcR. 
3.n:ech 'Ak - xapaKrepucruqecKue qucJia H.n:pa K ( t, s), 

f k = (f, <pk) - K03qxpHUHeHTbl <l>ypbe ¢YHKUHH f (t) OTHO­
CHTeJibHO COOCTBeHHbIX ¢YHKUHH 'Pn (t) 3Toro H)lpa: .. 

b 

<p11 (t) =An J K (t, s) <pn (s) ds. (5) 
a 

CnMMerpuquoe H.n:po K ( t, s) Ha3blBaercH aaMKHymblM 
B L 2 [a, b ), ecJIH Ka>K)laH ¢YHKUHH ro ( t)eL 2 [a, b], y.n:osJie­
TBopH10maH TO>K)lecTBY 

h 

J K(t, s)ro(s)ds=O, 
IJ 

pasea nyJI10 noqru sc10.n:y ua [a, b]. 3aMKHyroe H.n:po xapaK­
repu3yercH reM, qro co6crsennhle ¢YHKUHH H.n:pa 06pa3y10T 
noJiuy10 B L 2 [a, b) oproronaJihHy10 cilcreMy ¢ynKIJ.uif. 

Jl 0 K a 3 a T e JI b C T B 0 Te 0 p e M bl 7 .1. flpe)lilOJIO· 
.>KHM, qro cyrn.ecrsyer pernenHe <p (t)E L 2 la, b 1 ypasue­
HHH (1 ). Tor.n:a 6y.n:eM HMeTb 

·fn= I f(t)q>n(t)dt= j{f K(t, s)q>(s)ds}!J>n(t)dt = 

= J {J K (t, s) !Jln (t)dt} q> ( s) ds = L f !J>n (s) q> (s) ds. (6) 
a a a 

3.n:ecb Mbl BOCilOJib30BaJIHCb TeM, qro B CHJIY ( 1) 
b• 

f (t) = J K (t, s) <p (s) ds, 
a 

a TSK>Ke TeM, qro B CHJIY CHMMeTpuquocTH H)lpa 
l:J 

J K (t, s) <p0 (t) dt = +n- <p0 (s). 
a 
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f?aseHCTBO (6) MO:t.KeT 6h1Th 33IlHC3HO B BH,ZI.e 

b 

J q> (s) fPn (s)ds = Anf n• 
a 

233 

(7) 

'f)TKy,u.a BH,ZI.HO, qTo llHCna Anf n 51BnfUOTC51 K03cpqmuHeHT3MH 

<Pyphe <}>yHKURH q> (t)el 2 [a, b ]. KaK H3BeCTHO, p51,u. (4) 
H3 KBa,u.paTOB 3THX K03cp¢muHeHTOB Heo6xo,ZI.HMO ,u.on:t.K'eH 6hITb 

CXO,ll51III.HMCH. 
npe,u.nono:t.KHM, o6paTHO, llTO p51,ZI. (4) CXO,ZI.HTC51. Tor,u.a 

. B cuny TeopeMhI <Puwepa - Pucca ( [ 191) cyrn.ecTsyeT <}>yHK· 
'. llH51 q> (t)EL2 [a, b ], H npHTOM e,ZI.HHCTBeHH351, ,u.n51 KOTopoii 

llHCna Anf n 51Bn51IOTC51 K03qxpHUHeHT3MH <Pypbe no CHCTeMe 

<}>yHKUHH { fPn (t)}' T. e. BblilOnHHIOTC51 paBeHCTBa (7) ,u..n51 
scex n (n = I, 2, .•. ). 3-ra <}>yHKUHH q> (t) y,u.osneTBOpHeT 

,u.aHHOMY HHTerpanbHOMY ypaBHeHHIO. ,lleHCTBHTeJibHO, B CH.11Y 
b 

. : caMoro nocTpoeHH51 cp' (t) epyHKUHH f (t) H J K (t, s) cp (s) ds 
a 

HMelOT O,ZI.HII H Te :t.Ke K03<fxPHUHeHTbl <I>ypbe OTHOCHTenhHO 

· noJIHOH cucTeMhI \cpn (t)} co6cTBeHHhIX cpyHKUHH H,u.pa K (t, s) • 
. b 

Cne,u.osaTenhHO, cpyHKUHH f (t) H J K (t, s) q> (s) ds TO:t.K,ZI.e· 
a 

CTBeHHhI (a MeTpHKe L 2 [a, b ]). 
EcnH 51,u.po K ( t, s) He HBnHeTCH 3aMKHYThlM, TO perneHHe · 

ypaBHeHH51 (1) He e,ZI.HHCTBeHHO. CTyCTb © 1 (/), .... , ©k (t) -
He paBHble Hynro IlOllTH BCIO,ZI.Y cpyHKtt.HH T3KHe, llTO 

b 

J K (t, s) roi (s) ds:;:::: O (j = 1, 2, o t I t k). 
a 

Tor,u.a, ecnu q>0 ( t) - perneHHe ypaBHeHHH ( 1), TO <jlyHKUH51 

k 

fPo (t) + ~ Ciroi (t), 
i=l 

. r,u.e C1 (j = 1, 2, ••. , k) - npoH3BOnhHhie nocTOHHHhie, 
TaK:t.Ke 6y,u.eT peruettHeM 9Toro ypasHeHH51. B cJJy11ae Bbipo .. 
}K)J,eHHoro 51,ZI.pa peweHHe ypaBHeHH51 ( 1) MO:t.KeT co,u.ep:t.KaTb 
6ecKOHellHOe llHcno npOH3BOnbHbIX IlOCT051HHbIX. 

Tpe6osaHHe 3aMKHyToCTH 51,u.pa K (t, s) 51BJJ51eTCH cy· 
~ecTBeHHbIM He TOnbKO ,u.n51 e,ZI.HHCTBeHHOCTH pemeHH51 
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ypaBHeHHH (1), HO H Boo6m.e Jl)UJ. pa3pernHMOCTH 9Toro. ypaB· 
HeHHH. EcJIH OTKa3aTbCH or Tpe6osa.HHB 3aMKHyrocTH, TO .. 
cpe,llH ypaBHeHHH BH)Ia 

b 

J K (t, s) q> (s) ds = f (t) ·+ g (t), 
a 

r,lle f ( t) - 3a)J.8HH3H HenpepbIBHaH cpyHKIJ.HH, He. opToro­
H8JibH8H KO BCeM <i>ri (t), a g (t) __:, JiroOaH HenpepbIBHa.R 
cpyHKUHH, OpTOrOH8JibH8H KO BCeM <f>n ( t), MO.>KHO H8HTH He­
pa3pe1IIHMble ypasHeHHH. · 

PaccMoTpHM, HanpuMep, ypasHeHue 

1 

J qi (s) ds = I. (I') 

0Ho HMeeT oqeBH.II.Hoe perneHue q> (t} = L Henocpe.II.C'fBeH· 
HOH nposepKOQ y6e11maeMCH B TOM, qTo perneHHHMH ypaB· 
HeHHH (l') 6y.II.yr T8KiKe <PYHKUHH 

q>(t) =I+ oo (t), 

f,lle © (t) = at + p H BeJIHqHHbl a, p - JII06bie -,lleHCTBH­
·TeJJbHble quc.na, y.II.OBJieTBOpH10mue yCJIOBHIO a + 2P = 0. 

c .II.pyroff CTOpOHbl, ypaBHeHHe 

1 

. J ~ (s) ds = I + t, 

oqeBH,llHO, Hepa3pernHMO. 
nJIH perneHHH HeKOTOpbIX HHTerpaJibHblX ypasHeHHH 

<l>pe,llrOJibM8 1-ro. po.II.a MOiKHO npHMeHSJTb MeTO,ll nocJie,llOBa­
TMbHblX npu6JIH~eHHH (I 43 )). 

Teo p e M a 7.2. flycmb K (t, s) - cu.M.Mempuiutoe no-
Ao:J1CurheAb1tO onpe8eAe1tttoe l 2-RiJpo, u nycmb ypaB1te1tue 

b 

J K ( t, s) q> ( s) ds = f ( t), f ( t) E L 2 la, b j, · ( l) 
a 

oiJ1tos1ta'UlO paapeutu.Mo. 



YPABHEHHE <1>PEAfOJlbMA l·ro POAA 

ToziJa nocAeiJooameAb1tocmb { <p,1 (t)}, onpeiJeAH£.MaJl p~· 
··'Kyppe1tmHblM coom1totul1tueM 

. q>n (t) = q>n-i(t) + )..[{ (t)-1 K (t, s) q>n_i(s)ds] (8) 

(n = 1, 2, ... ), 

<p0 (t) E L2 [a, b], 

O<A.<2/vi (9) 

::u ii. 1 - nauMe1tbtuee xapatcmepucmuttec100e ttucAo aiJpa K (t, s), 
·cxoiJumcfl B cpeiJHeM " petuenu10· ypa81te1tufl (1). 
,, B caMOM )I.Me, noJiaraH B paseHCTBe (8) 

(J)n (t) = <p (i) +Un (t), 

·npHBe,lleM ero K BH.llY ... 

b 

Un (t) = u,,,_1 .(t) +A J 1(, (t, s) Un-l (s) ds. (8') 
a 

:}'MHO:>KHM ooe qaCTH (8') Ha COOCTBeHHYlO ¢YHKUH10 Vt (t) 
JI,llpa H npOHHTerpHpyeM no t OT a )J.0 b. IloJiytIHM 

b b 

a1 = a7- 1 
- J.,J v, (t) dt J K (t, s) Un-l (s) ds, (10) 

a a 

r)J.e 

b 

a? = J Un (t) Vt (t) dt. 
Q -

JicnoJib3Y H CHMMerpHtIHOCTh H,llpa K ( t, s) H TO, tITO 

b 

HaXO,llHM 
·r . 

v1 (t)='A, J K(t, s)v,(s)ds, 
a 

b b n-1 

J v, (t) dt J K (t, s) Un-l (s) ds = .a~' • -
a a 
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TaKHM o6pa3oM, H3 (10) 

a'/ = ( 1 - ~i ) a?-1 = ( 1 - ~ )n a~. 
PaccMoTpHM HHTerpaJI 

b b 

J u!(t)dt = J [q>n(t)-q>(t)]2 dt. 
a a 

B CHJIY IlOJIHOThl CHCTeMhl cpyHKUHH ~ v, (t)} HMeeM 
b 00 00 

, J u~(t)dt = ~ (a7)2 = ~ ( 1 -fi-)2
n (a~)2• 

a t=l i=l 

Ha OCHOBaHHH HepaeeHCTBa (9) 

( 1 - 2:_) 2 ~1 
'}.,i ' 

" IlOTOMY )J.JIH JII06oro 8 !> 0 MO/KHO yKa3aTb raKOH HOMep 
N = N ( s ), 'ITO np u n D- N ( s) 

co 

L (ai)2 <e. 
i=l 

TaKHM o6pa3oM, Mhl npuxo.n.nM K HepaeeHcTey 
b b 

J u!(t)dt = J [<l'n(t)-<p(t)]
2dt<s, 

.a a 

KOTOpoe 03H8ll8eT, lJTO nocJie.no~aTeJihHOCTb { <l'"n (t)} cxo­
.AHTCH B cpe,AHeM K peweHHIO <p (t) ypaeHeHHH ( l ). 

PaccMorpHM onHTh ypaeHeHne 
b 

J K (t, s) <p (s) ds = f (t), (1) 
a 

ue npeano.llaeafl menepb aapo CUMMempU'-lHbl.M. DpttMeHHM 
K ero peweHHIO o6rn.nti MeTo.n:. He~npe.n:.eJieHHhrx K09qxpiiuneH­
TOB. CYTh .sroro MeT9.n:.a - pasJIOJKeHue HCKOMOH cpyHKUHH 
no HeKoropoli noJIHoR cucreMe cpyHKUHH. Ou oKa3hIBaerc.H, 
eoo6rn.e, xopowo npucnoco6JieHHhIM K perueHHIO uurerpaJih­
HbIX ypaeueuuii <I>pe.n:.roJihMa 1-ro po)l.a. 
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By.ll.eM HCK8Th perueHHe cp (t) ypa&HeHHH (1) a BH)J.e 

cp (t) = ~ anen (t) w (t), (11) 
n 

r)l.e cpyHKUHH en (t) (n = 1, 2, • , .) 06pa3y10T HeKOTOpy10 

IlOJIHYIO CHCTeMy Ha HHTepBaJie (a, b); w ( t) - HeKoTopaH 

BecoBaH cpyHKUHH, KOTopy10 cJie)l.yeT BhI6Hp8Th 6JIH3KOii 

K cp (t) H TeM caMhIM YJIY'llllHTh cXO.ll.HMOCTh pH.ll.a (11). EcJIH 
. 0 perneHHH cp ( t) M8JIO 'ITO H3BeCTHO, TO MO:tKHO IlOJIO:tKHTh 

w (t) = 1. 
no.l{CT8BJIHH cp ( t) B ¢op Me ( 11) B ypaBHeHHe ( 1 ), 6y.ll.eM 

HMeTb • 
b 

f (t) = ~ an J K (t, s) en (s) w (s) ds, 
n a 

HJIH 

f (t) = ~ anhn (t), 
n 

r)l.e hn (t) - H3BecTHhie cpyHKUHH: 

b 

hn (t) = f K (t, s) en (s) w (s) ds. 
a 

(12) 

(13) 

TaKHM o6pa30M, perneHue HHTerpaJihHoro ypaaHeHuH 
CBO)l.HTCH K HaxO:tK)l.eHHIO K09cpqmuHeHTOB an IlO II3BecTHhIM 

cpyHKUHHM f (t) H hn ( t). 
3-ro oco6eHHO npocTO )1.eJiaeTCH B .ll.BYX CJIY1I8HX: 
1) EcJIH cpyHKUHH h11 ( t) = Cnt" (n = 0, 1, ... ),_TO npa­

Bas:r 11acTh ( 12) oKa3hIBaercs:r cTeneHHhIM pH.ll.OM, TaK 11To He­

n3aecTHb1e K09(P¢rnuuenrh1 an MO}K.HO onpe.ll.eJIHTh nyTeM 

cpaBHeHHH K09(pqmuHeHTOB 9Toro PH.ll.8 c COOTBeTCTBYIOIUHMH 

K03<pqrnuHeHT8MH B pa3JIO:m:eHHH t (t) no creneHHM t. 
2) EcJIH cpyHKUHH hn ( t) 06pa3y10T opToroH8JihHOe c ae .. 

. COM p (t) ceMeHCTBO Ha HHTepB~Jie (a, b): 
b 

f P (t) hn (l) hm (t) dt = NfJmn *) 1 

a 

*) 3.u.ecb 6mn - CHMBOJI KponeKepa, 

SI. _ { 0 npH m + n,. 
umn-

1 npH m = n. 
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TO KO~qxpHUHeHThl an JierKO onpe.n.e.JHHOTC.ff H3 (12) no 4x>P· 
MYJI8M 

b ' 

an= -Jr- J f (t) p (t) hn (t) dt, 
n a 

r.n.e b 

Nn = J p (t) h~(t) dt . . 
a 

K coiKaJieHHlO, t:1arn.e cpyH:Kuuu hn (t) He HBJIHIOTCH HM cre­
neHHMH t, HM 3JieMeHT8MH opToroHaJibHOH CHCTeMhl H onpe­

JI.eJieHHe Ko3QxPuuueHTOB an 6blB8eT conpHLKeHo nopoii c OOJib· 

IllHMH TeXHHl:lecKHMH TPYJI.HOCTHMH. C HeKOTOphlMH MeTO· 
.ll.8MH 0TbICK8HHH an MO/KHO n03H8KOMHTbCH B [23}. 

B Kat:1ecTBe npuMepa, HJIJI10CTpupy10mero H3JIOIKeHHbI:A 

MeTO.ll., paccMOTpHM CJIYl:l8H hn ( t) = tn. 
3To HMeeT MeCTO, Kor.n.a HJI.pO HHTerpaJibHOro ypaBHeHHH 

HBJIHeTCH npOU36oOJlttfeU c/JYHK/1 ueu JI.JI.ff ceMeHCTBS opToro ... 
H8JibHbIX nOJIHHOMOB. HanOMHHM, 1ITO cpyHKUHH a ( t, z) H83hl· 

B8eTCH npOU380aJlw.eu JI.JI.ff CHCTeMbl <f>YHKUHH 

g0 (z), g1 (z), .... , g,, (z), ••• , 

ecJIH 
00 

G (t, z) = ~ Cngn (z) tn 
n=O 

T. e. ecJIH cpyHKUHH gn (z) (n = o~ l, 2, ... ) noJiytiaIOTCH 

B Pe3YJibT8Te pa3JIOJKeHHH a (t, z) B PHJ.I. no CTeneHHM t. 
KaK H3BecTHO- ( [231), npou3BOJI.HI.I.J.Yl0 cpyHKUHlO JI.JI.ff noJIH ... 
HOMOB 3pMHT8 H n (z) MO/KHO 38nHC8Tb B BH,ll.e 

( 14) 

3To p83JIOJKeHHe MO/KHO npuMeHHTb .ZJ.JIH pellleHHH HHTe ... 

rpaJibHOrO ypaBHeHHH 

+oo 
f (t) = J e-<t-s!'q>(s) ds. (15) 

-oo 

3a~al:IH TaKoro Tuna B03HHK·alOT B sonpocax o · pacnpocTpa ... 
HeHHH TenJia, Kor.n.a HCKOMbIM HBJIHeTCH nepBOHal:l8JtbHOe pac· 
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-ppe.neJieHHe HCTO'IHHKOB, nopo>KJlaJOmee HeKOTopoe 33JlaH­
:~~oe · pacnpe.neJieuue TeMnepaTypbl. DoJIO>KHM 
~"' . 

~ . <p (s) = ~ atzHn (s). 
n 

::HcnOJib3YH pa3JIO/KeHHe (14) HJlpa' ypaaueHHH (15) H TOT 
!'WaKT, 'ITO 

+co 
J H~ (s) e-51 ds = 2nn ! 01, 

-a:> 

~npuao)luM ypaaueuue ( f 5) K au.ny 
, ;' < 

,,_. f (t) = V n ~ a
11
2n tn •. 

n 

~~ 
·, Orcw.na 

·' f(n) (0) an = ......____._;_ ____ 
, 2nn1 V n 

JI, CJiejlOB3TeJibHO, perneuue <p (t) ypaaueHHH (15) HMeeT BH)t 

<p(/) = l ~ 1<n) (0) Hn(i). 
Jl1i ~ 2nnl .. 

n 

; § 34. OnepaTopable ypaeaeHHJI J .. ro· po.uia 

'' Do.n onepamoprtblM ypaertertueM I-eo poaa nouuMalOT ypaa-
;11euue 

A<p=f, (l) 

;trit;e <p, f - 3JieMeHThl rHJih6epToaa npocrpaucTaa H, A -
~:BnOJIHe uenpepbIBHblii ·onepaTop. 
: · TaK, HHTerpaJibHOe ypaaueuue <t>pe.nroJibMa 1-ro po.na 

b 

J K (t, s) <p(s) ds = f (t), (l ') 
a 

~:t.lle K (t, s) - HHTerpupye·Moe c Kaa.npaToM a npHMoyroJib· 
~)lJIKe Q {a ~ t, s ~ b} HJlpO, a <p ( t) H f ( t) - cpyHKUHH H3 
U,, la, b ], HBJIHeTcH npuMepoM onepaTopuoro ypaaueuHH 
~1-ro po.ZJ.a. 
!~· .. 0.nHHM H3 cyrn.ecTBeHHhIX MOMeHTOB B TeOpHH T3KHX ,ypa.B":' 
~ileHHH HBJIHeTCR TO, 'ITO onepaTop, o6paTnblif BfiOJIHe 
:~ 
<. 
'~" 
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HenpephlBHOMY, He orp anuqen. Do3TOMY, ecJIH f 1 u f 2 -

JJ.Ba 6JIH3KHX MetKJJ.Y co6ofI 9~TieMeHTa H3 H u o6a ypasneHHH 

A<p =ft• A<p = f 2 

pa3pellIHMb1,' TO cooTseTcTsy10w.ue pell.IeHHH <p 1 = A-1f 1 H 
<p 2 = A-112 M,oryr CHJihHO OT JIHqaThCH JJ.pyr OT JJ.pyra. 

TaKHM o6pa30M, CKOJih yro)J.HO MaJiaH norpell.IHOCTh B CBO· 
60JJ.HOM qJieHe ypasne.HHH (1) MO/KeT npHBeCTH K CKOJih yroJJ.HO 
ooJihllIOH Oll.IH6Ke a pellleHHH. 

3a)J.aqu, B KOTOpbIX MaJioe H3MeHeHHe HCXO)J.HhIX )J.8HHhIX 
npHBO)J.HT K M8JIOMY H3MeHeHHIO pell.IeHHSI, H33hlB.alOTCH KOp· 
peKmHbtMU. Pell.IeHue HHTerpaJihHoro ypasneHHH l·ro poJJ.a 
(B OTJIHIJHe OT ypaBHeHHH 2-ro poJJ.a) B o6w.eM CJiyqae HB .. 
JIHeTCH HeKOppeKmHOU 38)1.aqefl. • 

B nacTOHmee speMH neKoppeKTHhie 3a)J.aqH u MeTOJJ.hl ux 
peryJI~H38UHH (T. e. cse;lleHHH HX K 38)1.81.IBM, B TOM HJIH 
HHOM CMhICJie KOppeKJ'HhIM) CT8JIH npeJJ.MeTOM npHCT8JibHOrO 
BHHM8HHH 60JihllIOrO qncJia MaTeMaTHKOB K8K B Hall.IeH: crpane 
(llIKOJia aKaJJ.. A. H .. Tuxonosa), TaK u 3a py6eJKoM. 

3aJJ.a"la pell.IeHHH ypasnennH ( 1) H83hIBaeTcH nocmaeAeH· 
nou KoppeKmHo no Tuxonoey, ecJIH BhITIOJIHeHhI cJieJJ.y10w.ue -
ycJIOBHH: 

1) anpuopu H3BecTHO, qTo pernenae <p cyw.ecTsyeT JJ.JIH 
HeKOToporo KJiacca HCXO)J.HhIX )J.8HHhlX H npHH8)J.JietKHT He­

KOTOpOMY 3a)I.8HHOMY MHOiKeCTBY M: 
<pEM; 

2) pell.IeHHe e)J.HHCTBeHHO ·a KJiacce cpyHKUHH <pEM; 
3) pernenue <p ypasHeHHH (1) nenpephIBHO 38BHCHT OT 

npasoli qacTH- f Ha MHOJKecTBe MA, rJJ.e MA ecTh o6pas MHO­
tKecTBa M npu oTo6paiKeHH u A<p. 

PaccMOTpHM ypaanenue 

Acp=f, (1) 

rJJ.e A - JIHHeii:HhIH snoJIHe nenpepbIBHhIH onepaTop u 

UAll~l. 
DycTh 3a,rr.aqa pell.IeHHH ypasneHHH (l} nocTaBJiena KOP· 

peKTHO no Tuxonosy, H nycTh MHOIKeCTBO KOppeKTHOCTH M 
eCTh MHOIKecTBO cpyHKUHH u, onpeJJ.eJIHeMhIX COOTHOilleHHeM 

u = Bv, 11v11 l. (2) 
rJJ.e B - JIHHeiiHhlii snoJine HenpepbIBHhlH onepaTop, 

llBll~ 1. 
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IlyCTh 38)laHa cpyHKUII5l ro (t), yi:loaJieTBOpHIOlll.8fl' CJie-
lI.YIOI.IJ.IIM ycJIOB!-fHM: -

a) ro ('t) - HenpepbIBH8H Hey6hIB8IOI.IJ.8H cpyHKUIIH, II 
ro (0) = O; 

6) JI..nH JI106oro uE=M, yJI.oBJieTaopH10mero HepaaeHcTay 

II Au II~ 't, 

HMeeT MeCTO HepaBeHCTBO 

II u II~ ro ('t) .. (3) 

YKaJKeM OJI.IIH MeToJI. peweHIIH ypaaHeHIIH (1), orpaHuqIIa­
-- IllHCh HaII6oJiee npoCThIM CJiyqaeM ([ 17]). 

DycTh A - noJIOIKIITeJihHO onpeJI.eJieHHhIH CIIMMe'rpIIq .. 
HhIH onepaTop II onepaTophI A II B nepecTaHoaoqHhI. 060-
SHaqIIM qepe3 <I>t cpyHKUIIIO 

<I>i: =(A + 't/)-1 f, 't ~ 0, 
-

H oueHIIM p83HOCT~ 'Pt - <p. B CRJIY (1), (2) IIMeeM 

<I>-c-<J> ={(A+ 't/t1 A-I} r'l' = - 't8 (A+ 't/)-1 ¢, (4) 

rJI.e <p = B'\J', 11 'I' II ~ I. 
cf>yHKUIIH wt = 't (A + 't/t1 'P yJI.OBJieTaopHeT HepaaeH· 

CTBaM 

(5) 

)l.eflcTBIITeJibHO, B CIIJIY noJIO/KIITeJibHOH onpe)leJieHHOCTII one .. 
1

, • paTopa A, JI.JIH JI106ofl cpyHKUIIII w 
~ I ,. ,. 

11 (A+ 'ti) w 11~11Aw11,} 
'· II (A + 't/) w II~ 't 11 w II, (6) 

OTKYJI.8, B3HB B KaqecTBe w cpyHKUIIIO (A + 't/t1 w, H8XOJI.IIM 

. 11 A (A+ 't/t1 w11~11 w JI, } 

II (A + 'tlt1 w 11 ~ -1 11w11. (?) 
't 

, :Yfa Hep.aaeHcTB (7) yJKe cJieii:y10T HepaaeHcTaa (5). H3. Hepa-
1 BeHCTB (6) II II3 HepaaeHCTB8 (3) noJiyqaeM 

~- II Bw't II= II <I>t ~ <p II~ ro ('t). (8) 

~ TaKIIM o6pa3oM, ecJIII cpyHKUIIH f TaKoaa, qTo ypaaHeHIIe (1) 
~: pa3pernIIMO, TO <p, ........ <p no HOpMe npII 't .-+ o. 
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IlycTb Tenepb npasaH qacrb f H3BecTHa c ToqHoCTbIO .no 8, 
T. e. H3BecTH8 cpyHKUHH f 8 TaKaH, 'tfTO 

II t- ts 11<8. 
0603HaqnM qepe3 <tli:s cpyHKUHl:O 

<p1e =(A.+ "'It1 f e 

ff oueHHM pa3HOCTb q> - <J>u~ B CHJIY (7), (8) HMeeM . 

. II <p- <pi:e l! ~ ro ('t) + Jl{A + 'tlt1 (f-f s) Ii·~ ro (t) + 8/'t. 
. (9) 

EcJin 't ecTh KopeHb ypasHeHHH ·'tro ('t) = 8, T-O H3 HepaBeH· 
CTBa (9) CJie.nyeT ' . 

II <p- <pi:s II~ 2ro ('t). 

QqeBH)lHO, qTo 't, H, 3HaqnT, ro ('t), CTpeMHTCH K HyJIIO npH 
8 .-+ 0. Cn:e.nosaTeJibHO, cpyHKUHlO -<f>ts MO}KHQ cqnT8Tb npn .. 
6JIH}KeHHhlM peUieHHeM ypasHeHHH (1). 3aMeTHM, qTQ onpe­
.neneHne ¢YHKUHH <ptB = (A + 't/)-1 f 8 SKBHBaJieHTHO pewe­
HlllO onepaTopHoro ypasHeHHH 2-ro po.na 

't<pts + A<pn = f s· 

IlpnMeHHTeJibHO K ypasneHHlO <t>pe.nrOJibM8 ( 1 ') STO 03Ha .. 
qaeT, 1lTO Mbl paccMaTpHBaeM BMeCTO (1') ypaBHeHHe 2-ro po.na 

b 

. 't<p (t) + J ~ (t, s) <p (s) ds = f 8 (t), 
a 

Ilpnse.neM o.nnH OTHOCHIIJ.HHCH cro.na pesyJihTaT B. K. HBa .. 
HOBa. Ilycrh HMeeM HHTerpaJibHOe ypaBHeHne 

b 

J K (t, s) <p (s) ds = f (t) 
a 

-
c CHMMeTpnqHblM, 38MKHYThlM, IlOJIOLKH'.feJibHO onpe.neneHHblM 
HJJ.poM. IlycTb pemeHne <p 0 ( t) SToro ypasHeH HH cy~ecTsyeT 
n npnHa.nJie>KHT L 2 la, b J HJIH. C la, b J. IlycTb, ,n.aJiee, 
<p (t; T, 8) - peweHne ypasHeHn11 

b 

't<p (t) + J ( K (t, s) <p (s) ds = f 8 (t), ">OJ 
a 
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11 f (t)-f s (t} 11 <·e. 
. . 

HccJie.llyeTcH acuMnTOTHKa cpyHKUfiii e = e ('t), J(JIH KOTOphlX 

<p (t; 't, e (i:))--+ <p0 (t) npH T--. 0. (I 0) 



f JI AB A VIII 

HEcl>PEJ(fOJlbMOBbl HHTEfPAJibHblE 
YPABHEHfUI. CHHfYJUIPHblE 
HHTEfPAJlbHblE YPABHEHH'1 

§ 35. Hel}>pe,11,roJibMOBbl HHterpaJihHb1e ypaeHeHHJI 

IlycTb HMeeM HHTerpaJibHOe ypaBHeHHe 

b 

<p (t) = f (t) +A. J K (t,, s) <p (s) ds. 
a 

(I) 

ECJIH 5i,npo K.( t, s) ypaaHeHHH (I) HHTerpttpyeMo c Kaa,npa ... 

TOM no OCHOBHOMY npHMOyrOJibHHKY Q {a ~ t, s ~· b} (a, b 
MOryT 6b1Tb H 6ecKOHeqHbIMH): . 

b b 

J f I K (t, s) j2 dt ds < + oo, (2) 
a a 

TO ,nJIH ypaaHeHHH (I) cnpaae.n.JIHBbI TeopeMht <I>pe.n.ro.nbMa .. 
B qacTHOCTH, cneKTp ypaaHeHHH (1), T. e. MHOJKeCTBO xa­

paKTepucTuqecKHX quceJI, JI.HCKpeTeH H Ka)KJl.OMY xapaKTepH­
CTHqecKOMY qHcJiy OTaeqaeT Ha 6oJiee qeM KOHeqHoe qHCJIO 
JIHHeiiHO He3aBH-CHMbIX co6cTBeHHbIX cpyHKUHH (xapaKTepHCTH• 
qecKHe qucJia HMeIDT KOHeqHyID KpaTHOCTb). 

EcJIH ycJIOBHe (2) He BbIDOJIHeHo, TO y HHTerpaJibHOro 
ypasHeHHH (I) cneKTP MO/KeT 6bITb HenpepbIBHbIM, T. e. 
xapaKTepHCTHqecKHe qffcJia MoryT 3aDOJIHHTb UeJible HHTep­
BaJibl, H MoryT 6hITb xapaKTepHCTHqecKHe qHcJia 6ecKOHeqHOH 
KpaTHOCTH. 

IloKaJKeM 9TO Ha npuMepax. 
PaccMOTpHM ypasHeHHe JiaJiecKo - IluKapa 

+w 
<p (t) ='A f e-1 t-~ l<p (s) ds (3) 

-OJ 

(A. - .n.eHCTBHTeJibHbIH napaMe'I'p ). 
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5Iitpo 9Toro ypaaHeHHH K ( t, s) = e- I t-s I He y.rr.oaJieTaopHeT 

ycJIOBHIO (2). B caMoM iteJie, 

+co +co +co +en 
J f IK(t, s)l2 dtds= f dt f e-21t-slds (4) 

-co -co 

H, K3K 6bIJIO noKa3aHO BO BBeJ(eHHH (CM. CTp. 11 ), 9TOT HHTe­

rpaJI pacXOJI.HTCH. 
EcJIH <p ( t) itBBiK.llhI itmp¢epeHuHpyeMa, TO HHTerpaJihHoe 

ypaBHeHHe (3), KOTOpoe MO?KHO 38IlHC8Th B BH)le 

qi(t) =A [e-1 l e'qi (s) ds + e1 T e-•qi (s) ds], (5) 

" 9KBHBaJieHTHO itHqxpepeHuHaJibHOMY ypaBHeHHIO 

<p" (t) + (2A.- l) <p (t) = 0, 

o6mee perneHHe KOToporo HMeeT BH.ll 

<p (t) = C1e"t + C2e-rt, 

rite c 1, c 2 - npOH3BOJibHhie IlOCTOHHHhie, a 

r = V l -2A.. 

(6) 

(7) 

nJIH cymecTBOB8HHH HHTerpaJia (3) Heo6XO)lHMO, qT06bI 
iteHCTBHTMbHaH qacTh r 6hIJia no MO.llYJIIO MeHhllie eitHHHUhl, 
T. e. qT06b1 A. 6b1JIO 60Jihrne HYJIH. C .. 11eJJ.0BaTMhHO, cneKTP 
ypaaHeHHH (3) eCTb 6ecKOHeqHbIH HHTepBaJI 0 <A. <:! +oo. 
KaX<itaH TOqKa 9Toro HHTepaaJia HBJIHeTcH xapaKTepHcTHqe .. 

~ CKHM qHCJIOM ypasHeHHH (3) KpaTHOCTH )lBa: K8)K)J.OMY 
~E (0, +oo) OTaeqa.fOT )lBe JIHHeHHO He38BHCHMble r JI8.llKHe 
C06CTBeHHhie cpyHKUHH ert H e- rt. 0itH8KO, KBK HeTpyitHO 

BH.ll.eTh, 9TH cpyHKUHH He npHHaitJie}KaT KJiaccy L 2(-oo, +oo). 
Dpu A. ~ 1/2 co6cTaeHHhIMH cpyHKUHHMH, corJiacHo (7), 

HBJIHfOTCH sin Jf2A. --1 t, cosV2A.- l t; npH A.= 1/2 HMeeM 

q>(t)- C1 +C2t. 
TaKttM o6pa30M, nptt "A > 1/2 cymecTBYIOT orpaHHqeHHhTe 

B (-oo, +oo) co6CTBeHHble cpyHKUHH, HO 'He npHHBJJ.JieJKamtte 
L 2 (-oo, +oo). l13,.9Toro npnMepa BHitHa cymecTBeHHaH 
pOJib KJiacca cpyHKUHll, B KOTOPOM HUJ.eTCH perneHHe HHTe­
rpai11bHOro ypaaHeHHH. 
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TaK, ecJIH HcKaTh peweHHe B KJiacce .11.BalK.llhl .11.H<P¢epeH­

u.0pyeMhIX cpyHKU.Hii, TO ace 3Ha11eHHH A.e (0, +oo) HBJIHIOTCH 

xapaKTepHCTHlleCKHMH. 
ECJIH HCKaTh peweHHe ypaeHeHHH (3) B KJiacce orpaHH· 

qeHHblX B (.-oo, +oo) cpyRKU.HH, TO xapaKTepHCTHllecKHMH 
HBJIHIOTCH ace 3HaiieHHH A.!> 1/2. 

EcJIH .>Ke peweHiie ypaaHeHHH (3) HIU.eTcH B KJiacce 

L 2 (-oo, +oo), To npH JIIo6oM 3Ha11eHHH A.> o, ypaaHeHHe 

HMeeT JIHillb TP HBHaJibHoe peiireHHe <p (t) = 0, T. e. ,,ZJ;.H H 

peweHHH H3 La (-oo, +oo) HH OJlHO H3 3HalleHHfl A.' He HB-
JIHeTCH xapaKTepHCTHlleCKHM. ' 

· PaccMOTPHM eme npHMep. Tiycrb <p (x) - HenpepbIRHaH 
a6COJIIOTHO HHTerpHpyeMaH Ha [0, +oo) cpyHKU.HH, HMeIOmaH 
Ha JII060M KOHellHOM HHTepaaJie OCll . Ox KOHellHOe llHCJIO 

MaKCHMYMOB H MHHHMYMOB. . . 

TiocrpOHM KOCHHyc~npeo6pa30BaHHe <l>ypbe 3TOH ¢YHKU.HH 

Torna 

,r-+"° 
<p1 (oo) = y ! J <p (x) cos rox dx. 

1/2+"° 
<p (x) = JI n j <p1 (ro) COS ©X dro. 

0 

CKJia.llhIBaH 3TH .llBe ¢opMyJihl, noJiyt1HM 

<p (x)+ <p1 (x) = t ! r [<p (t) + qii(I)] ccis xt dt, 
0 

T. e. npH JII06oM Bh16ope cPYHKU.HH <p (x), y.llOBJieTBOpHIOI.Ueii 
yKa3aHHbIM Bblille ycJIOBHHM, cpyHKU,HH 1P (x) = <p (x) + 
+ <p 1 (x) HBJIHeTCH co6cTBeHHOH cpyHKU,HeH HHTerpaJibHOfO 
ypaaHeHHH 

+co 
'I' (x) =A. J 1P (t) cos xt dt, (8) 

0 

COOTBeTCTBYIOIU.ero xapaKTepHCTltllecKoMy 3HalleHHIO A. = 

= Y2/n. TaK KaK <p-(x) -· npo03aoJI1:.>11aH -cpyHKUHH, To, .cJie­
JlOBaTeJibHO, npH yKa3aHHOM 3Hat1eHHH A. ypaeHeHHe (8) 
HMeeT oeCKOHellHO MHOfO JIHHeHHO He3aBHCHMblX COOcTBeH­
HbIX cpyHKU.Hll. 
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.t. Bo3hMeM, HanpHMep, q> {x) = e- ax (a > 0). Tor)la 

-v 2 +Jco y2 a 
.,. <1'1 {x) = n ... e-at cosxt di== n a2 + xz • 
;,•- - 0 

~-·no3TOMY 

ljl(x) = cp (x) + cpi(x) = rz + -v ! a•~ x• • 

·. flOJlCT8BJIHH '\f' (X) B ypaBHeHHe (8), Oy.lleM HMeTb 

i. ax+-v1=2 a . ·e- - == 
L. n a2 + XZ 
"- . 

= A [ r e---at cos xt dt + -v ! r ~.c~ :: dt] . 

· l-Io 
+co 
J e-.at cos xt dt = a-J. ~ ,;(l , 
a -

,,. 
(9) 

{10) 

a BTOpoii HHTerpaJI B npasoii qacrn {10) H8H]leM, HCilOJib3YH 
-: TeopeMy Kornn o Bbl11erax, llTO JlaeT 

+co 

J cosxt _ n ax 
a2 + f?. dt - 2a e- • 

0 

, TaKHM o6pa3oM, H3 { 10) noJiy11aeM 
'· 

-ax + -v 2 a _A[ JI_::. -ax + a ] e n ai + x-z - 2 e # az + x:.a ' 

· OTKy.na _BHJlHO, llTO ecJIH A. = l'2/it, TO cpyHKUHH 

-VT a 
iah(X) = e-ax + - =f= 0 
't' n a2 + XZ . 

. 6y.neT perneHneM HHTerpaJibHoro ypaaHeHHH (8). CJre.nosa­

. TeJibHO, A. = V2/:i'" ecrb xapaKTepncrn11ecKoe 11ncJio ypas­
HeHHH (8), a cpyHKUJIH 'I' {x) - COOTBeTCTBYIOID.8H co6cTBeH­
H8H cpyHKUHJI, npn11eM, IlOCKOJibKY a > 0 - JIIOOOe .neiiCTBH-

TeJibHOe 11nc.no, xapaKrepncrn11ecK0My · 11ncJiy A. = V21n 
OTBellaeT 6ecK0He_11Hoe MHOJKecTBO JIHHeHHO He38BHCHMblX coo .. 
CTBeHHbIX cpyHKUHH (9). 
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§ 36. CHHryJJ.stpHble HHTerpaJJbHble ypaeHeHHst. 
DpeoopasosaHust fHJJboepta 

MbI noKasaJnI (cM. 

<l>pe)lfOJibMa c HJlpOM 

HOCTb 

§ 15), llTO HHTerpaJibHOe ypaBHeHHe 

K ( t, s), HMeIOII.J.HM c~a6y10 oco6en-

,, 
K (t s) = H (t' s) . 

' It-sf" 
(0 <a< 1; H (t, s) orpaHHqeHa), 

. . 

MO:>KeT 6hITh npeo6pa3osaHo B ypasHeHHe <l>pe)lrOJihMa c orpa­

HHlleHHhIM HJlpOM. TipH 9TOM BeChMa cyrn.ecTBeHHO npe)lnO· 
JIO:>KeHHe, qTo a q 1. 

EcJIH HJJ.po HMeeT HeHHTerpHpyeMhie oco6eHHOCTH, TO 
COOTBeTCTBYIOII.J.HH HHTerpaJibHblH onepaTop TepsieT CBOHCTBO 
nOJIHOH J:IenpepbIBHOCTH H CaMO onpe,;neJieHHe HHTerpaJibHOfO 

onepaTopa HY:>KJlaeTcH B yT011HeHHH. 
Bo MHorHx npHKJI8JlHhIX sa)la11ax, B 11acTHOCTH B a:>pOJJ.H ... 

H8MHKe, npHXO)lHTCH HMeTb JJ.eJIO c H)lpaMH, y KOTOpbIX a = 1 .. 
B_ 9TOM CJiyqae HHTerpaJI B ypaBHeHHH CJie)lyeT nOHHMaTb 

B CMhICJie r JiaBHoro sHa11eHHH no KolllH. 
r lla8flb/M 3flQt/£HueM no Komu HecoO~TBeHHoro HHTerpaJia 

no OTpesKy [a, b] OT <i>YHKUHH f (x), He orpaHHlleHHOU . 

B oKpecTHOCTH TOllKH x 0, a <1x 0 ~ b, HashlsaeTcH npeJJ.eJI 

(ecJIH oH cyrn.ecTsyeT) 

lim [ T" f (x) dx+ J f (x) dx] 
e.+0 0 x0+e 

(0 <e~min {x0 -a, b-xoD· 

llJIH era 06osHa11eHHH npHMeHHIOT CHMBOJibl 

b *b 

V. p. J f (x) dx HJIH J f (x) dx. 
a a 

l1HTerpaJibl B CMbICJie rJiaBHOro 3HalleHHH HHOr)la H33ht­

B8IOT oco6bl.MU HJIH CUHcyllRpHblldU HHTerpaJiaMH. 

PaccMoTpHM npHMep. flycTb f (x) = 1 
, r)le ce (a, b). x-c 

Tor.lla 

b 

dx + J dx =ln b-c +In~. 
X - C X - C C - a E,a 

c+es 

(I) 
a 
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5IcHO, llTO npe,ll,eJI 3TOH cyMMhl npH HesaBHCHMOM CTpeMJieHHH 
K HYJIIO 8 1 H 8 2 He cyllJ.ecTayeT, T. e. He cymecTayer Heco6· 

b . ... J dx TI T CTBeHfi.hIH HHTerpaJI x-c. OJIO>KHM 81 = .82 = 8. or,ll,a 
a 

npe,ll,eJI BbipameHHH (I) 
onpe.ll.eJieHHIO r JiaBHoe 

b 

npH 8 ......,... 0 cylll.ecTayeT H eCTb no 
3HalleHHe HeCOOCTBeHHoro HHTe .. 

J dx 
rpaJia x-c 

a 
b 

V J dx b-c · 
. p. =Jn • · . x-c c-a (II) 

a 

By.ll.eM roaopHTh, llTO cpyHKUHH f (x) Y.ll.OBJieTBOpHeT Ha 
0Tpe3Ke [a, b] ljCA08UIO I'eAbOepa, ecJIH npll JIIOObIX 
X1, X2E [a, b] HMeeT MecTO HepaaeHCTBO 

If (x2)-f (x1}l ~·c I X2-X1 la, 
r}le c H a - HeKOTOpbie IlOJIO)KHTeJlbHbie IlOCTOHHHhie. Tipn 
a = 1 3TO ycJIOBHe coana,ll,aeT c ycJIOBHeM JlHillllHUa. ~1hI 
6y,ll,eM npe}lnOJiaraTh, llTO 0 <a ~ 1. }IcHO, llTO cpyHKUH.H, 
Y.ll.OBJieTaopHIOill.aH ycJIOBHIO feJibJlepa Ha [a, b J, Henpe­
pblaHa Ha 3TOM oTpesKe. Cnpaae}lJIHBO cJie.ll.y10mee yTaep· 
>K.ll. eH He. 
. Ec11,u </JYHKl{Ufl f (x) yiJoBAetnBopn,em na ompea1'e [a, b I 
ycAOBu10. I'e11,biJepa, mo OAR A106020 ~e (a, b) unmezpaA 
b 

·J: ~)G dx (cun2y11,RpHbLU unme2pa1t Kou1u) cylliecmByem 
a 
8 CMblCAe 2Aa8HOGO 3HatteHUR. 

lleHCTBHTeJibHO, 
b b b 

J f(x) dx=J f(x)-f(~) dx+f(~)J dx • (III) 
x-G x-~ x-~ 

a a a 

B CHJIY ycJIOBHH feJibJlepa 

I f (x) - f (~) J & C 
x - G -;;;::: I x - ~ 11-a. 

(a >0), 

Il03TOMY nepabIH HHTerpaJI a npaaoil 11acTH (I I I) cym.ecTByeT 
KaK Heco6CTBeHHbIH. BTopoil HHTerpaJI cymecTBYeT B CHJIY 
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b 

cpopMyJihl (II}. OrcJO)la CJieJlyeT, llTO HHTerpaJI J f (x) dx x-6 
a 

cymecTayer a CMhlcJie r JiasHoro 3Ha11eHHH, npu11eM 

b b 

V. p. J f (x) dx = J f (x) - f (~l dx + f (s) In b - ~ • 
x-6 x-£ ~-a 

a a 

CuHZyARpHbl.M uHmezpaAoHb/.M ypasHeHueM 6yJleM H83bl· 
B8Tb ypaaHeHHe, B KOTopoM HeH3BeCTHa» cpyHKUHH BXO.l{HT 
IlO)l 3H8K CHHryJI~pHoro HHTerpaJia. 

Ilpeo6pa30B8HHH fHnb6-epTa 

0)lHH H3 nepBhIX pe3yJI&TaTOB, CBH38HHblX c CHHryJuip­
HbIMH HHTerpaJibHbIMH onepaTopaMH, npe,llCT3BJIHIOT COOOH 
)lBe <f>oPMYJibl B38HMHOCTH,. BblBe)leHHble .n. fHJib6epToM. 

YIHTerpaJI&HaH cpopMyJia . <l>yp&e Momer 6hITb 3anucaHa 
B BH)le 

. +co 
f (x) = [ [a (t) cos xt_ + b (t) sin xt] dt, (I) 

r.n:e 
+co 

a ( t) = -1 J f ( u) cos ut du, n ~ -co 
(2) +co 

b (t) = ~ J f (u) sin ut du. 
-co 

HHTerpaJI B (I) cpopMaJI&Ho ecTb npe)leJI npH y -+- Q HHTe· 
rpaJia 

+co 
- U (x, y) = J [a (t) cos xt + b (t) sin xtJ e-ut dt, (3) 

0 

a nocne,n;HHH npeJlCT8BJIHeT co6off aemecrseHHYJO 11acr& 
cpyHKUHH 

+oo 

<D (z) = j [a (t)-i-b (t)) ;,., dt, (4) 

rne z = x + iy. 



CHHfVJUIPHblE HHTEfPAJihHbIE -vPABHEHH.H 

MHHMaH qacTh cpyHKU.HH <I> (z) ecTb 
+co 

V (x, y) = -J [b (t)cosxt-a (t) sin xt) e-Ytdt~ 

~ IloJiaraH - V (x, 0) = g (x), noJiyqaeM -

+co 
g (x) = J [ b. (/) cos xt - a (t) sin xtfdt 

(5) 

(6) 

·.· HJIH, IlOJJ.CTaBJIHH BMecro b (t) H a (t) HX ~hlpam~HHH H3 (2)~ 
+co +co 

g(x}={- J dt _[t<u)siii.(u-x}tdu. (7) 

~)1HTerpaJI (7) Ha3blB3eTCH conpH:HCeHHblM HHTerpaJIOM. K HHTe­
·, rpaJiy <I>yphe. OH· noJiyqaeTCH $opMaJibHO HS (1) 3aMeHoii a (t) 
· Ha b ( t) H b ( t) Ha -a ( t). " -

·· DosTopHSI 9TOT npou.ecc, Mhl B03Bpal.I.\aeMCH K HCXOJl.HOMY 
HHTerpaJiy co 3HaKoM MHHyc, T. e. 

+en +en 
f(x) =--ft J dtJ, g(u}sln(u~x)tdu. 

TaKHM oopa30M, COOTHOUieHHe Me:>KJ{y f (x) H g (x) «IWCO· 

68GUMHoe», T. e. B3aHMHoe c TQ.qHOCTbIO ,no 3H3Ka. 
JlaJiee, HMeeM <l>opMaJihHO 

A. +en 
g (x) = lim _!_J dt J sin (u-x) t f (u) du~ 

A.~oo n · 
-0 -co . 
+co 

I• 1 J 1-COSA (u-x) f ( )d. =lffi-"-- · U U= 
A.~oo n u-x 

-co 
+en 

=lim_!_J l-cosA.t [f(x+t)-f(x-t)]dt. 
)..~co n t 

0 

: EcJIH f (.x) - ,nocTaToqHo rJia,nKaH <j>yHKU.HH, To qaCTb no­
CJie,nHero ffHTerpaJia, CO,nep>KamaH COS 'At, oy,neT npH A-+- oo. 
CTpeMHThC.ff K HYJIIO H Mbl oy,neM HMeTb 

. +co . 
g (x) = ~ J f (x + t)-; f (x - t) dt. (B) 

0 
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AHaJior011Ho 
+ro 

f (x) = -+ J g (x + t)-;g(x-t) dt. (9) 
0 

)lBOiiCTBeHHOCTb, Bbipa:IKaeMaH cpopMyJiaMH (8), (9), 6bIJia 
anepabie 3aMe11eHa fHJih6epTOM, H ,nae cpyHKUHH, CBH38HHhie 
3THMH cpopMyJiaMH, Ha3bIB8IOT napqtl npeo6pa308QHUU I'U.llb· 
6epnza. <I>opMyJihI (8), .(9) 3KBHBaJieHTHbI cpopMyJiaM 

+OJ 
' 1 J f (t) g (x) = - V. p. t dt, n -x 

-co 
(10) 

+oo 
f (x) = .:._ _!_ V. p. J l (t) dt, 

n -x 
-ro 

rJJ.e V.p. osHa11a10T rJiaBHoe sHa11eHHe HHTerpaJia npH t = x. 
MoJ:Klio noKasaTh, 11To ec.11u f (x) yooe.11emeopn.em Ha 

(-oo, +oo) YC.llOBUIO re.11baepa u f (x)EL2 (-oo, +oo), 
mo aeoucmeeHHble COOmHOUteHUJl. (10) UMelOm JreCmo. ilpH 
3TOM g (x) y,noBJieTBOpHeT TeM >Ke ycJIOBHHM, llTO Hf (x). 

Ka>K,naH H3 3THX cpopMyJI MOJ:KeT paccMaTpHBaTbCH KaK 
HHTerpaJibHoe ypaaHeHHe l·ro poJJ.a; TOrJJ.a BTopaH cpopMyJia 
t1.aeT perueHue 3Toro ypaaHeHHH. 

ilycTb 
+ro 

f(x) =:Jfb[rpJ=.!.-v. p. J <r<Y> dy, (II) n y-x 
-ro 

rJJ.e :Jib[ I - npeo6pa3oaaHHe f HJih6epTa, onpe.n.eJIHeMoe 
HHTerpaJIOM B (l 1). 

Cnpaae,nJIHaa cJieJJ.yromaH TeopeMa ( [ 40 ]). 
T e o p e M a 8.1 (o6pameHHH). Ec.11u ¢YHKl{UR · 

<p (x) elp (-oo, +oo), eae p > 1, mo </JopMyAa (11) onpe ... 
ae11aem not1.mU BCIOay HeKOmopy10 f/JyHKlfUIO f,(x), maK:JICe 
npuHaO.lle{)!Cat.l{YIO Lp (-oo, +oo), - npeo6pa306aHue ru,,ib-
6epma :Jib [f] Komopou noiunu ec10oy coanaaaem c -<p (x), m. e .. 

(12) 
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C noMomhIO npeo6pa3osau1u1 f nJihoepTa (11) nerKo pe­
rnaIOTCH B lp (-co, +co) lIHTerpaJibHble ypasHeHHH 

00 

<p (x)- 'A J <p (y) dy = f (x) 
y x (13) 

-ro 

lIJIH, ClIMBO.TIHlleCKH, 

<p (x)-'Ande [<p] = f (x), f (x)E lp (-co, +co). (14) 

CTpHMeHHH npeo6pa30BaHHe fHJib6epTa K o6enM qacTHM (14) 
lI lI,Cn0.11b3YH COOTHOilieHne (12), noJiyqaeM 

de [<p] + AJt<p = ~ [f]. (15) 

., yfa ( 14) lI (15) HaXOJllIM 

lIJI lI 
( 1 + 'A2n2

) <p (x) = f (x) + 'Mr.de[/] 

(j) (x) = I +',_,~, [t (.X) +_AV. p. r: ~)x dy]' 

l + 'A2n2 =I= 0, c:p(x) E lp(- co, +co). 

(16) 

Moi'KHO paccMaTpnsarh n 6onee cJioi'KHhie ypasneHnH BU.Ila 
+ro 

<p {x)- 'A f. K (X, Y) <p (y) dy = f (x) 
-ro 

C H)lpOM 

1 
K (x, y) = - + Ko (x, y), · y-x 

r;xe Ko (x, y), uanpnMep, orpaun11euuaH cpyHKUHH. 
CTpeo6pa3osaHnH fnJib6epTa 11acTo paccMaTpnsaIOTcH 

B lIHOH cpopMe: 

*:t ) 
l J t-x I '\j) (x) = 2n cp (t) ctg 2 di, 

-:11 
(17) 

* :11 

r <p (x) = - 2~ J 1P ( t) ctg t-x dt 
.2 ' 

-:n; 
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rtte q> (x) H .11' (x) y.llOBJleTBOpHIOT ycJIOBHIO feJibJlepa Ha 
[-n, n ), npu11eM . 

1' 1' 

J q> {x) dx = J ip {x) dx = 0. (18) 

(BMecro 0Tpe3Ka [-n, 1t] MO~HO 6paTb JIIOOOH <l>HKCHpoBaH­
HblH OTpe30K )lJI HHbl 2n.) 

· · ·OrMeTHM cJie.lly10muii aa}KHblii <Pa KT. OnepaTop fHJih- · 
6epTa dtJ ooJia)laeT TeM caoncTBOM, IJ:To ~2 = -I, rJI.e 
l - e)lHHHIJ:HhlH onepaTop. B 6ecK0He11HoMepHoM npocrpaH­
CTBe onepaTop I (a 3HaIJ:HT, H -/) He HBJISJeTCH BilOJIHe He­
npepblBHhlM. IlpOH3Be)leHHe JI.BYX BilOJIHe HenpepbIBHblX one· 
paTOpOB eCTh BilOJIHe. HenpepbIBHblff onepaTOp. CT03'I'OMY H3 
Toro, IJ:TO ~2 = -I, cJieJI.yeT, 11To onepaTop 1fJ oopaHut.t.eH· 
Hbl.U, Ho He enoAHe HenpepbWltblil onepamop. 

B 9TOM COCTOHT rJiyooKaH npHIJ:HHa OTJIHIJ:HH CHHryJIHp­
HbIX onepaTopOB OT q,pe,ll.rOJlbMOBblX, KOTopaH BJleIJ:eT 38 co-
6ou cym.ecrBeHHo HOBhle MoMeHThl B Bonpocax o pa3pemu­
MOCTH CHHryJIHpHbIX HHTerpaJibHblX ypaBHeHHH. 

OcTaHoBHMCH Ha 9TOM HecKOJibKO no)J.po6Hee. 
CTpu paccMoTpeHHH ypaBHeHHH <i>pe)J.rOJihMa c BhlpO>K)J.eH­

HbIM H)J.pOM Mbl ycraHOBHJIH, IJ:TO aonpoc 0 pa3peIIIHMOCTH .. 
TaKHX ypaBHeHHH· 9KBHBaJieHTeH Bonpocy 0 pa3peIIIHMOCTH 
COOTBeTCTBYJOI.UeH CHCTeMbl n JIHHeHHblX aJireopauqecKHX 
ypaBHeHHH c n HeH3BecTHhlMH. Ka>K)J.y10 TaKy10 cucTeMy 
MO>KHO 38IlHC8Tb B BH)l.e 0)1.Horo ypaBHeHHH: 

9.l<p =f, (19) 
r)J.e f - 3811.aHHbIH BeKTOp, <p - HCKOMblii BeKTOp-pemeHHP, 
fil, - JIHHeHHbIH onepaTop B n-MepHOM eBKJIH)J.OBOM npocTpah­
CTBe R"', onpe)J.eJIHeMhiii MaTpuueiI · cHcTeMhl. 

HanoMHHM OCHOBHble cpaKTbl H.3 JIHHeHHOH aJireopbI, OT-
HOCHI.UHeCH K CHCTeMe ( 19). . 

I. YpaaHeHHe (19) pa3peIIIHMo npu J1106ou npaBon qacTH 
TOr)J.a H TOJlbKO TOr)J.a, KOrAa COOTBeTCTBYJOI.Uee 0)1,HOPOllHOe 
ypaBHeHHe si..l<p = 0 HMeer TOJlbKO TpHBH8JlbHoe peIIIeHHe 
cp = 6. 

~2. YpaBHeHHe ( 19) pa3peIIIHMO npw JIIo6oH: npaBoii qacrK 
TOr)J.a H TOJlbKO TOr)J.a, KOr)l,a conpH>KeHHOe ypaBHeHHe 

sit *'I' = h (20) 

pa3peIIIHMO npH JIIDOOH npaBOH IJ:8CTH. 
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' 3. YpaBHeHHH fil,qJ = e H fil, *'I-' = e HMeIOT 0)1.HH3KOBoe 
t qHcJIO JIHHeHHO HesaBHCHMbIX perneHHH. 
fi· 4. ECJIH 0)1.HOpO)I.HOe ypaBHeHHe fil,qJ = e HMeeT HeTpH­
l .. }H13JibHble peweHHH, TO HeO)I.HOpO)I.HOe ypaBHeHHe ( 19) pa3-

pellIHMO tor)I.a H TOJibKO Tor)I.a, KOr)I.a npaaaH qacTb f opro­
. roHaJibHa KO BCeM perneHH.ffM conpHiKeHHOfO OJl;HOpO)I.HOfO 

ypanHeHHH ~ *11' = 6. 
~. '.' . YTaep1KJ1.eHHH I, 3, 4 cocTaBJIHIOT KaK pas co)I.epiKaHHe 
I teopeM <l>pe)I.rOJibMa, cnpaae)J.JIHBbIX H )I.JI.fl o6IUHX HHTerpaJib• 
· HbIX ypaaHeHHH <l>pe)I.roJibMa c L 2-H)l.poM (6Jiaro)I.apH B03-
·. MOiKijOCTH an,npOKCHM3UHH nocJie)I.HHX KOHeqHoMepHbIMH one­
~ paTop.aMH). TaKHM oopasoM, "OCHOBHble CBOHCTBa cppe)I.fOJib-

MOBbIX onepaTOpOB aHaJIOfHqHbI CBOHCTBaM JIHHeHHbIX onepa­
. Topoa it,' )I.eiicr-ayiow.Hx B KoHeqHq~epHOM npocrpaHcTBe Rn~ 

Rn :!!:.. Rn• . 

PaccMoTpHM Tenepb CHCTeMy m JIHHeHHbIX ypaaHeHHH 
c n HeHS~eCTHbIMH npH m =:/= n. 3)1.eCb B03HHKaeT HeCKOJibKO 
HHaH CHTyaUHH.. ' 

3anHcaa TaKy10 CHCTeMy 0Il$1Tb B BH)I.e. 

fil,qJ =ft (19) 

saMeqaeM, qTo Tenep.b onepaTop ~ cJie)I.yeT paccMaTpHBa'!'b 
. KaK onepaTop HS n-MepHoro npocTpaHcraa Rn a · m-MepHoe 

npocrpaHCTBO Rm: 

, 

· B conpSI>KeHHOM ypaaHeHHH (20): 

Rm~* Rn. 

· EcJIH, HanpHMep, n > m, T. e. qHcJio HeHsBeCTHbIX ooJibrne 
: qHcJia ypaBHeHHH, TO 0)1.HOpO)I.HOe ypaBHeHHe fil,qJ = 6 Bcer)I.a 
~- HMeeT HeTpHBH3JlbHoe perneHHe He3aBHCHMO OT Toro, pa3pe­
. WHMa cHcreMa ( 19) HJIH HeT. T aKHM o6pasoM, caoiicrao I 
j1apyrnaercH; HapywaeTcH TaKiKe caoflcrao 2. BMecTo 9THX 
-~CBOHC1B. HMeIOT MeCTO CJie)I.yIOW.He: 
· . I'. YpaaHeHHe (19) pa3pernHMo npH JI106oii npaaou qacTH 
TOf )1.3 H TOJibKO TOr)I.a, KOr)I.a 0)1.HOpO)I.HOe ypaBHeHHe ~*'I' = 

,·== 6 HMeer JIHilib TpHBH3JlbHoe peWeHHe. 
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2'. YpaaHeHHe ~ * '¢ = h paspellIHMO npH JIIOOoA npa­
aou qaCTH TOf )J.a H TOJibKO TOf)J.a, KOf)J.a O)J.HOpO)J.HOe ypaB­
HeHHe S}!<p = 6 HMeeT JIHlllb TpHBHaJihHOe pellleHHe. 

l1sMeHSieTCH H caolicTao 3. EcJIH pa Hr MaTpHUhl ~ paaeH r, 
TO OJJ.HOpOJJ.HaSI CHCTeMa sil<p = 6_ HMeeT n - T JIHHeHHO He· 
saBHCHMblX pellleHHH, a conpH>KeHHaH O,lJ.HOpo.aHaSI CHCTeMa 
~~'f.i = 6 HMeeT m - r TaKHX pellleHHH. 9TH qHCJia B OOLUeM 
CJiyqae He paBHbI, HO HX pa3HOCTb He 3aBHCHT OT r (T. e. 
OT onepaTopa 52.L) u paaHa n - m. 

TaKHM o6pa3oM, BMecro caoucTaa · 3 Mhl HMeeM Tenep& 
CBOHCTBO 3'. 

3'. JlJIH JI1000f0 ypaBHeHHH ( 19) pa3HOCTb MeiKJl.y MaK­
CHMaJihHblM qHCJIOM JIHHeHHO He3aBHCHMblX pellleHHH OJI.HO• 
pOJJ.HOfO ypaaHeHHH fil,<p = 6 H MaKCHMaJibHblM qucJIOM JIH· 
HeHHO He3aBHCHMbIX pellleHHH conpH>KeHHOfO eMy ypaBHeHHH 

~ *'f.i = 6 OJI.Ha H. Ta >Ke H paBHa n - m. . , 
lIHCJIO 

x=n-m 

Has&1aaeTcH uHaeKco.M cucme.Mbl. OH Mo>KeT OhlTh KaK noJio-
1K.HTeJI&HhIM, TaK H OTpHUaTeJibHblM. 

Caoucrao 4 ocraeTCH e cnJie. 
3Ta CHTyaUHH, B03HHKa10maH npu n =fa m, HMeeT MeCTo 

H B BOnpocax paspeWHMQCTH CHHfYJIHpHbIX HHTerpaJibHblX 
yp aBHeBHH. 

PaccMoTpHM 9TOT aonpoc, 
npe.n.sapnTeJI&Ho pacnpocrpa­
HHB DOHHTHe r JiaBHOfO 3Haqe­

HHH Ha KOHTYPHhle HHTerpaJihl. 
CuHryJIHpH&Ie HHTerpaJibl ur­
paIOT 60JI&I11y10 poJI& a TeopHH 
cpyHKUHH KOMDJieKCHOH nepe­
MeHHOH H ee npHJIO>KeHHHX (B 

Pac. 16. TeopHH ynpyrocru, rH.n.poMexa .. 
HHKe HT. JI..). CTo9TOMY ccpopMy· 

JIHpyeM 9TO IlOHHTHe,lJ.JIH HHTerpaJIOB OT cpyHKUHH KOMOJieKCHOH 
nepeMeHHOH. CTyCTh re- fJia)J.KaH KpHBaH (3aMKHyTaH HJIH 
He3aMKHyTaH) H c - KOMilJieKcHaH _KOOpJJ.HHaTa HeKOTopoH: 
TOqKH M Ha re. 8&1pe>KeM TOqKy M OKPYJKHOCTblO pa.n.uyca e 
c ueHTpoM B ToqKe M (pee. 16). OctaBllIYIOCH qacr& KOHTypa 
0003HaqHM~e• .UonyCTHM, qTo cpyHKUHH f (z) HHTerpupyeMa 
no!l'e, KaKoao Obi HH OhlJIO s > 0, u HeorpaHHqeHa no MoJJ.yJ110 
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. npu z--?- c. CuHey.1ulpHbl.M uHmeepaJUJM (eAOJJHb/,M sHatteHUeM 
: uHmeepaAa) tjJyHKquu f (z) no ~ aasblBaIOT npe,neJI (ecJIH oa 
cymecraye-r) 

lim J f (z) dz 
e~O 

!l's 

H 0603HaqaIOT ero CHMBOJIOM J ·, (z) dz. 

By.neM roaopHTh, 'ITO_ $yHKUHH f (z) y.noaJieTaopHeT Ha 
. Kpnaou IE ycJioau10 feJibJJ.epa c noKasaTeJieM a (0 <a ~ l), 
ecJIH )J.JIH JIOOblX TO'leK Z1, Z2 KpHBOH ~ BblilOJIHHeTCH Hepa· 
BeHCTBO 

If (z2) __;.... f (z1) l ~Cl Z2- Z1 la (<:; > 0- nocTOHHHaH). 

Mo:mHo noKasaTb, 'ITO ecJIH f (z) y.noaneraopHeT yCJioBHIO 

·reJihJJ.epa Ha ~, To cuHryJIHpHbIA HHTerpaJI J / ("') di: cy .. 
"C-Z 

!E 
1ueCTBYeT )J.JIH Bcex ToqeK z KpHBOH ~' KpOMe, MO)KeT 6b1Tb, 
ee KOHUOB. ... .. 

PaccMOTpHM. npocreihnee cuHrynHpHoe HHTerpaJihHoe 
, ypaaHeHHe c HJJ.poM Kornn: 

Acp(t) =a (t) cp(t) + b~;> J ~~>1 d-r=f (t), t er, (21) 
r 

TaK Ha3hIBaeMoe xapaKTepHCTH'leCKOe CHHryJIHpHoe ypaB­
·HeHHe *). 3)1.eCb r - rJia)J.KaH SaM{{H)'TaH KpHBaH 6es caMO· 
)1epeceqeHHH Ha ~OMilJieKCHOH IlJIOCKOCTH; K09<j:>cl>HUHeHTbl 
-~ (/), b (t) YJJ.OBJieTBOpHIOT YCJIOBHIO feJibJl.epa_ Ha r, npH .. 
_11eM a2 (/) - b2 (t) =fa. 0 (HeBHpo:m.neHHblH cJiyqan). 

Bae)J.eM IlOHHTHe uHaeKCa tjJgHKquu. IlyCTb r - rJia)J.KHH 
aaMKH}7TblH KOHTYP H a (t) - Sa)J.aHHaH Ha HeM HenpepbIBHaff 
,4>YHKUHH, He 06pama10maHcH a HYJih~ 
i. 0 n p e JI. e JI e H.H e. HHaeKCOM x tjJyHKquu a (t) no 
~Hmypy r Hll3bl8aemcfl pt13aeAeHHDe Ha 2n npupaUiseHue ee 

' . 
•, *) TeopHSl CHHryJIRpHhlX HHTerpaJibHblX ypaeHeHHA THna (21) HaqaJia 
paspa6aTbIBSTbC.f.I noqTH Henocpe.z:tCTBeHHO BCJie.z:t sa B03HHKHOBeHHeM Te· 
ppHH ypaeHeHHH Cl>pe.z:trOJibMa. HaqaJio 6wo IlOJIOHCeHo A. nyaHKape, 
.paspa6aTbIBSBIIlHM o6myro reopHIO npHJIHBOB, H )].. fHJJbOepTOM - B CBSlSlf 
. .c rpaHHllHhlMH sa.z:taqaMH TeOpHH SHaJIH"fHqeCl{HX q>yHKl.lHJt~ ' ' 

: ~ M. JI. K.pacaop 
• ! "I ' .. , 
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Q.peyMeHma npu o6xoiJe KpUBOU r 8 MAO:JICUmeJJ,bHOM Hanpas­
llBHUU: 

1 
x = 2n [arg G (t) Jr, (22) 

eae CUMBOA (co Jr 0603Hattaem npupaWseHUe HeKOmopou Be· 
AUttUHbt CO npu o6xoiJe KOHmypa r. 
, KaK usBecrHo, 

In G (t) = In I G (t) I + i arg G (t). 

IloCJie o6xo.na 33MKHyToro KOHTypa r BeJIH11HHa I G ( t) I BOS· 
BpamaeTCH K CBOeMy H3113JlbHOMY 3Ha11eHH10. Ilo3TOMY 

1 
[ arg G (t) lr = T [In G ( t) lr, 

T3K 11TO 
1 

x = -
2 

. [In G (t)]r· 
ni 

flycTh G ( t) - HenpephrnHo .nuqxpepeHuupyeMasi <f:>yHKUHH. 
Tor.na HHJ(eKc <f:>YHKUHH G (t) MOiKHO npe.ncTaBHTh B BH.ne 
HHTerpaJia: 

x = 2~ J d arg G (t) = 2~i J d In G (t). (23) 
r r 

B cnJiy HenpepblBHOCTH G (t) npupa~eHue apryMeHTa () (t) 
npH o6XOJ(e KOHTypa r J(OJliKHO 6hITb KpaT·HbIM 2n. 

CJie.noBaTeJihHO, HHJ(eKC <f:>YHKUHH, HenpepbIBHOH Ha 33MK· 
HYTOM KOHType r H HHrJ(e He 06pa~a10meHCH B HYJib, eCTb 
ueJioe 11ucJio HJIH HYJih. 

l13 onpe;teJieHHH HHlleKca Henocp~.ncrBeHHo .cJie.nyeT, qTo 
u1taeKC npouaeeaeHUJl </JYHKt;UU paseH cyMMe uHaeKCOB COMHO· 
:JICUmeAeti; uHaeKC t.tacmHDeO paeeH pasHocmu UHaeKC08 aeAU· 
MOZO U aeAUm£Afl.. 

EcJin <f:>YHKUHH G ( t) .nuqxpepeHUHpyeMa u npe.ncTaBJIHeT 
co6oii rpaHH11Hoe sHa11eHHe aHaJIHTnqecKon BHYTPH HJIH BHe 
KOHTypa r <f:>YHKUHH G (z), TO 

x = 2~i J dln G(t) = 2~i J ~ <~1 dt, (24) 
r r 

T. e. HHJ(eKc <f:>YHKUHH G (t) paBett JlOrapucpM:tt~ecKo~y Bbl· 
11eTy <JlYHJ<Q.IJ~ (] (z). 
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Hs npuuuuna apryMeHTa. ( [16.)) BbITeKaeT cJie,ny10mee 
npe,nJioiKeHHe. 

Ec11u </JYHKl{UR G (z) aHaAumuttHa ec10ay BHympu KoH­
. my pa r, 3a UCKlllO'll!HUeM KOHettHoeO ttUC/la ll0/l10C08, uenpe­
, pbl8Ha Ha r u He 06pau1saemcR Ha r 8 HYllb, mo uHaeKC G (t) 
. paseH pa3Hocmu ttuc11a Hy11et1 u ttuc11a no1110coe </JYHKl{UU G (z) 
BHympu KOHmypa r. 

Ilpu 9TOM uynu H rtoJIIDchl c11HTa10TcH CTOJihKO pas, Ka­
KOBa HX KpaTHOCTb. 

n p HM e p. BliqHCJIHTb HH,!l;eKc lj>yHK[{HH G (t) = fn no JUOOOMY 
38MKHyTOMY KOHTypy r, O,!J;HOKpaTHO 06XO,!l;.SUIJ;eMy HaqaJIO KOOp,a;HHBT. • 

p e w e H H e. <t>yttK[{HSI G (z) = zn attaJIHTHqHa BCIO,a;y BHYTPH r H 
. HMeeT O,!l;HH HYJib nopSI,a;Ka n BHyTpH KOHTypa. no3TOMY X = n. 

HasoBeM uHaeKCOM x (A) UHmeepaAbHOeO ypasHeHUR (21) 
HHJ{eKC ~YHKUHH ~ 

a (t) - b (t) 
a (t) + b (t) • 

IlOJib3YHCb cpopMyJIOH (24), noJiy11aeM HBHYID cpopMyJiy 
J{JIH HHJ{eKca 9TOro ypaBHeHHH: 

Ypaaueuue 

A I J a (t) - b (t) 
x ( ) = 2n d arg a (tf+ b (t) • 

r . 
(25) 

A*,p(t) =a(t),p(t)- ~l J b(:>_:!tr:) d-r=h(t), (26) 
r 

noJiy11aeMoe nepecTaHOBKOH .t u· T B H,npe ypaBHeHHH (21), 
H83blBaeTCH C0103HblM HJIH conpR31CeHHblM ypaBHeHHIO (21 ). 
OnepaTop A* uashlaaeTcH co1031tblM (conpR31CeH1tblM) onepa­
'fopy A. ,l{JIH uero HH,neKc x* = -x. 

,l{JIH CHHryJIHpHbIX HHTerpaJihHblX ypaBHeHHH TeopeMbI 
<l>pe.nroJihMa saMemaIOT TeopeMhI Cl>. HeTepa ( [7 )). 

Teo p e M a 8.2. Pa3Hocmb ttuc11a n 11uHet1Ho He3asucu­
MblX, petueHUU oaHopooHoeo ypasueHUR Acp = 0 u ttUClla n' 
1tuueuHo uesasucuMOtx peweHut1 co103Hoeo y pasHeHuR A* 'I' = 0 
pasHa uHaeKCy x onepamopa A: 

n-n' = x_(A) • 

. 9Ta TeopeMa Bhlp.aiKaeT xapaKTepuelimee csolicTBO CHH· 
rynHpHbIX HHTerpaJihHhIX ypaaueuuii c H,npoM Korn~. 

. . ' 

9* ,. 
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Te 0 p e Ma 8.3. Heo6xoiJUMbtM u aocmamottHb/,M ycAo .. 
BUeM paspetuuMoc.mu y pa8HeHua 

Acp~f. 

M.ll!lemcR BblnOAHeHue pa8eHCf111J 

I, (t) '\f!J (t) dt -. o (l = 1; 2, 't I t Jn'), 

20e '\J' 1 (t), ••. , "i'n' (t) - nOAHaJI. CUCmeMa AUHeUHO He8ll8U .. 
cuMblX peiue11.ut1 col03Hoeo 00HopoiJH020 ypaoHeHua A *'I' = .0. 

ECJIH HH)J.eKc onepaTopa x = 0, To TeopeMa 8.2 HeTepa 
coana)J.aeT co aTopoii n~opeMoii <l>pe)J.rOJibMa. B 3TOM CJiyt1ae 
)1.JISI CHHryJISipHoro ypaaHeHHSI OKa3blBalOTCSI c;npaBe)J.JIHBhlMH 
ace TeopeMhl <l>pe)J.roJihMa. IloaToMy ceHryJisipHhle HHTerpaJih­
Hble ypaaHeHHSI c HyJieBblM HH)J.eKCOM Ha3bIBaIOT K803Ut/Jpea­
eo/lbM08b/,MU. 
. MbI npe)J.IlOJiaraJIH, tITO a2 (t) - b2 (t) =/= 0 Ha KOHType r. 
B HCKJIIOtIHTeJihHbIX cJiyt1asix, KOr)J.a a2 (t) - b2 (t) = 0, )1.JISI 
ceHryJisipHbIX HHTerpaJihHbIX ypaaHeHHii H TeopeMhl Herepa 
oKa3bIBaIOTcsi, aoo6me roaopsi, Hecnpaae)J.JIHBhlMH. 

IlpHBe)J.eM HeKOTOpble npHMepbI ( (20 ]). 
flycTb r - rJia)J.KHH 3aMKHYTbIH KOHTyp, Jie>KaW.HH 

a KOMnJieKcHo:H nJIOCKOCTH, H Iiycrh D - o6JiaCTh, .orpa· 
HHtieHHasi 3THM KOHTypoM. CeHryJISipHbIH HHTerpaJI 

J. cp ( t) d 
I 't', 

'l'-
e 

. 

ter, (27) 

1 -
c SI)J.poM Kome .. _ 

/ 
cymecrayeT notITH BCIO)J.Y, ecJIH cp ( t)-

cyMMHp yeMaSI tPYHKUHSI (9TO BblTeKaeT H3 HCCJie)J.OBaHHH 
11. 11. IlpHBaJIOBa 0. npe)J.eJibHblX 3HatieHHSIX HHTerpaJia 

THna Rome). . . . 
Ilycrh z - npoH3BOJibHaSI TOtIKa KOMnJieKCHOH IlJIO· 

CKOCTH, He Jie>KaII.taSI Ha r. flOJIO>KHM 

<D(z) = _21. J cp (t) d't'. 
lt& 'l'-Z 

r 

flyCTh Z -it- te:r:. flpe)J.eJihHble 3HatieHHSI tPYHKUHH '1J (z), 
J{Of)J.a Z -it- t COOT~eTCTB~HHO H3HyTpu< HJIH H3~He r, Q(}Q~ 
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SHaqHM <D4 (t) H <De (t). no TeopeMe CoxOUKOfO -. flJie• 
MeJIH ( ( 16 J) . · . 

1 1 J qi .('r) · <D, (t) = -2 cp (t) + -2 . t dT:, 
. JU 't' -

r 

1 1 J <p ('t') 
<De (t) = -2 <p (f) + 2ni 't' - t dT:. 

r 

OycTb cpyHKUHH cp (z) aHaJIHTHqHa B D. H HenpepblaHa 

B D. = Dur. Tor)J.a <D (z) = 0 BHe r H <I>, (t) = 0, TaK qTo 

m (t)- _!_ J <p ('t') dT: 0. 
- T Jti 't' - / 

r 

3To osHaqaeT, qTo A.·= 1 ecrb xapaKTepHcrHqecKoe qHcJIO 

CHHfYJIHpHoro HHTerpaJibHOfO ypaBHeHHH 

cp (t) = :, J : ~~ dT: (29) 
r 

. ' 

H 9ToMy xapat<TepHcrliqecKOMY qffcJiy COOTBeTCTByer oecKO .. 
HeqHoe MHO>KeCTBO JIHHei\Ho HeSaBHCHMblX COOCTBeHHblX cpyHK· 
UHH - npe,lI.eJibHLIX SHaqeHHH Ha r cpyHKUHH cp (z), aHaJIH· 

' - -
THqecKHX B D H HenpepblBHblX B D. 

EcJIH cp (z) aHaJIHTHqHa BHe r H cp (oo) == 0, TO <D (z) = 0 
BHYTPH r H <D, (t) = 0, TaK q'J'o 

cp (t) + ~ J <p ('t') dT: ::: 0. (30) 
, ni 't' - t 

r 

9'ro TO>K)leCTBO OsliaqaeT, qTO ypaBHeHHe (2~) HMeeT em.e 
OJI.HO xapa.KTepHCTHqecKoe qHcJio A. = -1; KOTopoMy TaK>Ke 
COOTBeTCTByer 6ecKoHeqHoe MHO>KeCTBO JIHHeHHO HeSaBHCH .. 
MhlX co6craeHHhlX cpyHKUHH. HMH HBJIHlOTCH npeJJ.eJibHble 
SHaqeHHH· Ha r cpyHKUHH, aHaJIHTHqHblX BHe r, oopam.aID .. 
ui.HXCH B HYJib Ha oecKoHeqHOCTH H HenpepbIBHblX BilJIOTb 

')J.0 r. TaKHM oopasoM, )I.Jiff ypaBHeHHH (29) -HeBepHbl Teo· 
peMbl <l>peJJ.rOJihMa H HeTepa, no KOTOphlM Ka>KJJ.OMY xapaK-. ' 
-TepHCTHqecKOMY qHcJiy OTBeqaeT JIHllib KOHequoe qHCJIO Jiff .. 
'HeHHO HeSaBHCHMbIX COQCTBeHHbIX cpyHKUHi\. 3)1.eCb HaJIHUO 
HCKJIJOqHTeJibHblH cJiyqau a2 - b2 = o. 
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DpHBe)J.eM em.e npHMep. IlycTb r - OKpy:mHOCTb pa,ll.Hyca 
e)J.HHHUa c ueHTpoM a HaqaJie Koop,ll.HHaT, ,H nycrb J A J > L 
PaccMoTpHM cnHryJIHpHoe HHTerpaJibHOe ypaaHeHne 

<p (t) + :i J T: :__ t <p (;;) d;; - 2~1 J ! <p (;;) d;; = 0. (31) 
r r 

11cnoJib3YH COOTHOIIIeHHH (28) . H (30), y6e:m.l{aeMCH, qTo 

ypaBHeHH10 (31) y)J.OBJieTBOpHeT <PYHKUHH 

t 
tp ( t) = 'At - 1 • 

3-ro 03ilaqaeT' qTo 0)1.HOpO,ll.Hoe ypaBHeHHe (31) HMeeT HeTpH­
BH3JlbHoe peIIIeHue npu JI1060M A TaKoM, qTo I 'A I > · l, · T. e. 
BCHKOe T3KOe 'A HBJIHeTCH xapaKTepHCTHqe"KHM qucJIOM ypaB­
HeHHH (31). 

TaKHM 06pa30M, coaoJ<ynHocTb xapaKTepucTuqecKHX qu­
ceJI ypaaHeHHH (31) 3aiIOJIHHeT BC10 BHeIIIHOCTb e,ll.HHHqHoro 

Kpyra I "- I = I, T. e. HBJIHeTCH 3aae)J.0Mo HecqeTHblM MHo:me-­
CTBOM. 

0rMeTHM B 38KJIJOqeHHe, qTo CHHry JI Hp Hoe ypaaHeHue 

c H,ll.pOM fHJib6epTa 

2tt 
b (t) J t-t d A<p (t) = a (t) <p (t) + · 211 <p (t) ctg 2 ;; = f (t) 

0 

npuao,ll.liTCSI k: ypaaHeHHIO c H,ll.pOM KoIIIH c nOMOll\bIO no)]. ... 
ctaHOBKH Z = elt, ~ = el", npuqeM KOHTypoM r 6y)J.eT 

OKpy:mHOCTb I ~ I = I. 
,UeTaJibHO c BOnpocaMH, OTHOCHUJ.HMHCH K CHHryJIHpHbIM 

HHTerpaJibHblM ypaBHeHHHM, MO:>KHO Il03H3KOMHTbCH, Ha .. 
npuMep, B KHHre [7] HJIH [24]. 



tJlABA IX 

HEJIHHEAHblE 
HHTEfPAJ1bHblE YPABHEHHSI 

Ocnosw TeopHH neJJuue:HubIX HHTerpaJJbHbIX ypasueuuA 
6bIJJH 3aJJoiKeHbI B pa6oTax A. M. Jh1nyuosa, JI. JiuxTeH•. 
lllTeiiua, a. ll:IMH~Ta, n. c. YpbICOHa, A. faMMeplllTeiiua. 

Pa3pa60Tana oua 3uaquTeJlbHO MeHbllle, qeM TeopHH Jllt· 
u v 

HeHHbIX HHTerpaJJbHblX ypaBHeHHH. 

§ 37. YpasHeHHsr faMMepwreiiHa 

B csoe speMH (crp .. 74) Mbl paccMoTpeJJH HeJJHueiinoe 
HHTerpaJJbHoe ypasueuue 

b 

rp(t) =A. J K (t, s; rp (s)) ds + f (i) (I) 
a 

H ycTaHOBHJJH, qTo ecJJH <PYHKUHH K (t, s; z) y~osJJeTsopHeT 
ycJJOBHIO JlHillllHUa no CBOeMy <PYHKUHOHaJlbHOMY apry­
MeHTY z: 

H 
I K (t, s; z2)-K (t, s; z1) I~ .2' I z2-zil 

l 
I A I< 2 (b- a)' 

TO B CHJJY npHHUHna C>KaTblX OT06paiKeHHH ypasuenHe (1) 
HMeeT npH yKa3aHHblX 3HaqenHH~- A. e~HHCTBenuoe uenpe· 
pbIBHOe pellleHHe. . 

PaccMoTpHM ypasueuue f aMMeplllTeiiua 
b 

rp (t) = J K (t, s) 'I' (s, rp (s)) ds + f (t). (2) 
a 

3~ecb K (t, s), 'I' (s, z), f (t) - H3secrnhle <PYHKUHH, <p (t) -
HCKoMaH <f>YHKUHH. <l>yHKUHIO K (t, s) na3bIBaIOT RiJpoM ypaa· 
HeHJJH (2). 
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IlycTb K (t, s) - CHMMeTputluoe L~-HJJ.po H <f>YHKUHH 
f (t)EL 2 [a, b]. HerpyJJ.HO noKa3aTb (cM. [25 ]), lffO JJ.JIH ~Jiro-
6oli <f>yHKUHH g (t)eL 2 [a, b] cnpaseJJ.JIHBa ouenKa (uopMbI 
6ep YTCH B L 2 [a, b ]) 

J K (t, s) g (s) ds ~ ~ 1 ~ii ~ell. (3) 

rJJ.e A.1 - naHMeHbIIIee ~o a6coJIIOTHOH BeJiuquue xapaKTepH· 
cruqecKoe qucJio HJJ.pa K (t, s). 

IloKa>KeM_, qTo ecAU 8 ypaBHeHUU (2) cpyHKl{UR 'I' (s, z) 
maK.OBa, ttmo 

1111) amo ypaBHeHue U.Meem eauHctnBeHHDe petueHue, tromopoe 
MO{)ICem 6wmb nauaeno · MemoiJoM nocA£aooameAbH6/,X npu611.U-

tl .. . • 

~enuu . 
.lleiiCTBHt'eJihHO, npaaasi qaCTb (2) onpeJJ.eJIHeT oToopa­

- >KeHHe Acp npocrpaHCTBa La [a, b] B ceoH. HMeeM 

Acp2-A£P1ll = 

· = J K(t, s)[V (s, cp1 (s))- lJ! (s, cp: (i))] ds Ii,,;;; 

1 a 
~!Ail ll'l'(s, £P2(s))-'1'(s, £P1(s)~ll~ IAil ll£P2-£P1~, 

TaK qto oToopa>Kenue A cp - C>KHMa10mee, H naIIIe YTBep­
>K)leuue BblTeKaer H3 npHHUHila C>K3TblX OTOopa>KeHHH. 

PaceMoTpHM sa>KHblH qacrHblH cJiyqaii ypasueHHH (2). 
IlpeJJ.nOJIO:>KHM, qTo HJJ.po K ( t, s) ypasneHHH f aMMepIIITe:H­
ua (2) BblpO>KJJ.eHHOe, T. e. 

m 

K· (t, s) = ~ a, (t) b, (s). 
i=l 

(4) 

YpaBneuue (2) npHHHMaeT B 9TOM cJiyqae BHJJ. 

m b 

cp (t) = ~ a1 (t) J b1 (s) 'I' (s, q>(s)) ds + f (t) (5) 
i=l a 



§ 31] YPABHEHH~ tAMMEPilltEnHA 

H Ha3blBaeTCH 8blpOOIC8eHHbtM ypaBHeHUeM I' aMMepuuneiiHa. 
fiOJIOiKHM 

b 

c, = J b1 (s) 'I' (s, cp (s)) d_s (i = 1, 2, .•. , m), (6) 
a 

r)J.e c1 - noKa HeH3BeCTHble nocroHHHhie. Tor)J.a a CHJIY (5) 
6y)J.eM HMeTb 

m 

cp (t) = ~ c,a1 (t) + f (t). (7) 
i=l 

Ilo)J.CTaBJIHH (7) B (6), npHXO)J.HM K CHCTeMe HeJIHHeHHbIX 
ypaBHeHHH (aoo6me, TpaHCUeH)J.eHTHblX) . 

J b1 (s)1l' ( s, 1~ c1ai(s) + f (s)) ds = c1 (8) 

(i == 1, 2., ••• ' in), 

paBHOCHJibHOH ypaBHeHHIO (5). . 
EcnH clmecrayeT p~IlleHHe C-HCTeMhl (8), T. e. cyru;ecTayer 

m qHceJI Ct, cB, ••• , c6,n TaKHX, qTo IlO)J.CTaHOBKa HX B .CH­
CTeMy (8) o6pamaeT ee ypaaHeHHH a TOJKJJ.eCTBa, To cyme- . 
C'fa,yeT pellleHHe HHTerpaJibHOfO ypaBHeHHH (5), onpe)J.eJIHe• 
Moe paaeHCTBOM 

m 
cp (t) = ~ c'f a, (t) + f (t). 

l=l . 

· TaKHM o6pa3oM, qHcno pellleHHii (aoo61Ae, KOMnJieKCHbIX) 
HHTerpaJibHOrO ypaBHeHHH (5) paBHO qffcJiy pellleHHH CH· 
CTeMbI (8). 

YiKe Ha npocreHllIHX npHMepax ypaaHeHHii faMMep~ 
WTeiiHa MOiKHO YBHJJ.eTh pHJJ. HOBblX HBJieHHH, cneumfmqe-.. .. . 
CKHX )I.JI.ff HeJIHHeHHblX ypaaHeHHH H He HMeIOW.HX Mecra B JIH-
HeHHbJX 3a)J.aqax. 

PaccMoTpHM HHTerpaJihHoe ypaaHeHHe 
l 

cp (t) = t..J t2scp2 (s) ds. 

fiOJIOiKHM 
l 

c = J scp2 (s} ds. 

(9) 

(IO) 
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TorJT.a 
q> ( t) = cA.t2• 

IlOJI.CT3BJIHH 9TO Bblpa)l{eHHe .llJIH q> (t) B (10), 6yn.eM HMeTb 

cz').:l. 
C=-6-. (I 1) 

YpaaHeHHe (11) HMeeT naa peweHHH: c 1 · = 0, c2 = 6/'A2• 

CJie)J.OBaTeJibHO, HCXO)J.HOe HHTerpaJibHOe ypaBHeHHe T3K)l{e 
HMeeT itBa perneHHH npu 1Z1060.M A =I= 0: 

fP1 (i) = 0, fP2 (t) = ~ t2• 

3aMeTHM, llTO JIHHeHHOe O)J.HOpOJI.Hoe HHTerpaJibHOe ypaB-

HeHHe I 

1 

q> (t) ='A J t2srp (s) ds 
0 

c TeM *e HJT.poM K (t, s) = t2s HMeeT HeHyJieaoe pellleHHe 
JIHllih npH OJI.HOM 3Ha11eHHH 'A, HMeHHo 'A = 4, HBJIHIOW.eMcH 
xapaKTepHCTH11ecKHM 11HCJIOM H)lpa K (t, s). Ilo3ToMy, ecJIH 

. .. 
no aHaJIOrHH c JIHHeHHblM CJI y11aeM C11HT3Tb xapaKTepHCTHlle-

CKHM 3Ha11eHHe 'A, npH KOTOpOM ypaBHeHHe (9) HMeeT no 
KpaiiHeii Mepe OJI.HO HeHyJieaoe perneHHe, TO 3)J.eCb noJiy­
qaIOTCH 6eCKOHe11Hbie HHTepBaJihl xapaKTepHCTHlleCKHX llH· 
ceJJ (-oo, 0) H (0, +oo). 

IlpH perneHHH HHTerpaJihHOro ypaBHeHHH 

1 

<p (t) =fa (t) a (s) <p (s) sin (: i:;) ds (12) 

(a (t) :> 0 JT.JIH acex t ~ [0, 1]) 

)J.JIH onpe)J.eJieHHH nocTOHHHOH c npHXOAHM K ypaBHeHHlO 

1 

·I= J a2 (s) dssinc. (13) 

1 

Ec;rn J a 2 
( s) ds < I, TO ypaseeeee ( 13), a CJie.n:osa· 

TeJihHO. H (12) He HMeIOT )J.eHCTBHTeJihHbIX peweHHH. 
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1 

EcJIH J a2 (s) ds > I, ro ypaeHeHHe (13) H, CJie.ztoea-

TeJibHO, HCXO)I.Hoe yp~BHeHHe ( 12) HMelOT 6ecKOHeqHoe MHO~ 
>KeCTBO ,11,eHCTBHTeJibHbIX pemeHHH •. 

PaccMoTpHM, HaKoHeu, ypaaHeHHe · 

1 

qi (t} = I +A J qi2 (s} ds, 

flOJIO.>KHM 
1 

c = J qi
2 (s) ds, 

Tor)I.a 

cp (t) = 1 +Ac . . 
Ilo)I.CT8BJlflfl cp ( t) H3 ( 16) B (15), noJiyqHM 

A.2c2 + (2A.- l)c + 1===0, 

OTKYJI.8 

l - 2A. + v l - 4A. 
c = 2A.2 . ' 

lI 

(t) - l ± v 1 - 4A. 
cp - 2A. • 

( 14) 

' 

(15) 

(16) 

(17) 

TaKHM o6pa3oM, ypaaHeHHe (14) JI.onycKaeT JI.eHCTBHTeJI&~ 
Hhie pemeHHH TOJibKO npH A. ~ 1/4. 0Ho HMeeT JI.Ba pemeHHH · 
npH 'A < 114 H OJI.HO pemeHHe cp (t) = 2 npH 'A = 1/4 (npu 

, 'A = 0 HMeeTcH OJI.HO orpaHHqeHHoe pemeHHe qf (t) = 1). 
CooTBeTCTay10m.ee ypaaHeHHe 6e3 cao6oJI.HOro qJieHa 

1 

cp (t) ==A. J cp2 (s) ds 
0 . 

acer)I.a JI.onycKaeT HeTpHBHaJibHhie pemeHHH cp (t) == 1/'A 
(A. ::/= 0). Ho 9TO, KaK Mbl BHJI.HM, He 03Haqaer, 'ITO ypaaHe· 
HHe ( 14) co CB060JI.HblM qJieHOM HMeeT 6eCKOHeqHoe MHO.>Ke­
CTBO pemeHHH. ToqHo TaK >Ke HaJIHqHe npH HeKOTopoM A. 
y HeJIHHeHHOrO ypaBHeHHfl 6e3 CB060JI.HOro qJieHa f ( t) TOJlbKO 
HyJieBoro pemeHHfl BOBCe He 03HaqaeT, qTo COOTBeTCTBYIO· 
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- w.ee· ypasHeHHe co CB060)J.HblM qJieHOM f ( t) HMeeT pOBHO 0)1.HO 
p~rneHHe. . _ 

TeopeMbl <Ppea20AbMa, Kaca10w.HecH JIHHeiiHhIX HHTe-
rp aJibHbIX ypas·HeHHH, aiJecb ne UMe10m Mecma. / 

.UJIH ypaBHeHHH f aMMeprnTeHHa (2) c HeBblpO>KJJ.eHHblM 
H,n.poM K ( t, s) MO>KHO nocTpOHTb ypasHeHHe c 6JIH3KHM 
K K ( t, s)' shlpoiK)J.eHHbIM H,n.poM H perneHue 9Toro noCJie.ziHero 
paccMaTpHBaTb KaK npH6JIHiKeHHOe perneHHe HCXO)J.HOro 
ypaBHeHHH (2). 

B pa6oTe f aMMeprnTeiiHa H3ytiaJIHCb HeJIHHeiiHhle HHTe .. 
. FPaJibHble ypaBHeHHH BH)J.a 

b 

q> (t) = J K (t, s) F (s, cp (s)) ds (18) 
a 

np H CJie,n.yIOW.HX npe,n.nOJIOiKeHHHX: 
l) )].JI.ff AUHeUH020 HHTerpaJibHOrO ypasHeHHH c H)J.pOM 

K (t, s) cnpase,n.JIHBhl TeopeMbl <l>pe,n.roJihMa, H HTepHposaH­
Hoe H,a;po K 2 ( t, s) HenpepbIBHo; 
· 2) si,n.po K (t, s) CHMMeTpHIIHO, ·T. e. K (t, s) = K (s, t); 

3) H,n.po K (t, s) noJIOiKHTeJihHO onpe,n.eJieHHoe, T. e. ace 
ero xapaKTepHCTHIIeCKHe llHCJia IlOJIOiKHTeJibHbl; 

. 4) F (s, z) - HenpepbIBHaH cpyHKUHH csoHx apryMeH-
TOB, a ~ s <:: b, I z I ~ M, r,n.e M > 9 - .llOCTaT011Ho-6oJib· 
ma.ff IlOCTOHHHaH. • 

Me-r.o,n. f aMMeprnTeftHa onHpaeTCH Ha TeopeMy fHJib6epTa­
lllMH)J.Ta H 3aKJIIOIIaeTCH B npHBe)J.eHHH HHTerpaJibHOro ypaB· 
HeHHH ( 18) K CHCTeMe aJire6paHtieCKHX ffJl"H TpaHcUeH)J.eHTHbIX 
ypaBHeHHH c IlOMOW.bIO CHCTeMbl opTOHOpMHpOBaHHbIX co6-
CTBeHHblX cpyHKUHi% CHMMeTpH11Horo H,n.pa K (t, s). HMeHHo, 
ecJIH perneHHe cp (t) soo6me cy~ecrsyeT, TO a CHJIY (18) 

b 

cp(t) = J K (t, ,s) g (s) d~ 
a 

r,n.e g (s) = F (s, cp (s)). 
TaK KaK g (s)El2 [a, b ], TO cp (t) OK83bIBaeTC'H HCTOKO~ 

o6pa3HO npe,n.cTaBHMOH cpyHKUHeH H, B CHJIY TeopeMbl fHJib· 
6epTa - lllMH)J.Ta, MOiKeT 6bITb npe,n.craBJieHa CXO)J.HW.HMCH 
pH)J.OM 

. co 

cp (t) = L Cm'Pm(t), 
m=l 

(19) 
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r)l.e '1'1 (t), '1'2 (t), ... , '\' m (t), . ~ . - opTOHOpMHpOB3HHble 
co6craeHnhle <f>YHKUHH -H)l.pa K (t, s), 0Taeqa10w.He xapaKTe­

pHcrHqecKHM qHCJiaM "11 , "1 2, ••• , Am, ••• COOTBeTcraeHHo, 

a C1, C2, ••• , Cmt· ••• ...:.._ HeKOTOpbie HeH3BeCTHble IlOCTO· 

HHHble~ 

TaK KaK 

b 

Cm = J cp (t) 'I'm (t) dt = 
a 

b b 

= J 'l'm(t)dt J K(t,,s)F[s, cp(s)]ds= 
a a 

b b 

= J F [s, cp (s)~ ds J K (t, s) 'I'm (s)ds = 
a a 

b 

1 J ' = 1; F [s, cp (s)] 'I'm (s) ds, 
a 

. TO 33)1.aqa peweHaH )l.3HHOro HHTerpaJibHOro ypaBHeHHH OKa-
3bIB3eTCH 9KBHBaJieHTHOH 33)1.aqe peilleHHH oeC~OHeqHQH CH· 
creMbl ypaBHeHHH c 6eCKOHeqHblM ttHCJIOM HeH3BeCTHblX! 

Cm= ~ J F [ s, ~ ckljlk (s)] l\lm (s) ds (20) 

(m = 1, 2, ... ). 

PaccMOTpHM npHOJIH:>KeHHoe peweHHe 

n 

cpn (t) = ~ c~.m'i'm (t), 
m=l 

(21) 

r: 
~r)l.e n IlOCTOHHHbIX Cn. lt Cn, 2 , ~ • ., Cn, n )l.OJI:>KHbl y,noBJieTBO· 
~PHTb CJie)l.y10meii CHCTeMe n ypaaHeHHH c n HeHaBe~THbIMH: 

" Cn,m = L J F [s, ~>•.k '1Jk (s)] 'I'm (s) ds (22) 
a k=l 

(m = 1, !?, •• , , n)~ 
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faMMepuITeHH ITOKa3aJI, lJTO CHCTeMa (22) HMeeT ITO KpaiiHeH 

Mepe OJI.HO perneHHe, ecJIH cpyHKUH·fl F (s, z) HerrpephIBHa H 

YJJ.OBJieTBOpHeT yCJios1110 

I F (s, z) I ~ Cd z I + C2, (23) 

r)J.e ch c 2 - ITOJIO)l{HTeJibHble ITOCTOflHHble, rrpHlleM c 1 < 
< A. 1 - nauMenbwe20 xapaKmepucmu'l.ecK020 ttucAa nBpa 
K (t, s). . 

OueHKY C 1 < lv1 , sooow.e rosopH, YJIYtJillHTb HeJib3H, 
XOTfl CaMO ycJIOBHe (23) MO)l{HO HeCKOJibKO OCJiaOHTb. 

IlpH 9THX rrpe)J.ITOJIO)l{eHHflX Mbl CTPOHM ITOCJie)J.oBaTeJib­

HOCTb cpyHKUHH 

fP1 ( f}, <J>2 ( f} , . . • , q> n ( f} , • • • 

/\\O)l{HO ITOK333Tb, lJTO H3 ITOCJie)J.oBaTeJibHOCTH . { 'Pn ( t)} 
BCer)J.a MO)l{HO BblOpaTb ITOJJ.ITOCJie)J.OBaTeJibHOCTb { 'Pnk ( t)}' 
CXOJJ.fllll.YlOCfl K perneHHlO rp ( t) HHTerpaJibHOrO ypaBHe .. 
HHfl (18) ... 

TaKHM oopasoM, crrpaBe)J.JIHBa 

T e o p e M a 9.1 (cyw.ecrsosaHHH). EcAu RiJpo K ( t, s) 
ypasnenua ( 18) yaoeAemeopilem ycAoeuRM 1), 2), 3) u nenpe· 
pblenaa </JYHKl{UR F (s, z) yaoeAemeopRem ycAoou10 (23), mo 
neAuneunoe unme2paAb1toe ypasnenue (18) uMeem no Kpauneu 
Mepe oano pewenue. . 

HMeIDT MeCTO TeopeMbI eJJ.HHCTBeHHOCTH perneHHH ypasHe­
HHH (18). 

Te ·Of e Ma 9.2. EcAU aJlfl Jl/06020 </JUKCUpOBaHHDeO 
s e [a, b </JYHKl{UR F (s, z) RBARemca ney6btBa10tJ.¥U </JynK­
l{Ueu z, mo neAuneunoe unme2paAbHoe ypasnenue (18) uMeem 
ca.Moe 60JlbUlee oano pewenue. 

Teo p e M a 9.3. HeAuneunoe unme2paAbHOe ypasne­
nue ( 18) uMeem ca.Moe 6oAbwee oano pewenue, ecAu </JyHKl{UR 
F (s, z) pasnoMepHO yaoeAemeopaem ycAoeu10 JlunUtul{a 

IF (s, z2)-F (s, z1) I< a I z2-z1 I, (24) 

2ae 0 <a < Ai 1• 

IlpHBe)J.eM OJI.UH BeCbMa rrpospatJHblH KpHTepHH QTCYfCTBHfl 
perneHHH ypasHeHHfl faMMeprnTeHHa· c CHMMeTpHlJHblM H}{pOM 
K (t, s) *). 

*} 3TOT KpHrepHii MHe JII06e3Ho coo6w,11n C. H. noxomaea. 
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Ilycrh rp (t) - pernenue ypaaneHHH 

b 

rp (t) = J K (t, s) F (s, rp (s)) ds, 
a 

271 

(25) 

H nycr& rp 0 (t) - co6CTBeHHaH cpyHKUHH HJJ.pa K (t, s), OT· 
aetiatoruaH HaHMeHbllleMy xapaKTepHCTHlleCKOMY "IHCJIY 11 : 

b 

'Po (t) =Ai J K (t, s) rp0 (s) ds. (26) 
a 

YMHO/K8H o6e ll8CTH (25) Ha 'Po (t) H HHTerpHpyH no t OT a 
JJ.O b, IlOJIYllHM 

b b b 

J rp (t) rp0 (t) dt = J J K (t, s) F (s, rp (s)) rp0 (t) ds dt. (27) 
a a a 

AnanorHtIHO H3 (26) naxoJJ.HM 

b b b 

J <p0 (t) cp (t) dt = 11 J J K (t, s) rp0 (s) rp (t) ds dt. (28) 
a 

H3 (27) H (28) BhITeKaeT 

b b 

a a 

J J K (t, s) F (s, rp (s)) rp0 (t) ds dt = 
a a 

b b b b 

=1 J J K(t, s)rp0 (s)rp(t)ds_dt=11J J K(t, s)rp0 (t)rp(s)dsdt. 
a a aa 

CJie,ztOBaTeJibHO, He06XO)J.HMOe ycJIOBHe cyrueCTBOB8HHH pe­
rneHHH ypaBHeHHH (25) eCTb 

b b 

J J K(t, s)[F(s, rp(s))-11rp(s)]rp0 (t)dsdt=0. 
a a 

Orcto)J.a Henocpe)J.CTBeHHO BhlTeKaeT' "ITO . eCAU R8po 
K (t, s) > 0 (K (t, s)¢ 0), rp 0 (t) > 0 (rp 0 (t) =/= 0), mo npu 
ycA08UU, ttmo 

F (s, rp (s)) > 11 rp (s) Vs e [a, b], 

·11e cy~ecmByem HU o8no20 peUteHuR ypooHeHU.fl (25). 
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TaK, HanpHMep, npH 

F (s, <p (s))~ Acp2 + B, 

r..n.e A H B TaKOBhl, IITO 

.Acp2 + B > Aicp Vcp, 
-

ypaaHeHlle (25) ne uMeem pewenuu. 

§ 38. HHrerpan&Hble ypaBHeHHsr c napaMerpoM. 
Ae4JtftepeH1"HaJI 4>peme. TeopeMa cy~ecrsosaHHH 
at>crpaKTHOH HeHBHOH tPYHKQHH 

crJI. ix 

HHTerpaJihHoe ypaaHeHHe qacro co..n.ep»<HT o..n.HH HJIH He­
CKOJihKO napaMeTpoa. XapaKTep axo»<..n.eHHfl napaMeTpa 
a ypaaHeHHe oKa3hIBaeTcfl cyw.ecTBeHHbIM. B TeopHH JIH~ 
HeHHblX HHTer.paJibHhIX ypaBHeHHH <I>pe..n.roJibMa Mbl paccMa­
TpHB3JIH napaMeTp A, BXO..ll.flW.HH JIHillb B KatieCTBe MHO»<H­
TeJifl npH H..n.pe K (l, s). 

IlpH paccMbTp~HHH HHTerpaJibHbIX ypaBHeHHH c fl)lpaMH, 
KOTOpble flBJifllOTCfl aaaJIHTHlleCKHMH <l>YHKUHflMH napaMeTpa, 
B03MQ)l{Hbl cy~eCTBeHHbie OTKJIOHeHHfl -OT TeX 33KOHOMep­

HOcreii, KOTOphle HMeJIH MeCTO B <Ppe..n.roJihMOBOH -TeOpHH. 
B Katiecrae npHMepa paccMOTpHM o..n.Hopo,nHoe HHTerpaJI&­

Hoe ypaBHeHHe, B KOTOPOM. fl,ll.pO (Bbipo»<..n.eHHOe) ecrb IlOJIH• 
HOM nepBOH creneHH OTHOCHTeJibHO 'A: 

b 

cp (t) = J [p (t) p (s) +'Ao (t) p (s)Jcp (s) ds, 
a 

r..n.e p (t), O' (t) - HeKOTOpbie HenpepbIBHble <l>YHKUHH, 
npHlleM 

b b 

J p2 
( t) dt = I, J p (n a (t> dt = o. 

a a 

IlpHMeHflfl 06hlllHbIH npHeM pellleHHfl ypaBHeHHH c BhlpO· 
>K,lleHHhIM fl..ll.POM, H3XO,ll.HM, qTQ ,ll.3HHoe 0,ll.HOpO,ll.HOe ypaBHe· 
HHe npu 8cJZKOM 'A HMeeT HeHyJieaoe pellleHHe 

cp (t) ~ p (t). +'Ao (t). 

PH..n. pesyJihTaToB B ~OM HanpaBJieHHH co,nep.a<H'J:'CH 
p craT9e l6 ). 

l 
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06paTHMCH K HeJIHHeHHbIM HHTerpaJlbHbIM ypaBHeHHHM 
c napaMeTpOM H rrocrapaeMCH. BbIHCHHTb 38BBCHMOCTb perne .. 
HHH 3THX ypasHeHHH OT .qapaMerpa. 

· OcHOBHhie yTaep:H<,n;eHHH 6y,n;eM HJIJIIOcrpupoaaTh Ha rrpH-
Mepe ypaaHeHHH YphlcoHa 

b 

q> (t} = J K [t, s: <p (s}; A] ds (1) 
a 

c o,n;HHM rrapaMeTpoM A. -
YpaaHeHHe ( 1) MO:H<HO sarrHcaTb a BH.ll.e 

F (q>, A)= 9, (2) 

r,n;e q> - sJ1eMeHT 6aHaxosa npocTpaHcraa E 1 , A - qHCJio­
aoii napaMeTp (LlJIH rrpoCT<?Thl).,_ .. a . . p (q>, A) - OJlepaTop co 
sHaqeHHHMH B 6aHaxoaoM npocrpaHCTBe E 2• Ilpe.nrroJIO:iKHM, 
qTO . • 

F (cp,,, /vo) = 9, (3) 

T .. e. ·q> 0 ,. HBJIHeTCH pe.rneHHeM ypanHeHHH (2) rrpH A = A0• 

Hae 6y,n;YT HHTepecoBaTb 6JIH3KHe K q> 0 perneHHH q> (A) ypaa­
HeHHH (2) rrpH 6JIH3KHX K Ao 3HaqeHHHX napaMeTpa A. EcJIH 
T8KHe perneHHSI cymecre YIOT, TO HX H83blB8IOT HeJllJHbl.MU 

</JYHKf1URMU (a6cmpaKmHblMU HeJllJHblMU </JYHKl{URMU), orrpe .. 
]leJIHeMbIMH ypaaHeHHeM (2). 

flpeJKJle qeM ¢>oPMYJ1HpOB.aTh yCJioaHe c~ecTBoBaHHH He· 
HBHOH QlYHKUHH, BBe,n;eM CJ1e,n;y10mHe IlOHSITHH. 

IlycTb E,._ H Ey - JIHHeHHble HopMHpoaaHHble rrpocrpaH· 
CTB8 Hy = f (x) - a6crpaKTH8SI QlYHKUHH (orrepaTop}, orrpe­
]leJleHH8H Ha Ex c 06J1aCTbIO SHaqeHHH B E9 • 

Ilo 8H8JIOfHH C onpe,n;eJieHHeM ,n;u<fxl>epeHUH8J18 QlYHKUHH 
B KJlaCcHqecKoM aHaJIH3e, eee,n;eM · orrp·e,n;eJ1eHHe ,n;mpqrepeH .. 
UH8Jl8 a6cTp8KTHOH QlYHKUHH. ' 

. 0 IT p e ,n; e JI e H H e. fl ycmb h - npOU380AbHblil 9/le• 
Menm npocmpanctnBa Ex., u nycmtJ cyiu,ec11UJyem Auneu1U:J1.u 
no h,.onepamop le (Ex-+ E0 ) (eoo6~, saeucRU{UU om x) ma­
kou, t1.mo 

f.(x + h}- f (x) = lh + oo (x, h), (4) 

eae 
fi0>(x, h)R 0 llhn O . II h .u . -+ npu u u -+ • (5) 

10 M. JI. I(paceoe 
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Toeaa lh Hll3bl8lll0m CUAbHbt.M. autjJ<fJepelU{UQAO.M. UAU iJutjxj>epeH­
lfUllAO.M. c/>petue t/JyHKLfUU f. (x) 8 aaHHOU mot.tire XE Ex, oiruJe .. 

'. ttaJOU{U.M. npupaWf!HUIO h apzy.M.eHma, u o6oonatta10m cuMBoAo.M. 
df (x, h). . 

JluHeHHbIH onepaTop l, aoo6me saaHcHmuii OT i, 06osHa-
11a10T f' (x). Tor.na · 

df (x, h) = f' (x) h, f',(x)_ e (Eic__. Eu>· (6) 

Oneparop f' (x) Hashlaa10T nepeou cuAb1totl n,poU38oanou HJIH 
npouseoanou c/>pewe cpyHKUHH f (x) a ToqKe x. 

PaaeHCTBO (4) Tenepb MO>KHO sanucaTb a BH.lle 

f (x + h)- f (x) = f' (x) h +~Cl h ~' (7) 

r.lle nepaoe CJiaraeMoe npaaou qacru ecri, JIHHe:fiHaH <}>yHKUHH 
OT h (JIHHeHHbIH onepaTOp ), a BTOpoe - 6onee BbICOKOro no­
pH,ll.Ka M3JIOCTH, qeM · 11 h II npH II h II --+- o~ 

MHorue ua caoucfs oobJqHbJX npoiisao,llHbIX nepeHOCHTCH 
Ha npousao,ll.Hhle onepaTopoa. · HanpuMep, 

(cf (x))' = c f'(x), 

r)le c - qff CJIOBOH MHO>KHTeJib; 

(f 1(x)+f2 (x))' = f { (x) + f; (x). 

Ecnu f (x) .nencTayeT H3 Ex B Eu, _a <p (y) .neiiCTayer H3 Eu 
B Ez, TO npH H3JIHqHH npOH3BO).(HbIX f' (x) H ~ (y) HMeeT 
-~~~~~a . . 

[ cp (j (x))]' = cp' (/ (x)) f' (x), 

r)le npousae.neHue cnpaaa noHliMaeTcH i<aK npousae.neHHe · 
JIHHeHHbIX onepaTopoa, .neiicray10mux COOTEUITCTBeHHO H3 Eu 
B Ez H H3 Ex B El{. ' 

.. n.p '"Me P (119·1) •. nycrb ... , 

Ex= Ey = C [a, b] 
H 

b 

f (x) == J K (t, s) g (s, x(s)) d~, (8) 
a 

r.ne H,llpo ((. ( t, s) HenpephlBlIO a KBa.npaTe -~Q ta -<: t, s <. b} 
H g (s, x) :;.....;.,.:· <PYHKUHH Jl.B·yx ·nepeMeHHhi~,:. onpe.rt.eJieHHaH H 
Henpepb1BH3H B llOJIOCe a ~ S < b1 -oo < X < +oo. r~r)l.a 

l 
\ 

' 
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f (X) eCTb aocTpaKTHaH <}lyHKUHH (orrepaTop raMMepnITeft:Ha), 
orrpe,ll,eJieHHaH B c [a, b] ,co 3HalleHHSIMH B TOM JKe rrpOCT• 
paHCTBe. 

llorrycTHM, "ITO <}lyHKUHH g (s, X) He TOJibKO HerrpepbIBHa, 
HO H HMeeT qacrHyIO rrpoH3BO.llHYIO 'g~ (s, x), paBHOMepRO 
HerrpepblBHYIO' B IIOJIOCe a ~ s ~ b, -oo < x < +(X). 
Tor)la f (x) oy.ner CHJibHO .nuqxpepeHuHpyeMOH <PYHKUHeft: . 
.lleHCTBHTeJibHO, ,ZlJISI .JIIOOOH <PYHKUHH h (s)EC [a, b J HMeeM 

b 

f (x + h}- f (x) = J K. (t, s) [g (s, x (s) + h (s))- g (s, x (s))] ds • . 
a . 

. Ilo TeopeMe JlarpaHJKa 

g (s, x (s) + h (s))- g (s, x (s)) = g: (s, x (s) .+ e (s) h (s)) h (s), 

r.ne O < e (s) < L 

B CHJIY HerrpephlBHOCTH g~ HMeeM 

g: (s, x (s) + e (s) h (s)) = g: (s, x (s)) +a (s, x (s), e (s) h (s)), 

r.ne rrpu II h II -+ 0, T. e. npu ·Ii (s) -+ 0 paeHoMepHo . Ha 
(a, b ], a (s, X (s), 0 (s) h (s)) -+ 0 TaKiKe paBHOMepHO Ha 
[a, b] (nocKOJibKY <PYHKUHH, HerrpepblBHaH B 33MKHY'fOH 
orpaHHt1eHllou ooJiaCTH a~ ·s ~ b, Ix I ~ M 1, I h I ~ M 2 , 

paeHoMepHo· HerrpephIBHa a 9TOH oonacTH). 
no9TOMY 

b 

f(x+ h)-f(x) . J K.(t, s)g~(s, x(s))h(s)ds+ 

. r.ne 

10* 

a 

b 

+ J K. (t, s) a (s, x (s), e (s} h (s)) h (s):ds = lh + (l) (x~ h), 
a . 

b 

lh = JK. (t, s) g:_(s, x (s)) h (s) ds, , · 
a 
b 

(J) (x, h) = J K. (t, s) a (s, x (s), e (s) h (s)) h (s) ds. 
a 

\ 
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na.nee, 
b 

jjm(x, h)li =max J K(t, s)a(s, x(s), 0(s)h(s)) h(s) ds ~ 
a~t~b a 

~ m~x IK (t, s)fl!a(s, x(s), 0.(s)h(s))lr llh~(b-at= 
a<,t, s~b _ 

= Miia~ ~hll. 
Ilo9TOMY 

II 00 (x, h) II ~ M II a ii ~ O n pH ll h II-+ O'* 
\\ h 11 ,. 

Cne.n.oaaTeJibHO, cor nacHo onpe.n.eneHHIO, <f>YHKUHH f (x) .n.uQ>­
cpepeHuup yeMa no cllpellle ·a KaiK.n.ou ToqKe x (t)eC (a, b J R 

b 

df (x, h) = J K (t, s) g: (s, x (s)) h (s) ds. (9) 
a 

B .n.aHHOM c.nyqae JIHHeHHbIH onepaTop l a TOl!Ke x0 ecrb JIB· 
HeHHbIH HHTerpanbHbIH onepaTop c H)l.poM K(t, s) g~(s, x 0(s)). 

AHa.norHt1Ho, HenuaeifHwu onepaTop YpblCoHa 
b 

f (x) = J K (t, s, x (s)) ds, 
a 

r.n.e · K (t, s, x) HenpepbIBHa B o6naCTH a ~ t, s ~- b, 
-oo < x < +<=><: H HMeeT B 9TOH o6nacTH HenpepblBHYIO 
npoH3BO)l.HYI.O · Kx, .n.u<JxPepeHuupyeM no <I>pellle B Ka.JK.n.on 
TOt1Ke x0 (t) eC [a, b 1, nput1eM -

b 

f' (x0) h = J K~ (t, s, x0 (s)) h (s) ds. · ( 10) 
a 

B ornHYHe or· CJiyttaH npoCTf>aHcraa C [a, b 1, .n.mjxpepeH· 
uup,yeMOCTb onepaTopa Ypb1c0Ha B npocrpaHcTae LP [a, b 1 
He BblTeKaeT H3 HenpepblBHOH .n.uQx:PepeHUHpyeMOCTH no nepe· 
MeHHon x <f>YHKUHH K (t, s, x). HanpuMep, onepaTop 

b 

f (x) = J sin ex<s> ds . 
a 

onpe.n.eneH H · anc JJHe Henp,epblBeH B nI06oM Lp, o.n.HaKo one· 
paTop (10) MoJKeT .n.aiKe He 6b1Tb onpe.n.e~eH Ha L0 , TaK HaK 
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B ,llaRHOM cnyqae 
K~ = exes> cos ex($) 

H 9Ta <PYHKUHH MOJKeT OK333TbCH HecyMMHpyeMOH. 
flpHse.n:eM OJJ;HO H3 . ycnoBHH JlH<M>epeeuupyeMOCTH no 

Cl>peme onepaTopa YphlcoHa. 
fl ycmb onepamop Y pbtCOHa iJeucmeyem 8 npocmpaHCmBe 

L' [a, b ). aocmamottHbl,M yCA06UeM ero CUAbHOU auqupepeH-
11upyeMocmu no <Ppeuie 8 Aro6ou motttre x 0 (t)eL 2 [a, b] 
MARemca HenpepblBHOCmb no x npousBoaHou K~ ( t, s, x) u Bbl­
noAHeHue Hepaeencmna 

I/(~ (t, s, x) I~ a-+~ Ix I 
(a~ t, s ~ b, - oo < x < + oo, a, p =canst) .. 

llpu amoM npoU38oa1taa f' (x0) onpeaeAumcR paee1tc11UJ0M (10). 
flocne. 9THX , npe,.u.BapHTeJibHblX paCCMOTpeHHH - B03Bpa­

THMCH K ypaBHeHHIO 

F (cp, A) = 9. (2) 

Cnp-ase,llJIHBa cne,llyIOI.U.aH' TeopeMa cymecTBOBaHHH a6· 
CTpaKTHOH HeHB~OH cpyHKUHH, aHanorHqHaH H3BecTHOH Teo­
peMe KJI3CCHtfecKOro aHaJIH33. 

T e o p e Ma 9.4. flycmb eblnoAnenbt ycAosua: 
1) Onepamop F (cp, A) onpeaeAen e neKomopou OKpecmno-

·cmu mottKU {cp 0 , A0 }: · . 

·II q> - q> 0 llE 1 <j Bl t I A -_ . A 0 I <J B 2' ( 11) 

u nenpepbl6eH no coooK.ynnocmu apzyMeumoe BM.ecme co cBoeu 
npou38oanou <PpeULe F~ (cp, A) e yK113annou oKpecmnocmu. 

2) F (cp 0 , A0) = 0. 
3) Cytfiecmeyem onpeiJeAeHH.b/,U H:a BCeM E 2 nenpepbt8HblU 

onepamop R = [F~ (cp-0 , ·A0) J-1 • 

Tozaa ypaenenue F (cp, A) = e onpeaeAR.em 8 neKomopou 
OKpecmHAJCmu I A - Ao I <i cS 0 m~t/.KU Ao eauncmeenny10 ne­
npepbllJHYIO neMHYIO </JYHKU;UIO q> (A) • 

.LI. o Ka 3 a Ten b c TB o. PaccMoTpHM onepaTop 

A (<p, A) = <p - [F~ (q> 0, A0) ~-1.F (<p, A), 
HenpepblBHblH no COBOKynHOCTH apryMeHTOB, H noKaJKeM, 
qTo npH HeKoTopblx cS 0 H P OH HBJIHeTcfl pasHoMepHo (no A) 
C1KHM3IDII.I.HM onepaTopoM JlJIH II~ - q> 0 ~ <P, I A - "-o I <Bo. _ 
Tor)la OH 6yJleT HMeTb e)lHHc_TBeHHYID. Heno)lBHJKHYID TOqKy ~: 
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- -cp = Acp, lITO, KaK HeTpy.ll.HO BH.ll.eTb, paeHoCHJI&Ho eyme-
cTedeaHHIO e,ll.HHCTBeHHOH HenpepbIBHO.H HeSlBHOH <f>YHKUBH -cp (A.), onpe.ll.eJI.sieMoii ypa~HeHHeM (2). 

no ycnoBHIO onepaTop E (cp, Ii.) HMeeT HenpepbieHy10 npo~ 
H3BOJI.Hy10. Ilo9r0My oneparop A (cp, Ii.) .ll.HqxpepeHuHpyeM no 
<l>peme, H era npoH3BOJJ.HaSI 

A~ = I - [f~ (cp 0 , A0) 1-1F~. (cp, A) 

HenpepblBHa no coeoKynHocTH apryMeHToB. 
TaK KaK A~ (cpo, Ao) = e, To' HaH,ll.eTCSl p !:> 0 Ta Koe, qTo 

npH II cp - cpo II < p, I A. - ~0 I <1 P 6y.ll.eT BhIIlOJIHeHo He· 
paeeHCTBO 

,Ila.nee, TaK KaK A (cp 0, A0) = cp 0 , TO HaH,ll.eTCH TaKoe 60 <J 
< P, qTo II A ( cp o, A) - cp ~II <! ( 1 - a) P np H I A - A 0 I <l 
< 6 0 , OTKY ,ll.a cne.rr.yeT, qTo onepaTop A ( cp, Ji.) npeo6paayeT 
map II cp - cp o II <: P B ce6si • 

. HaKOHeu, Il0Jlb3YS1Cb Hepaee.11cTBOM (*) H aHaJioroM Teo· 
peMb'I J1arpaa:tKa, HaXO.ll.HM, qTo .ll.JIH paccMaTpHeaeMbI4 3Ha· 
qeHHH A H .ll.JI si JII06blx cp 11 cp a H3 ma pa ~ cp - cp 0 II <1 ~ cnpa· 
Be,ll.JIHBO HepaBeHCTBO 

llA (cp~, Ii.) -A (cp1, "->II~ allfP2 - cp1lt (0 <3 a < 1). 

nocJle,ll.Hee 03HaqaeT, qro A - 'cJKHMBIOUI.HH. onepaTop • 
. B Ka11ecree np.HMepa npHMeHeHHH 9Toii TeopeMhl pac­

cMo-rpeM HHTerpaJibHoe ··ypaeneHee YphlcoHa 
b 

cp (t) = J K [t, s, cp (s); A] ds (1) 
a 

e npQcTpaHcrse C'[a, b 1. · 
By.rr.eM. CtJHT,aTh,. qTo <f>YHKUHS1 If. It, s, cp {s); A.] HePlpe­

PbJBHa.;1:19 ~ciso.~ynHQC;rH apryM~HTOB aMecTe co: caoefi npous~ · 
~O)lHOH Kq> [ t, s, cp; A]. . . . . · . 
. .. . Oycr&. aenpepbl_~Hasi . <f>YHKUHff cp 0 (t) _S16.JlH.eT~sl peiue· 

HH~~- ypaaH~HHSl .(1) riRH A = Aq~: T_. e. . . . . .. . . ".t, 

. .. . . ,, . 

'. q:i0 (t)' .z- J K·.[t, s, <J'o (s); A0 l ds. . (12) 
.0 
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YpaBHeHue ( l) MOiKHo nepenucaTh B BB.Ile 
b 
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F ( cp, A) = cp (t)- J K [t, s, cp (s); A] .ds = 0, (13) 
a 

npuqeM 3.llech E 1 = E 2 = C (a, b]. 
Hcnonh3YH cpopMyny (10), nonyqaeM 

b 

F~(cp0 , 'Ao)h=h(s)- J K~[t, s, cp0 (s); lvoJh(s)ds (14) 

• BJIB 

(15) 
r)le 

• b . 

j(lp = J K~ (t, s, <Po (s); Ao) ¢ (s) ds 
a , 

0 u u 

- JIHHeHHblH HHTerpaJihHblH onepaTop c HenpepbIBHblM 
H.llpOM K~ (t, s, cp 0 (s); A0). · 

113 (15)· BH.llHo, trro onepai'op · F~ (cp 0, A0) 6yJJ.eT HMeTh 
o6paTHblH, ecnu cyw.ecrayeT (/ - j()-1

, :~ e. e,nHHHUa He 
ecTh xapaKTepHCTHtlecKoe qucno H.llpa Krp (t, s, cp 0 (s); A0). 

B 3ToM CJiyqae R = [F~ (cp 0 , A0) 1-1 HBnHeTcH peaonhaeH- • 
TOH H.llpa K~. Tor.Ila ace ycnoBHH 1teopeMbl 9.4 6y.1lYT . 
BhlilOJIHeHbl H, CJie)loBaTeJibHO, ypaaHeHHe (1) 6y.1leT HMeTh 
e.llHHCTBeHHoe HenpepblaHoe perneHHe cp ( t, A), 6JIH3Koe K cp 0 ( t) 
npu 6nH3KHX K A. 0 3HaqeHHHX A. HeH11HaH cpyHKUHH MO>KeT 
6bITb nonyqeHa KaK npe.lleJI nocne)losaTeJibHhIX npu6nu­
iKeHHft 

cpn+l (A)= cpn (A)-RF·(cpn (A.), A) 

(n = 0, l , ... : cp0 (A.)= cp0 (t)), 

nputieM nocne)loBa1enbHble . npu6nu~ettf{ff ·o okpecrHocTH 
TOtlKH Ao CXO)lffTCff paBHOMepHO co CKOpOctblO reoMeTpHqe­

' CKOH nporpeccHH. 
MoiKHO noKa3aTb, tlTO ecAu Bb/,nOAHeHbl. ycJWBitn. meo­

peMbl 9.4 u onepamop F (q>, A.) B HeKOnwpou oKpecmHOcmu 
mD'lKU { cp o, Aol U.4feem Bee ctacmHbte npoU360iJHbl.e ao no­
pR.aKa k, mo Hen.BHan. </JYHKqun. · cp (A) maK~e u.Meem npou3-. 
&JiJHbtf! ao nopROKa k. 
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06parHMCH cHoea K ypasHeHHIO YpwcoHa (1). 5.y)leM 
cquTaTb, qTo 

b 

· q>0 (t) = J K (t, s, q>0 (s); A0 ) ds 
a 

H QTO e,llHHHna He SIBJISleTCSI xapanepHCTHlJecKHM qucJIOM 
H.LI.pa K~ (t, s,- q> 0 (s); A. 0). Ilpe.LI.nOJIO)l{HM ew.e, qT9 cpyHKUHff 
K ( t, s, <p; A.) Hen~phIBHO ,nuqxpepeHuupyeMa k paa no nepe-
MeHHblM q:>, A. , . 

By,neM HCK3Th. perueHHe q:> (t, A) ypasHeHHH (l) .ZlJIH oJIHS· 
KHx K A0 sHaqeHHH A no MeTO.ZlY MaJior9 napaMeTpa. 

3anumeM pasJio>KeHHe 

q:> (t, A)= Uo (t) +(A-Ao) U1 (t) + (A-Aof~ Us (t) +, • • ... 

. . . + (A-Ao)k uk (t) + o(I A- A0 Jk) 

H no.ncraBHM ero B ypaBHeHae (1). IloJiyqnM 

Uo (t) + eu1 (t) + s2u2 (t) +·· ... = 
b· 

= J K (t, s, u0 + su1 + e2u1 + ... ; A.a+ e)ds, _(16) 
a 

r.ne e = '- - 18• 

Pa3JIO>KHM npasy10 qacrh (16) no creneHHM e.! 

b 

J K (t, s, U0 + eu1 + e1
Ut + .. ,; "° + s) ds ~ 

a 

b b 

= J K (t, s, u6 ; Ao) ds + e J K~ (t, s,· u8 (s); ~) u1 (s).ds + 
a a 
b b 

+ s J Ka (t, s, u0 (~); ~) ds + e2 J K~ (t, s,- Uo-(s), A.e)u1 (s) ds + 
a- a 

b ' 

+ e1 J cI>2 (t, s, u0 (s), u1 (s); Ao) ds + . , . 
a • 

3.lleC& <D 9 - usaecTHa.ff tPYHKUH.ff caoux apryMeHr,oa. DpK· 
paBHHBaH K03<fx}lHUHeHTbl npH O)lHHaKOBbIX CTeneH.ffX e, 
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no.nyqHM ypaBHeHJUl 
b 

u0 (t) = J K (t, s, UO (s); Ao) ds, 
a 

Ui (t) = 
b ,, 
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= JK~ (t, s, ·uo (s); "':>) u1 (s) ds + J Ki (t, s, Uo (s); A-0) ds, 
a a 
b 

u2 (t). J K~ (t, s, Uo (s); ':o) u2 (s) ds + 
a 

b --. + J '1>2 (t, s, Uo (s), Ui (s); 'Ao) ds, 
a 

• • • • • • • • • • • • • • • • • • • • • • • • • • • 

b 

" Uk 'ct)= J K~ ~t, s; uo (s); Ao) uk (s) ds + 
a 

b . 

+ J <Dk (t, s, uo (s), Ui (s),., , • Uk-1 (s); At1) ds. 
a 

113 91'HX ypaBHeHHH BHJJ..HO, qTo 

Uo (t) = q>0 (i), 
a Jl.JUI onpeJJ..eJieHHH Ka>KJJ..Oro H3 K09¢q>HUHeHTOB Uk ( t) ( k > 1) 

, noJiyqaeTC·H JIHHeHHoe HHTerpaJibHOe ypaBHeHHe <Ppe.z1.roJibMa 
2·ro poJJ..a c HJJ...pOM K~ (t, s, q> 0 (s); A0) H co CBOOO.llHblM qJie­
HOM, KOTOphlH Bhlpa>KaeTCH qepe3 yme onpeJJ..eJieHHhle Ko9¢>­
cpHUHeHThl Uo (t), U1 (t), .... , Uk-1 (t). nocKO,f[bKY e,llHHHUa 
He HBJIHeTcH xapaKTepucruttecKHM ttHCJIOM HJJ..pa K~, 9TH 
K09¢q>HUHeHTbl O.ll,H03HaqHo ortpeJJ..eJIHIOTCH IlOCJieJJ..OBaTeJibHO 
OJJ..HH 3a JJ..p.yrHM, H .MbI MOJl{eM nOCTpOHTb npHMH>KeHHoe pe­
meHHe q> ( t, A) ypaBHeHHH (1) JJ..JIH 3HaqeHHH A, OJIH3KHX K A0 • 

. IlpaBJJ..a, npaKTHqecKH 9TH BblqucJieHHSI .llOBOJibHO rpoM03.ll,KH. 

~ 39. PaaseTsJJeHHe pemeHHii 

nyCTb HMeeM ypaBHeHHe 

F (q>, A)= 0, (I) 
onpeJJ.,eJIHIOIII,ee a6CTpaKTHYIO HeHBHYIO tPYHKUHIO. cp (A), H -
nycrh no-npe.>KHeMy 

(2) 
.. 
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OcraHOBHMCSI Tenepb Ha BbipOiK,ll.eHHOM CJiyqae, KOr,ll.a 
onepaTOp F~ (CI>ot Ao) He HMeeT orpaHuqeHHOrO oopaTHOro. ' 

OrpaHuquMcsi ypaaHeHHSIMH (1) qacraoro BHJJ.a 

q> =A (q>; A), (3) 

r.ne onepaTop A anoJIHe HenpephlaeH a TOM CMhlc.ne, qTo OH 
HenpepbtBeH no COBOKynHOCTH . apryMeHTOB B HeKOTOpOH 
OKpeCTHOCTH TOqKH {'Po· Aol H rrro KOMnaKTHO MHO.IKecrao 
ero 3HaqeHHH Ha 9TOH OKpeCTHOCTH. npe.ll.IlOJiaraeTCSI, qTO 
onepaTop A .ll.e:HcrayeT H3 E a E·, q>EE. 

0 n p e .ll. e JI e H He. napa (Cf>o, Ao) IUl3bt.eaemcR. mi)tl,ICOU 
eemeAeHUR. OAR. ypCUJfleHuR. (3), ecAu OAR. Ka:JICOozo e > 0 MO~Ho 
ytro3amb ma'KOO A, ttmo I A - A0 I < e, u YP.CUJHeHue (3) uMeem 
no Kpat1Heu Mepe iJea peweHuR, Ae:JICOU{ue · e e-oKpecmHocniu 
mottKU q> 0• 

Hs paccy1I<.ll.eHHH § 38 cJie.ll.yer, qTo napa (q> 0, A0) He sia­
JISieTcSI ToqKoii aeTBJieHHSI, ecJIH a OKpecrHOCTH ToqKH { q> 0 , A0 l 
cym.ecrayeT onepaTop A~ (q>, A), HenpepbtBHhlH no (q>, A), u 
e.ll.HHHUa He SIBJISieTCSI ToqKoH: cneKTpa onepaTOpa A~ (q> 0 , A0). 

J13 OOlll.eH TeOplIH HeJIHHeHHbIX onepaTOpOB H3BeCTHO, qTo 
npousao.ll.Hasi A~ (q> 0 , A0) ueJIHHeiiHoro anoJIHe Henpephrn ... 
HOro onepaTopa SIBJISieTCSI JIHHeHHblM anoJIHe nenpepblBHbIM 
onepaTopoM. B1>1poiK.ll.eHHhlH cJiyqafl .ll.JISI ypaBHeHHSI (3) 
osHaqaeT, 11To e.ll.HHHUa SIBJIHercsi coocraeHHhIM sHaqeHHeM 

. onepaTopa A~ (q> 0, Ao). 
PaccMoTpHM ypaaHeHue Yphl~oHa 

b 

cp (t) = J K (t, s, cp (s); A) ds, (4) 

HMeIOmee KaK pas BH.ll. (3), H nyCTb 

b . . . 

f[>0 (t) = J K (t, s, q>0 (s); Ao) ds. 
a 

nycrb e,ll.HHHUa SIBJISieTCSI xapaKTepHCTffqeCKHM qffCJIOM 
H,n:pa K~ (t, s,. (fo (s); A0) H nycTh 9ToMy ttHcJiy oTaeqaeT JJHWh 
0.ll.Ha COOcrBeHHaSJ cpyH.KUHS! q> 1 ( t) (c TOqHOCTblO .ll.0 nocroSIH­
Horo MHOiKHTeJl·SI), a CJle,ll.OBaTeJJbHO, conpSiiKeHHOMY ypaa­
HeHHIO - o,nHa coocTBeHHasi <}>yHKUHSI v1 (t). PaccMOTpHM 
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BCilOMoraTeJibHOe ypaaHeHHe 
b 
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q> (t) = J lK (t, s, q> (s); A)+ q>1 (s) v1 (f) q> (s)] ds- µv1 (t), (5) 
a 

r.ne µ - .nonoJIHHTeJibHhIH napaMeTp.1 
Ecnu npHHHTb 

b 

µ == J q>1 (s) q>(s) ds, 
a 

TO ypaBHeHHe (5) 6y.neT paBHOCHJibHO ypaBHeHHIO (4). 

(6) 

. CMblCJI 9Toro npeo6pa3oaaHHH B TOM, qTo .ZI.JIH ypaeHeHHH 
b 

(5) npH A = A0 , µ = µ 0 = J q> 1 (s) q> 0 (s) ds, q> = q> 0 (t) 
a 

e.nHHHUa He HBJIHercH xapaKTepHCTHqeCKHM qHCJIOM st.npa Jt~, 
r.ne :tt: = K ( t, s, q> (s); A) + q> 1 (s) v1 ( t) q> (s), H, cne.no­
BaTeJibHO, B03MOIKHO npo.noniKeHHe no napaMeTpaM A, µ npH 
MaJiblX I A - Ao J, I µ - µ 0 I pemeHHH . 

. q> = 'I' ( t; A, µ) (7) 

y.pasHeHHH (5), ·r.ne 'l' (t; A0 , µ 0) = <I>o (t). · 
n·o.ncraBHB (7) B npaayIO- qaCTb (6), . nonyqHM T3K H33bI· 

eaeMoe ypaBHeHue pa38etnBAeHUa 
b 

µ-J ~1 (s) 'I' (s; A,µ) ds = o. 
a 

~(A,µ) =0, (8) 

CBH3hiea10mee AH µ. Haxo.nH OTcro.na µ ~ µ (A) H no.ncTaBJIHH 
. pesyJihTaT B (7), noJiyquM pemenue q> = 'l' (t; A, µ (A)) 

ypaBHe1IHH (4) TaKoe; qTo q> I '-=='-o -: <f>o (t). .. 
HeTpy.nHo noKasaTh, qTo ;T"~(A 0, µ 0) = 0, TaK qTo ypaa­

HeHHe (8) pa3peI11HTb 0.ZI.H03HaqHo OTHOCHTeJibHO µ, eoo6m.e 
roaopH, HeB03MOJKHO.. , . ,. - . "' . 
·', .. BonpocaM .BeTBJJeHHH" pemeHHH ae~HHeiiHwx ypaalieHHif 
noCBHID,eHa' o6WHpHaH . JIHTepaTypa :~(c~r. t Ha.U'pHMep,. [4 )); 
K· KOTOpOH Mbl ff:. OTCblJiaeM qffTaTeJ.Ul; JKenaio~ero ,zteT3JibHO· 
03H8KOMHTbCH C· 9T·HM 'KpyrOM Htr.eli.- ·.' . . ' ; 
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§ 40. To'IKH ou«IJypKau,HH 

BJIH3KHM K noHHTHIO TOtIKH aeTBJieHHH HBJIHeTCH noHHTHe 
TOtIKH OH~YPK8UHH. ' 
. Ilycr.&, ,ZlJIH onpe,neJieHHOCTH, . A (0, A) = e .. Tor,lla ypaB­

HeHHe· 
cp =A (cp, A) (1) 

HMeeT HyJieBOe pemeHHe q> = 0 npH BCeX 3H8tieHHSIX napa· 
MeTpa Ai. 

0 n p e Jl e JI e H H e. qUCJUJ ,.A 0 Ha3bl8aemc11.. fTJ-OttKOU 6u­
tjJypKa/1UU iJllJl ypaBHeHua (1) (u/ZU iJIJJt onepamopa A (cp, A.)), 
ecAu JUo6oMy e > 0 coomeemcf!l4yem maxoe attatteHue napa· 
Mempa A, ua u11mepeaAa (Ao - e, Ao+ e), npu KOmopoM 
ypooHeHue uMeem no xpauxeu Mepe oiJHo HeHyAeooe pewe11ue 
.cp (A), yiJooAemBopAAJfI¥!e ycAoeuro II cp (A) I( < 8. 

B OTJIHtIHe oT onpe.n.eneHHH TOtIKH BeTBJieHHff, a onpeJle .. 
JieHHH TOqKH 6HcpypKallHH 3apaliee npe.nnoJJarC'leTCH H3BeCT· 
HhIM pemeHHe (ceMeHcTBO penreHHH), onpe)J.eJieHHOe trpH Bcex 
3HatieHHHX napaMeTpa; petib HJleT o6 «OTBeTBJieHHH» pemeHHH 
OT 3a,naHHoro. 

n YCTb, HanpHMep, Ao eCTb xapaKTep'HCTHlleCKoe tIHCJIO 
HenpepblaHoro HP.pa K ( t,. s). 0)1.Hopo)J.Hoe HHTerpaJihHoe­
ypaaHeHHe 

b 

cp(t) =A J K (t. s) cp (s) ds (2) 
a 

npH JIIDOOM A-HMeeT TpHBHaJihHoe pemeHHe cp (t) = o. 
npH A = Ao 3TO ypaBHeHHe HMeeT ern.e HeTpHBH8JlbHoe 

pemeHHe (p = cp.1.,. (t), KOTOpoe onpe,lleJIHeTCH c TOllHOCTblO 
.no IlOCTOHHHoro MH01KHTeJIH H IlOTOMY MOLKeT OblTb C,Zl.eJiaHO 
no Hop Me C Ia, b J MeH&We JII06oro e > 0: · 

max I <1'1, (8) f < s. 
a<.t<,.b 

11TaK, .JlJUI BCHKoro 8 > 0 cyw.ecTBYeT A~ (A, 0- e, Ao+ e) 
(HanpHMep, A = A0), npH i<OTopoM ypaBHeHHe (2) HMeeT 
HeHynesoe peweHa.e cp~ (t), yJJ.oBJieT:sops10w.ee ycnoBHlO 
max I q>i,.(t) t <a._ CorJiacao onpeJleneHHIO, STO H oaHatiaeT, 
a<;.t<b . 
trro xapaKTep11cTHtrec~oe qncJio 1 0 s.npa K (t, s) ecTh To1fKa 
6HcpypKanHH ypaaHeHHH (2). · 
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TaKHM o6pa3oM, ecJili HHTepsaJI (A. 0 - e, A0 + e) :He 
co.nep11<HT ..n.pyrHx xapaKTepHcTnqecKHX qHceJI ».n.pa K (t, s), 
TO npH. H3MeHeHHH A. B 9TOM HHTepBaJie Mbl HMeeM CHaqaJia 

-OJI.HO pemeHHe ~ (t) = 0, a ~pH Iv = Ao perueHHH_ oy,ZJ.eT y>Ke 
,naa: OT HyJieBoro peilleHHH ·OTBeTBJIHeTCH eme HeHyJieBoe. 

_ EcJIH -onepaiop A (cp, A.) J:IenpephIBHo .n.m}xpepeHuHpyeM 
no <l>pewe, TO, B CHJIY TeopeMbl 9.4 0 HeflBHOH Q>yHKUHH, ero ': 
TOllK.aMH. 6~cpypKaUHH ·Mo{:'.yT 6h1Th JUUllh Te sHatieHHH A., npH 

.. • ' . . ' u 

KOTOpbIX eJ.J.HHHUa HBJIHeTCH TOlJKOH cneKTpa onepaTopa 
A~ (0, A,). , . . _ . · - _ 

Tiycrb A~ (0, A.J = AB, r.ne B - 8noJ1He aenpepbIBHhIH 
JIHHeHHblii onepaTop, He sasHc~w.H~ OT A.. B sroM cJiyqae 
TOllKH 6H<f>ypK8UHH HBJISllOTCH xapaKTepHCTHtieCKHMH saa~ 
lleHHHMH onepaTopa B (T •. e. 3HatieHHHMH, oopaTHblMH COO· 
CTBeHU:hlM): . . _ . . · - . 

n p BM e p - (ypaBHeHHe f.iMMepwreuaa c Bbipo:>K)J;eHHblM B.zi;poM). 
1 -

. qi (t) =A J ts l'P (s) + 1p• (s)J ds. (3) 

· Qqea11.zi;Ho,- qro npH BCJJKOM saatJeHHH napa·Merpa A. ypaBHeaK~ (3) HMeer-
~Pellre»He <p (t) = 0. . · · . 

flMO)l\JiM . 

Torila. 
. . 

.. 1 . 

C1 = J sq> (s) ds, 
0 

. 1 

C2 = J sq>2(s) ds. . 

no».CTBBJHHI (5) n (4), 6y.zi;eM BMeTb 

).. . . 

3 (C1 + C2) =.C1, 

Ai . 
T (c1 + ~1)2 = C2· 

(4) 

(5) 

(6) 

-PewaJI eucreMy (6),-HaXoAHM o.r{lio peweaue c,1 = c2 _ 0,. qro ,l\aer cp (t) =1 . ' = o. H Apyr0e, KOTopoe .n.aeT -. ' ' . ' -.J 
. 4 . . 

,fl> ( t) = ~ (3 - A) t. 
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3HaqeHHe ').,, = 3 6y.D.eT 6H$ypKaa;uoHHblM ;vrn ypaBHeHasi (3). B ca­
MOM )leJie, .D.JHI mo6oro e > O cymecTayeT 3HatJeHHe A. e (3 -. e, 3 + e), 
HanpHMep Juo6oe A =¥= 3, npu KOTopoM ypaaHeHHe (3) HMeeT Hettyneaoe 
peweHHe cp (t), y.lloBJieTaopsnomee yCJIOBHJO 

. . 

U cp (t) II= max I 3! (3 - ').,,) t I < s. 
O<tCl A . . 

. ' 

CornacHo onpe.D.eJieHHJO, STO H osHaqaeT, qro ').,, =. 3 - ToqKa 6H<jlyp-
KaUHH. ' · 

OnepaTop f aMMepmTeiiHa, KaK H3BecTHO, .llHctxl>epeHa;upyeM no tl>.pewe 
B JIIOOOH T011Ke 'Po {!) E c (0, I J H ero .llHqxpepeHIJ;HaJI ijB TOqKe cp :: 0 
paaea 

1 1 

A~ (0, A) h = >. J ts ['P +cp2
] ~I .,=oh ds =), J ts h(s) ds. . 

JlerKo nposepHTb, qTo .llJIH JIHHeH:Horo HHrerpaJibHoro ypaaHeHHSI 
1 r' 

. h (t) =), J ts h(s) ds (7) 

3HaqeHHe ').,, = 3 ecTb xapaKTepHcrnqecxoe qHCJio. 
TaKHM o6pa30M, TOlJKa 6mpypKaUHH ;., = 3 ypaaHeHHSI (3) HBJHieTcff 

xapaKTepHCTH11CCKHM lfHCJIOM ypaBHeHHSI (7). 

Bo3HHKaer sonpoc: Kam)l.oe· JIH xapaKTepijcTHtiecKoe aaa­
qeHHe oneparopa B HBJHieTCH TOllKOH 6HcpypKaunu? 

B o6meM cnyqae, KaK. IlOK33bIB3lOT, npHMep_hl (1121), OTBeT 
oTp HU.areneu. . . . 

PaccMorpHM, aanpHMep, B nnocKocra XOY oneparop A, 
onpe)l.eJieHHbIH paaeHCTBOM ' ' 

A {x, y} ~ {x--- y (x2
_ +.y2

),. y + x (x2 + !fH. 

OnepaTop B JJ.JHI 3TOfO cay~aa eCTb.onepaTop I TO:>KJJ.eCTBeH­
Horo npeo6pa30B81:1HH, HMeIOLUHH xapaK~eplJCTH~C~H~ q~c-
JIOM e;J.nneuy: Ix = x. 

B To >Ke epeMfl onepaTop A cosceM He HMeeT co6cTeeHHhlX 
:BeKTOpOB. D.eHCTBHTeJibllO; nyCTb npu HeKOTOpOM ~ 

x-y(x2 + y2
) ='Ax, } 

Y + x(x2 + y2) ="Ay. : . (8) 

YMHO>Kaff aepaoe 83 9TH]{ paBeHCTB Ha x, BTopoe Hay H CKJia­
. JlblB3H, nonyqHM x 2 ' + y 2

· = A, (x2 + y 2
), QTKyJJ.a A, :::; l; T3K 
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KaK x2 + yz + 0 (co6crseHHblH seKTop - HeHynesou). Ilo.LI.­
cras;u1H s (8) ~ = I, nonyqnM x = y = 0, T. e .. /.., = l ue 
ecrb co6crse.HHoe 3Ha'leHne onepaTopa A. 

B 38.LI.aqax,. CBH3aHHbIX c ycnosnHMH ycTonqusocru, ToqKH 
6ncpypKauuu onpe.LI.eJUIIOT KpHTnqecKne CHJibl. TaK, 3a.LI.a11a 
06 H3fH6e npHMOJIHHeHHOI'O crep>KHH e.LI.HHuqHOH ,ll.JlHHbl H 
nepeMeHHOH .iKeCTKOCTH p (x) no.LI. 803,ll.eHCTBHeM CHJlbl p npH· 
BO.LI.HT. K perueHHIO HeJIHHefiHoro HHTerpaJibHOfO ypasHeHHH 

' . . 

<p (x) =Pp (x) J. K (x, t) <p(t} v I -[j K~(x, t}qi(t}dt r di, 

(9) 

r.n.e <p (x) - HCKOMaH cpyHKUHH. 
3ro ypasHeHue uMeeT Hynesoe perueHne <p (x) = 0 npu 

scex 3HaqeHHHX napaMeTpa P. Ilpu Manblx P ypasHeHHe (9), 
B CHJIY npuHuuna C>K8TblX OTOOpa>KeHHH, HMeeT e,ll.HHCTBeH­
HOe Hynesoe perueH.ue s npocrpaHcrse C (0, I ]. 3ro 03Ha· 
1(8eT' qTo npu M8JlbIX p c!ep>KeHb•He H3fH6aeTCH. 0.LI.H8KO 
npu cunax, · 66JihlllHX TaK H83bIBaeMon KpnTnqecKon CHJibI 
3nJiepa, so3HHKaeT nporu6. 

KpnTntlecKaH cuJia 3unepa P 0 u HBJIHeTCH 6ucpypKaUHOH­
HbIM 3HaqeHHeM. B MexaHuKe np u OTbICKaHuu ToqeK 6ucpyp .. 
Kauuu HeJIHHeuHoro onepaTopa A 3a,naqy ooblqHo nuHeapu-
3yIOT: BMecro onepaTopa A paccMaTpHsaIOT nnHeuHhIH one­
paTop · B {npon3BO.ll.HYIO <l>perue onepaTopa A s ToqKe 0), 
naxO)J.HT xapaKTepucruqecKne qncJla onepaTopa 8, KOTQpb1e 

~ u cqnTaIOT ToqKaMu 6HcpypKaUHH, onepaTopa A. Ho, KaK Mbl 
BH,ll.eJIH, T8K8H JIHHeapH38UHH 38KOHHa He seer.LI.a. 

Cnpasel{JIHsa cne.n.y10u.r.aH TeopeMa. 
T e" o ·p e M. a 9.5 . (M.' A. KpacHoceJibCKoro). '.Ec.,au Bno1ute 

HenpefJWJltblU ·onepamop A (.cp;t A) (A (0, A.)· = a) . uMeem 
B mo'iKe 0 npouaso0Hy10 <Ppew.e A~ (0, Ii.) =;;'AB, mo KaOl€iJoe. 
HBttemno-x:.pamHoe (e 'iacmuocmµ~ .· rt1iocmoe) · xapaxmepucmu­
'1£CKoe aHatteHue onepamopa .B M1taemca. mott.Koil fiu¢gpKi2lfUU 
·onepamopa A(<p, A.) • 
. "' EcJiu xapaKT.epucruqecK6e · 3HaqeHne onepaTopa B 
HMeeT qeTHYlO KpaTHOCTb, · TO: rpeoyetCH .ll.OilOJIHHTeJibHbIH 
3H8JIH3. . . 

~ · KaK H3BecTHO~ aATerp,a.rtbHble 6nep~Topl>1 YpDICOHa "·u 
faMMeplllTeHHa npu ,ll.OCT8TOl(H'O illHpOKHX npe,!l.JlOJIO)l{e,HHHX 
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HMelOT B Hyne O (npocrpaHCTB C HJIH Lp) JJ.HctxPepeHunaJI 
<l>p~we B - JIHHeHHblH HHTerpaJibHblH onepaTop: 

b 

Bq> = J j( (tt s) q> (s) ds. 
a 

H3 TeopeMbl 9.5 CJie)J.yeT, llTO KaOICOoe xapaKmepucmU'll!CKOe 
11ucAo Het/.emHotl Kpamnocmu JliJpa :It ( t, s) MAJremca mottK1Jtl 
6u<fJypKal{UU COoftl8etnCm8YtqUJieeO HeAUHeUHOeO UHmeepa/lb .. 
Hoeo onepamopa Ypbtcona uAu I'a.MMepmmetlna. 

§ 4 t. Meto~ ·tt&10Toua 

IlycTb f (x) - )J.eHCTBHTeJibH8H <PYHKµHH )J,eHCTBHTeJib­
HOfO apryMeHTa. TorJJ.~, KaK H3BeCTHo, JJ.JIH OThlCKaHHH )l.eii· 
CTBHTeJibHOfO KOpHH ypaBHeHHH 

f (x)=O 

MO»<Ho npHMeHHTb. MeTo,ll. HblOTOHa {MeToJJ. KacaTeJibf:Iblx). 
OH COCTOHT B H8XO»<~eUHH IlOCJie)J,OBaTeJibHOCTH npH6JIH· 
»<eHHblX peweHHH STOfO ypaBHeHHH no tPoPMY Jie 

f (xn) 
Xn+l = Xn - f' (xn) • 

B pa60Tax JI.. B. KaHToposuqa 6blJIO noKa3aHo, qTo MeTOJJ. 
Hb.!OTOHa MO>KeT 6blTb. nepeHeceu Ha onepaTopahle ypaBHe-
HHH BH)J,8 

f (x) =a, (1) 

r)J,e f (x) - a5CTpaJCTH8H <PYHKUH,H, onpe)J,eJieH_HaH B HeKo­
topoM 6aHaXOBOM npocTpaHCTBe x co 3HaqeHHHMH, Boo6rn.e 
rosopH, B JJ.pyroM 6aHaxoBoM npocrpaHcrBe Y. . 

IlycTb sneMeHT x*eX ecT& HYJib a6CTpaKTHoH: cpyHKU.HH f, 
T. e. 

f (x*) = e. 
Ilpe)J.IlOJIO»<HM, tITO B HeKOTopoH: OKpeCTHOCTH Q TOllKH x* 
Q>yHKU.HH f (x) HMeeT npOH3BOJJ.HYIO <l>pewe f' (x), HenpepblB· 
HYIO B STott oKpecrHocru. IlpeJJ.nono>KHM ew.e, trro cyme .. 
CTByeT [f' (x) 1-1 B Q. ' 

Bo3bMeM npOH3BOJibHbIH" sJieMeHT x 0EQ. B CHJIY npeJJ.­
nono»<eHHH MO»<HO 38MeHHTb 9JieMeHT f (Xo) = f (xo)-f (x*) 
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6RH3KHM. eMy 8hlpa>KeHHeM f' (Xo) (Xo :-- x*) H C'IHT8Tb, 
uo perueHHe yp aaHeHH.ff 

f' (x0)(x-x0) = -f (x0) 

6JIH3KO K x*. flocJie)l.Hee ypaBHeHHe - JIHHeHHoe,. H ero pe­
·weHHeM 6yJI.ei 

Ilpo)l.OJDKaH aTOT npou:ecc, IlOJIY'IHM nocJie)l.08aTeJibHOCTb 
npH6JIH>KeHHblX perueHHH no cpopMyJie 

Xn+1 = Xn-lf' (xn)r1f (xn) (n = 0, 1,, , .). (2) -

fipH onpe)l.eJieHHblX ycJI08HffX IlOCJie)l.oBaTeJibHOCTb {xnJ' 
cxo.ll.HTCH K KopHIO x* ypasHeHHH f (x) = 0. Hey.ll.OOCT8o STHX 
<l>oPMYJI 8 TOM, 'ITO 8CHKHH pa3 npHX~)l.HTCSI HaXO)l.HTb o6paT-
HblH onepaTop [f' (x11) 1-1

• . 

EcJIH noCJie)l.o8aTeJI&HocT& { Xn} cxo)l.HTCH K KOpHIO x* 
H Xo 8bl6paHO )l.-OCTaTO'IHO 6JIH3KO K x*' TO B npe)l.nOJIO>K-eHHH 
Henpepb18HQCTH f' (x) onepaTOpbI f' (xn) H f' (x0) 6y.ll.yT MaJio 
OTJIH'l8TbCH. flo~TOMY 8MeCTO tjlop.MyJI (2) 880)1.HT ynpo-
w.eHHble: •· 

Xn+t = Xn-lf (xo)r1f (xn) (n = 0, 1, ••. ), (3) 

T)l.e )l.JISI JIIOOofO n $HrypHpyeT O)l.HH H TOT >Ke o6paTHbIH 
onepaTop (f' (x 9) 1-1 • · ,. 

<l>opMyJibl (3) )l.aIOT, aoo6me ro8opH, XY.ll.lllHe npHOJIH>Ke-
HHH, HO 3H8'1HTeJibHO npome <l>oPMY JI (2). . 

9ToT MeTO)l. nocrpoeHHH npH6JIH>KeHHblX perueHHH Ha3bl-
8aJOT .aoautjJuqupoeaH..flblM MemoaoM H bJOmona. 

M OcH08Hoii, H MOJ1.mPHIUipo8aHHhlH MeTO.ll.bl HbIDTOHa 
.ff8JISIIOTC~ 0)1.HHMH H3 HaH6oJiee ynOTpe6HTeJibHblX Ha npaK ... 
THKe npHeM08 pemeHHH HeJIHHeHHbIX tjlyHKUHOltaJ}bHbIX y.pa8-
HeHHH. • . 

l1MeeT MeCTo c.ne)l.yIOUJ.aH TeopeMa. 
T e o p .e M a 9.6. llycmb t/J!JH.KJiu.R f (x) U.Meem npous­

eoiJnyto <Ppetue e H..e1WmopoM wape Q (x0 , r) c l{eH..mpoM x0 
u paiJuycoM r u .st111l npousoootu:1.a f' (x) yi}06~Rem 
B mape Q ycAOBUto Jlunwuqa -

. ll f' ( X2)- f' (x1) II ~ !:£ ll X:a - Xi II· 
llycmb [f'(x0) 1-1 cytu,ectnB.yem u 

M =~ff' (xo)r1 II, k = ~f' (Xo)-1
/ (xo) ~, h == MkIE. 
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To2aa, ecAU h<114, mo 8 tuape s (Xo, kto): nx-Xolf~ kto. 
2ae t 0 - MeHbtuUU KOpeHb ypt18HeHUR . hf/. - t + 1 = o. 
ypaeHeJtue f (x) _,,. 0 UMeem eauHC111.($eHHoe pew.eHue x* 
u nocAeaoeameAbHocmb {xnJ. onpeaeAReMaR <fJopMyAou (3), 
cxoaumcR " amoMy pew.exu10. 

Jl o )c a 3 a T e JI b c T B o. PaccMoTpMM B npocTpaecrae X 
OTOtlpa)l{eHHe . 

Ax= x- [f' (xo)r1 f (x). 

9ro OTo6pa*eHHe nepeBO.ZJ.HT map II x - x 0 If~ kt 0 B ce6H, 
JleiiCTBHTeJihHO, 

Ax-x0 = x-x0 - [f' (x0)r1f (x) = 
= [f' (x0)r1 {f' (xo) (x-xo)-f (x) + f (xo)}- [f' (xo)r1f (xo)• 

Ilo9ToMy 

II Ax- Xo II~ II [f' (xo)]-1 1111 f' (xo) (x-Xo)- f (x) + f (xo) II + 
+II [f' (xo)r1t (xo) II~ 

~ M II!' (Xo) (x-Xo)-f (x) + f (xo) ~ + k. (4) 

.. PaccMoTpHM <}lyHKUHIO 
~.-

cp (x} = f (x)-f (x0)-f' (x0 ) (x ~ x0 ) •. 

HMeeM 
cp' (x) = f' (x)-f' (x0 ) .. 

ECJIH II x ·- x 0 fl.< kt 0 , TO 

· : , II cp' (~)II :-- ~J'. {x)--- f' (xo) 11 ~ f£ II x ~ Xo ff~ !Z kto. 

3aMeTHB, · qTo • <p. (x 0) ·= ·0., · no TeopeMe . o , cpe).l.He¥· · (aeanor 
TeopeMbI Jiarpae:m;a KJiacc11qecKoro aHaJIH3a; [ l l l) noJiytJaeM 

11 cp (x) ~=II cp (x) :-- cp (xo) II~· £tkto Jtx-xo II~ fek2tB. (5) 
. ' .- ~ -

TaKHM o6pa30M, ecJIH xES (x 0, kt0), TO H3 (4) H (5) HMeeM 

Ax-· -~oll ~ MPk2t6 + k = k(MPt3k+l) ~k(ht6 + 1) .= ki0 • 

nocJie.ZJ.Hee 03HatnteT, 'IT.0 or.o6pa)l{eHHe A· nepeBO.ZJ.HT map 
H x - x dJ ~ kt 0 s ce6si. 
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. noKaJKeM Tenepb, qro A -- CJKHMaIQmee OTOOpaJKeHHe 
B 9TOM rnape . .llJIH xES (Xo, kto) HMeeM 

A' (x) = 1- [f' (x0)r1 f' (x) = [f' (xo)]-1 (f' (xo)-f' (x)), 

OTKy.na 

~A' (x)lt ~MJlf' (Xo)-f' (x) II~ MP)lx-x0 )j ~MPkt0 • 

TaK KaK t 0- MeHhlllHH KopeHb ypaaHeHHH ht2
- t + 1==0, 

t-Vt-4h n 
TO to= 2h• • 09TOMY 

A' ro h 1 -V 1 -4h 1 . II (x)~~M~kt0= 10 = 2 =q<2· (6) 

• 

TaK qTo A - CJKHMaiomee oToopaJKeHHe. -
11s TeopeMhI BaHaxa (§ 7) CJie.nyeT, qTo oToopaJKeHHe A 

HMeeT B rnape II x - x0 II -<: kt 0 e.nHHCTBeHHYIO Heno.nBHJK· 
HYIO TOqKy x*. l(JIH 9TOH TOqKH 

x* = x* - [/' (xo)]-1 f (x*), 

OTKy.na f (x*) = 0, T. e. x* eCTh perneHHe ypaBHeHHH 

f (x) = 0, 
B CHJIY (3) 

Axn = Xn- ff' (xo)r1
/ (x11) = Xn+tt 

H Ha ocHoaaHHH TeopeMbl BaHaxa nocne):{oBaTeJibHOCTh {xnl 
CXO.ll.HTCH K x*. . . 

113 Hepaae:acraa (6) HeTpy.nno nonyqHTh oueHKY cKopocrH 
cxoJJ.HMOCTH MO.ll.H4>HUHpoaaHHoro. MeT<>.na HhlOTOHa 

(7) 

06blqHblH (HeMO.ll.H$HUHpoaa8HbIH) MeTo.n HhIOToHa cxo)J.HTCSI 
6blcrpee: JJ.JISI Hero · · 

ll Xn -- x* If ~ 2n~~ (2h)2
n-l k. 
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PaccMorpHM HeJIHHeiHioe HHTerpaJibHoe ypaBnenHe 
b 

x (t) = J K (t, st x (s)) dst 
a 

(8) 

rJI.e K (t, s, u) - uenpephIBHaH cpyl:IKUHH Bcex. CBOHX apry ... 
Me.uros, HMelOU(aH nenpephIBHh!e npoH3BOJJ.Hhle ny>Knoro no-
PHJJ.Ka. BBe.II.eM a6crpaKrny10 cpynKUHIO , 

b 

f (x) = x(t)- J K (~, st x (s)) d§* 
a 

TorJJ.a ypaBHeRHe (8) sanH1uercff B SHJJ.e 4>YHKUHoHaJibHoro 
ypaBHeHHH 

• f(x)=O . 

npouecc HblOTOHa ,l(JIH .9Toro ypaBHeHHff crpoHTCH CJie.IJ.yIO­
UJ.HM oopasoM. Ilycrh, uanpHMept X = C [a, b) H nycrh 
x 0 (t) -· uaqaJibHOe npH6JIH>KeHHe. AocrpaKrHaff 4>YHKUHH 
f (x) npeoopasyer npocrpaucrBo C [a, b] B ce6ff, CHJibHO 
JJ.Hqxj>epeHUHpyeMa, npHqeM ' 

b 

f' (x0) _h · h (t)- J J(~ (t, s, xo (s)) h (s) ds. (9) 
a 

IlonpaBKa &x = X1 - Xo onpeJI.eJIHeTCH H3 ypaBHeHHH 

f' (x0 ) Ax = - f (Xo), 

KOTOpoe, B CHJIY (9) OY,ll.eT HMeTh-BH.ll. 
b 

Ax (t) -f K ~ (t, s, xo ·(s)) Ax (s) ds = eo (i), 
a 

r.IJ.e 
1J 

e0 (/) = J K (t, s, X0 (s)) ds~ x0 (t}. 
a 

_ TaKHM o6pasoM, uaxo:m.IJ.enne Ka>KJJ.oro cne.IJ.yI6mero npH6JIH· ... . 
iKeHHH CBO)J.HTCH K perneHHIO AUH_eUHOCO HHTerpaJibHOfO ypaB-
neHHSf. · ECJIH npHMeHHTh MO..llHcpHUHpoBaHHhlH npouecc (3), 
TO H,llpO T3KOfO ypaBHeHHH Ha K3iK.lJ.OM rnare OyJI.eT O,llHHM 
H TeM :me • 

.lleraJibHO c MeTO.lI.OM , HbIOTOHa MO)J{HO nosnaKOMHTbCH 
B, KHHre {10 J, 



§ ·42]. nPMHUHn HEOOi:I.BM.JKHOfI TOtJKM IO. llIAYi:I.EPA 293 

-.. § 42. OpHHU,Hn uenoJJ.BHlKHOH ToqKH IO. UJayJJ.epa 

DpH H3JIO}l{eHHH rrpHHIJ.Hna C}l{aThIX oTo6pa}l{eHHH: MhI oT-· 
MeqaJIH, qTo cymecraoaaHHe perneHHH MHOfHX ypaBHeHHH 

• 3KBHBaJieHTHO cymecrBOB3Hli10 HenOJI.BH}l{HOH ToqKH y COOT­
BeTCTBeHHO nOJI.06paHHOfO OT06pa}l{eHHH ueKOTOporo MHO­
lKeCTBa ToqeK a ce6H. 

TeopeMa C. BaHaxa o HenoJI.BH}l{HOH TOllKe y C}KHMa10- • 
mero )OTo6pa~eHHH no3BOJIHJia HaM nonyqHTh p·HJI. pe3yJih-.. 
TaTOB, KaCalOill,HXCH OJI.H03HaqHoH pa3peIUHMOCTH pa3JIHq-... 
HblX THnOB HHTerpaJibHblX ypaaH~HHH. 

CneJI.yeT OTMeTHTb, qTo npHMeHeHHe npHHUHna C}l{aTbIX 
OT06pa}l{eHHH K HeJIHHeHHblM HHTerpaJibHblM ypaaHeHHHM 
npaKTHqeCKH orpaHHqHaaeTCH cnyqasrMH, - KOrJI.a cpyHK· 
UHH K (t, s, z) yJI.oaneTaopHeT ycnoaH10 Jlen:lllHUa no cpyHK-
UHoHaJibHOMY apryMeHTY z. ' 

DpHBeJI.eM eme OJI.HY TeopeMy ( [191), no3aonH10m.y10 .. .. 
rapaHTHpoBaTb cym_eCTBOBaHHe no KpaHHeH Mepe OJI.Horo pe-
meHHH JI.Jiff BeCbMa IUHpOKOfO KJiacca ypaBHeHHH. . 

T e o p e M a 9. 7 (IO. IllayJI.epa). EcAu enoAHe lif!npepblB ... 
Hblu onepamop A omo6pamcaem oepaHutteHHoe aaMKHymoe Bbl .. 
nyKAoe MHo~ecmtJO S 6aHaxoea npocmpaHcmea E Ha ceo10 
ttacmb, mo cyU(ectnByem 1ienoi16W1CHaR moiiKa smoeo omo6pa~ 
:HCeHUR, m. e. maKaR mottKa xES, iimo 

Ax=x. 

· HanoMHHM noHHTije BhlnyinocTH. Dycrb E - JIHHeH:uoe 
· .neH:cTBHTe.nhiioe npocrpaHcrBo ll x; y - JI.Be ero ToqKH. Ha-

30BeM oTpe3KOM a E, coeJI.HHHIOlll.HM ToqKH i H y, coaoKyn-.. 
HOCTb acex .:>JieMeHTOB SHJJ.a 

ax + ~y, r,ne a, ~ ~ 0, a + ~ = 1. 

0 n p e JI.en e H ~ e. MHo~ecmBo Mc:..E Ha3bwaemcR Bbl­
nyKJl.bl,M, eC/lU OHO 6Mecme C /l106blMU aByMfl. mOttKaMU X U y 
coiJep{)ICum ·u .coeiJuHJUOU{UU ux bmpeao1C. 

Tax, Kpyr (pee. 17, a) ecTh BhlnyKnoe MHOH<ecTBo, a q>H-
rypa Ha pHC. 17 t 6 - HeBblttyKJioe. , ' 

Eme npH~ep._PaccMoTpHM a npocrpaHcrae C [a, b] cpyHK­
UHH. x (t), HenpepblBHhIX Ha [a, b ), MHolKecrao M <PYHKUHH, 
YJJ.OBJieTBop HIDill,HX y.c.noBHIO 

Ix (t) I~ t. 
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3To MHOJKeCTBO BhlnyKJIO. JleiiCTBHTeJihHO, ec.nH 

r x (t) 1~1 H Jy (t) 1 ~ 1, 

TO np H a + p = l t a, ~ > 0, HMeeM 

, I ax (t) + ~y ( t) I ~ a+ ~ = l, 

[f JI. 1.X 

T. e. <PYHKUHH ax (t) + py (t)eM, qro H 03HaqaeT, corJiaCHO 
onpe.neneHHIO, BhlnyKnocTb yKa3aHeoro MHOJKectaa M He· 
npep~BHblX <f>YHKU,HH. 

oJ 
·PHc. 17. 

'• 

Y n p a iK H e H R e. noK838Tb, qro B, JlflHeHHOM IIOpMHpOBaHIIOM 
npoCTpaHCTBe BC.HKBii Wap !IX - all ~ T ecTb BblllyKJJoe MHO>KeCTBo. 

B Kaqecrse npRMepa npHMeHeHRH npHHUHna Illay.nepa 
paCCMOTPH.M KJlaCeHlleCKYIO reopeMy ne~HO 0 cyw;.eCTBOBaHHH 
perneHHH oohIK~ioaeeeoro )l.H¢cl>epeHUHaJibHoro ·ypaaiieHHH 

~; ~ f (t, x (t)). (l) 
'. 

Teo p e Ma 9.8! flycmb ¢YHKl{UJl f (t, _x) HenpepblBHa 
no··. coooKfjhnocmu ~peM.eHHbl.x · B o6Ailcinu I t .:.._ t0 f:~ a, 
I x :- x. 0 I~ b u ~ ~ MaKCuMy~ If (t, x) I B amoa o6Aa.cmu, · ' ' ,, . b • , •, , ' I ' 

EcAU h ,,.· rnin {a, .. ·~· -y, mo:' Ha Otnpe3Ke Ito - h~ to+ h J 
cyll{fclll6yem no KpauHetl Mepe 00110 peiuefiue ypaeHeHua 
· · dx· · ! ; · • 

. . . d[ = f (t, 'X), (l) 

yaosMmeopfl:K>Wf!e ycA.oqu10 
t ' • . ' ·~ • • ' 

' . 
" I ··": 

x(/0) =Xo• "· .(2) 
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11 o K a 3 a Te JI b c TB o. YpaBHeHHe (1) c HaqaJibHbltd 

yCJioBHeM (2) 9KBHBaJieHTHO HHTerpaJibHOMY ypasHeHHIO 

t 

X (t) = ;o + J f {T, X(T)) di;. 
. t~ 

PaccMoTpHM onepaTop A, onpe.neneHHbIH paseHCTBoM 
t 

Ax = x0 + J f ( T, x ( T)) di; 
'• 

(3) 

B npocrpaHCTBe C l'to - h, to + h J Ha rnape Sb: II x -
- x 0 II:::::;;; b, K-OTOpblH: 6yJleT 3aMKHYTb1M BblDYKJihlM MHOJKe­
CTBOM B 9TOM npocrpaHCTBe. 

OnepaTop A snoJIHe HenpepblBeH Ha 9TOM rnape. B caMoM 
JleJie, eCJIH nOCJJeJloBaTeJihHOCTh {x11 (t)}, npHH8JlJieJKaIIJ,aH 
rnapy II x - x0 II < b, paBHoMepHo CXOJlHTCH K Q>yHKUHH 
x (t) eSb, TO B CHJIY HenpepblBHOCTH tPYHKUHH f (t, x) 

f (t, Xn (t))-. f {t, X (t)) 

paBHoMepHo Ha [t 0 - h, t 0 + h]. OpH paBHoMepHoH: cxo­
JlHMOCTH 3aKOHeH npeJleJibHblH nepeXOJl DOJl 3HaKOM HHTe­
rpana, TaK uo 

Ax11 -. Ax, 

T. e. onepaTop A HenpephIBeH Ha rnape Sb. 
JlaJiee, JlJiff .n106oro sneMeHTa x ( t) e:S0 

t 

I Ax (t) I:::::;;; I Xo I +I J f (T, x {i;)) di: I:::::;;; I Xo J + ~ J h I, (4) 

'· 
T. e. MHo>Kecrso 3HaqeHHH onepaTopa A paBHOMepuo orpa­
HHqeHo. 

ECJIH 11 H t,- nlo6hle ToqKH orpe3Ka [t 0-h, t0+h J, 
TO JI.JIB JIOOOH tPYHKUHH X (t) eSb oy)leM HMeTb 

. t . . . 

I Ax(tJ-Ax(f1) I~ I J f (-c, x (-c)) d-c I~~ I ls-11 I. (5) 
ti 

T. e. MHo>Kecrso Ax (t), x (.t)eSb, paBHOCTeneHHo Henpe­
PhlBHo. 
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B cuny TeopeMbl Apu.ena OTCJO.lla saKJuoqaeM, qTo onepa­
Top A npeo6pa3yeT map Sb: n x - Xo n < b B KOMilaKTHoe 
MHOiKecTBO. 

9J'o. )loKa3b1Ba~ nonHy10 HenpephlBHOCTb onepaTopa A. 
(HanoMHHM, tITo Mbl Ha3blBaeM HeJIHHeHHblH onep aTop A 
BnOAHe Henpepbl6Hbl.M Ha HeKOTOpOM MHOiKeCTBe, ecJIH OH 
1) HenpepbIBeH' 2) nepeBOllHT 9TO MHOlKeCTBO B KOMil8KTHoe. 
B TeopHH JIHHeHHblx· onepaTopoB n·pHHHTO HeCKOJibKo OTJIHq .. 
Hoe onpe.neneHHe: AUHeaHb/,a onepaTop Ha3bIBaIDT eno.AHe He· 
npepWJHbl.M, eCJIH OH nepeBO)J.HT JllOOOe orpaHHqeHHOe MHO»<e­
CTBO B KOMil3KTHoe (HenpepblBeH OH qo caMoMy CBOeMy onpe­
JteJJeHHIO). 

IloKa>KeM, naKoHeu, qTo OJ;IepaTop A npeoopa3yeT wap S,,: 
II x - x 0 II ~ b B ceoH .. 

lleHCTBHTeJibHO, 

t b 
I Ax (t)-x0 f ._· I J f (1', x (-r)) dt I~ ~h ~~T = b." 

to · 

TaKHM oopa30M, onepaTop A Y.D.OBJieTBOpHeT BCeM yCJIOBHHM 
TeopeMbl Illay.n.epa, H, SHaqlfT' cyIIJ;eCTBYeT' Heno)WH>KHaH' . . ~ 

ToqKa ~Toro onepaTopa, T. e. T3K3ft cpyHKUHSI x (t), llTO 

' t 

X (/) = Xo + J f (1', X ('t)) d-t. 
t. 

Eh'a cpyHKUHH x (t) oy.n.eT pemeHHeM ypaBHeHH'H (1), Y.llOBJie­
TBOp HIOUJ.HM HaqaJibHOMY ycnoBHIO (2) .. 

TeopeMa JlOKasaHa. 
Ilo.nqepKHeM, qTO npHHUHil Illay.n.epa He rapaHTHpyeT 

e.n.HHCTBeHHOCTH perueHHH (H3BeCTHbl npOCTble npHMephl .D.H<}l­
<lJepeHUH3JlbHhlX ypaBHeHHft BH)J.3 ( 4) C HenpepblBHOH npaBOH 
113CTbIO, HMeIOilJ,HX OeCKOHeqHoe MHo»<eCTBO pemeHHH' y.n.o­
BJieTBOp HIOlll.HX sa.n.aHHoMy . HaqaJibHoMy yCJioBHIO). KpoMe 
Toro, 3TOT npHHUHn He .n.aeT yKasaHHH, KaK_ nocrpoHTb 3TO 
peweH.ne .. TeM He MeHee oH oKasblBaercH no.n.qac e.n.HHCTBeH­
HblM KPHTepHeM, nosBoJJHIOilJ.HM cy.n.HTb o cym,ecTBOB3HHH 
pemeHHH ypaBHeHHH. ' 

TeopeMa TieaHo TeM )Ke MeTo.n.oM MO)KeT 6h1Th o6oometta 
B pa3JIHqHDIX HanpanJieHHHX: Ha.npHMep, ' ~O.>KHO OCJISOHTb 
ycnoBHH Ha f (t,. x), OTKasaBllIHCb OT ee HenpephIBHOCTH; 
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BMeC'TO O)lHOfO ypa1UieHH'1 MOJKBO paccMaTpHB8Tb CHCTeMy 
-KOHe<IHOrO H )l.aJKe Ctletfforo qffcJia ypaBHeHHA. 

HanpHMep~ cnpaaeJJ.JIHBa 
T e o p ·e M a 9.9 (A. H. THxouoaa). ll!Jcntb iJaHa c«tem· 

NaJl cucmeMa iJutfJtl!epeHLfUaJlbliblX ·YP{l,6HeHUU 

(6) 

_ nputteM </JYHKl{uu fi nenpepblBHbl. no BCeM nepeMeHmut ·s ne .. 
KDmepou o6..wcmu I x, I < a (i = 1, 2, ~ .. ) U3MeHeHU!l nepe­
MeHHblX u pOBHoMepno oepanut/J!Hbl aJl.Jl amux anattenuu nepe· , 

. MeHHb/,X. Toeaa eucmeMa (6) uMeem no Kpauneu Mepe oiJno 
pewenue, yaos.AeniBopR.10U{ee ycAOBURM x, (0) = 0. 

· B Kaqecree ern.e o,nHoro npHMepa HCOOJlh30BaHHH TeopeMbl 
lllay.n.epa pacCMOTpHM s~aqy 0 pa3pelllHMOCTH ypa.&HeHJHI 
,f aMMepmTeifua 

b 

<p (t) = J K(t, s) 'l' (s, <p (s)) ds + f (t) (7) 
a 

c HenpepblBHbIM CHMMeTpHqHblM H.D.pOM. Ilycrb 1P (s, z) He­
npepblBHa H orpaHHqeua npH a <:i s ~ b, -oo < z· < +oo, 
H nycrh J 'l' (s, z) I ~ M0 • Ooo3uaqaH npaayio qacrb (7) 
itepes A<p, 3aMeqaeM, lITO onepaTop A· anoJIHe HenpepblBeH. 
HcnoJU~3YH oueHKY (CM. BblIIIe, crp. 264) 

~ b 1 d K. (t, s), g (s) ds ~II ).iU II g 11, 

uaxo.n.HM 

~A cp II ~ I :
1 1 Mo Vb - a + 11 I Il· (8) 

(HopMhl 6ep)1TCH B L, [a, b J; A.1 - HaHMeHbIDee nq Mo.n.ynio 
xapaKTepHCT!lqecKoe qHcJio H.n.pa K (t, s).) 

Ilo9ToMy, eCJI11 B Kaqecrae orpauHqeuuoro saMKHyToro 
BhlnyKnoro MHOiKeCTaa S B3HTb IIIap B L 9. [a, b) c u.eHTpOM 
B HyJie H pa.D.HYCOM, paBHbIM npaBOH qacrH (8), TO oy.n.yr Bbl­
IlOJIHeHhl ace ycJIOBHH TeopeMbl lllay.n.epa. 

CJie.n.oBaTe-JibHO, ypaeueHHe '(7) npH c.n.e.[I_aHHhIX npe.n.no· 
JJOiKeHHflX HMeeT no KpaiiHeH Mepe 0)1.HO peIIIeHHe <p (t). 

IlpH npHMeHeHHH npHHUHna Illay.n.epa K H3yqeHH10 KOH· 
KpeTHhlX ypaBHeHHH npe)f{.n.e ecero Hymtto Bb16paTb npocrpau .. 
CTBO E, B KOTopoM onepaTop A enoJIHe uenpephlBeH. 
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3a BblnyKJioe MHOiKecrso S o61:a1qHo npHHHMaIOT HeKo· 
Topblii map npocrpaHcrsa E. Ilpa 9TOM pa,n:ayc H ueHTp. 
SToro mapa HYiKHo no.n:o6paTb TaK, qToohl onepaTop A OToopa· 
}KaJI 9TOT map B ceoH. -

nycrb, HanpHMep, BilOJIHe HenpephlBHhlH onepaTop . A 
o6Aa.n.aeT CBOHCTBOM 

llAx/l~a+b~xlr VxeE 

(a, b; a - IlOCTOHHHble). 
ECJIH cymecrsyeT qaCJio r > 0, y,n:oBJleTBOpHIOUI.ee yCJio· 

BfllO 

a+bri~r, 

To K onepaTopy A B mape S (8, r) c ueHTpoM B HyJie 0 H paztH· 
ycoM r npHMeHHM npHHUHil lliay,n:epa. 

TaKoe qncJio r acer.n:a cyll!ecrsyer npH a < 1 R npH 
a = 1 H b < 1. 
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