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Hamamu Opysed,
naswux Ha NoAaxX Cpacscerutl
Beauroti Omeuecmsennotl eolitot

NPEJHCJIOBUHE

Dra KHHra npejfHasHayeHa AJs NepBOHAYaJbHOrO O3Ha-
KOMJIEHHSI C OCHOBHBIMH (paKTaMH TEOPHH HMHTErpalbHbIX
ypaBHEHHH.

OHa BO3HMKJAa Ha OCHOBe JIeKUHH, KOTOpble f YHTal
B MOCKOBCKOM 3HeprerHueckoM HHcTHTyTe. KHura paccuu-
TaHa Ha WHXXEHEPOB M CTYAeHTOB BTY30B. [l ee ureHus
JIOCTaTOYHO 3HAHHA MAaTeMaTHKH B ofbeMe MepBHIX ABYX KYyp-
coB BTy3a. Bce HeoOxXopuMble MOHATHSA, He BCTPeYaloHeCs
BO BTY30BCKOM Kypce MaTeMaTHKH, cooémamcn GoJsiee HJIH
MeHee noApoGHO.

3HaHHe HHTerpana-JleGera He npeanonaraeTcsi H He HC-
nonb3yercs No cymecrsy. Berpeuaroiieecss B ABYX-Tpex Me-
cTax YynoMHHaHue o0 mHTErpaje B cMbic/le JleGera BbI3BaHO
TeM, 4TO 6e3 3TOro COOTBETCTBYIOLIHE ONpelesieHUsi pacXoH-
Juch 6bl ¢ obulenpuHATHIMU. B paMkax usnaraemoil B KHHre
s/leMeHTapHOH TeOpHH HHTErpajibHHIX YpaBHEHHH B KayecTBe
CyMMHpyeMbIX (QYHKUHA AOCTAaTOYHO OpaTb (PYHKUHH Hempe-
pbIBHBIE HJIH K€ HMeloliHe KOHEeuHOe YHCJIO TOYeK pasphiBa
l-ro pona. TepMHuH «moYTH BCIOAY» AOCTATOYHO IOHHMATh TAK:
BCIOAY, 3a HCKJ/IOUeHHeM, OLITh MOXKeT, KOHEUHOro 4Hcna To-
yek. To xe OTHOCHTCS H K 0606meHHbIM dyukuuam. Ipex-
NIoJ1araeTcsi, 4YTO YHTATe/]b pacrnoJjaraer JHIb HAayaJbHBIMH
cseﬂeHnﬂM'u o 8-pyHkuuu B o6beMe MaTepHana, coolbl1aeMoro
B § 1 ra. VI-kuuru [16] u B nepBbIX ueTwipex maparpadax.
kHuru [47].

Psax BompocoB (pa3BeTB/ieHHe pellleHHN, CHHTYJASPHbIE
YPaBHeHHAA H Jp.) 3aTPOHYT coBCeM OerJo, NOCKOJIBKY 06-
CTosiTe/IbHASA TPAKTOBKA HX MOTpeboBasia Obl OTAeNbHOH KHHUIH.
HMuorpa, BMecTo o6iueil MOCTaHOBKH 3allayl, pacCMaTpHBAOTCS
MPOCThie C/y4aH, B KOTOPHIX OTUETJHBO MPOCTYNAIOT MNpHH-
LUMHaJbHEIE CTOPOHBEI BOMpOCa.

Hekorophie pesynbraThl n3narawTcs Ha obiei cpyHKuno-
Ha/IbHOH OCHOBE, YTO Je/aeT pacCyKJACHHUS «lIpO3payuHed H
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yume. Kak npaBuso, u3yuaioTcsl NeACTBUTEJbHEE pellleHHs
HHTETPaNbHBIX YpPaBHEHHH C JEeHCTBHTE/JILHBIMH fiApaMH, Of-
HaKO 3a4acTyio ycJ0BUA cCPopMyJHPOBAHH TaK, YTO OHH ro-
AATCA U JJA KOMIJIEKCHO3HAayHBIX sAfep. B KHure umeercs
HEKOTOpOe KOJMUYECTBO YIpa:KHeHHH, KOTOpble HOCHT, B OC-
HOBHOM, XapaKTep YTBEP2KIEHUH M JIONOJHSIOT OCHOBHOE CO-
JepxKaHHe. B KHHUre HeT NPUJIOXKeHHH HHTETPaNbHBIX ypaBHe-
HHH| K 3ajauaM MaTeMaTH4eCKOH (PH3MKH, HET HJIM MOYTH HeT
npHO/IHXKEHHBIX METOLOB PellleHHs HHTerpalbHBIX ypaBHEHHH.
OTo CleNaHO CO3HATeJbHO, NMOCKOJABbKY YKa3aHHBIE BOIIPOCHI
npeanoJaraeTcsl BKJAIOYHTh B MOArOTaBJIHBaeMOe BTOpOe H3Jia-
HHe KHHT'H «VlHTerpasbHble ypaBHEHHS (3ajaud M _ylpakHe-
HHf)», KoTOpas OYAeT CJyXKHTb KakK Obl JONOJHEHHEM H IIpO-
JoJKeHHeM npenJgaraeMoro nocobus. Ilpu cocrapnenun kuuru
-8 LIHPOKO noJib30oBaJicA 6oraToil oreyecTBEHHOH U NepeBOAHOMH
JIUTEpaTypoil mo (QYHKUHUOHANBHOMY aHA/IH3y M HHTErpajb-
HbIM ypaBHEeHHSIM. DTO B INIEpPBYIO OYepelb OTHOCHTCS K Ipe-
BocxojHbiM KHHraM A. H. Koamoroposa u C. B. ®dowmuHa,
C. I'. Muxnuna, A. J. Monukuca, JI. A. JliocrepHuka u
B. H. Co6oneBa, ®. Tpuxomu, KanuTajJbHOMY JIBYXTOMHHKY
®. Mopca u I'. Peinbaxa. Moeil efHHCTBEHHOH 3aCc/yroft (ec/u
3TO MOXHO CUHMTAaTb 3ac/ayroil) fBJfETCS TO, YTO M3 BCeX
MMeBLUUXCA B MOEM paclopsiKeHHWH KHUT U cTaTedl s mocra-
paJics BolGpaTh HanboJee NPOCThIE K KOPOTKHE pacCyKIeHusl.
51 rayboko npusHatesneH npodeccopam B. Il. I'pomosny,
D. I'. Ilo3usixy u C. H. IloxoxkaeBy, KoTopble BHUMATEJNbHO
NpouHTann pykomuch. MX ueHHble coBeThl u 6naroxxe/atesb-
Has KPHUTHKa HeMaJllo. CrocoOCTBOBAJNM YJIydlUIeHHIO KHHTH.
Oco6yi0 npu3HaATEeNbHOCTL 5 XOUY. BHIPA3UTh COTPYAHHKaM
Kagenpbl MaTeMaTHKH MOCKOBCKOro MHCTHTYTa 3JI€KTPOHHOTO
MainHocTpoeHus. VMix Goubiuo#t Tpya mo TiiatesbHOH MNpo-
Bepke PYKOMHCH H MHOTOYUCJ/IEHHBIE 3aMeYaHU s H NOXKeJaHu s
OblIH AJ151 MeHs ype3BbluaiiHo mose3Hsl. Byay cuactius, ecin
3Ta KHHra OKaxeTcsi XOTb CKOJIbKO- Hnéy,ub noJiesHoOH JJis
M3YYEHUS] Kypca HHTerpallbHbiX ypaBHeHuH. Bce sameuanus
M NoXeJiaHHs!, CBsI3aHHBIE C KHHIOH, 6ynyt HpﬂHﬂTbl MHOI0
C 6JlaI‘O.IIapHOCTbIO.

M. Kpacros
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Cnepys I. Kanrtopy, OyleM HasblBaTb M HOX eCmeom Aoboe
coOpanue onpedeseHRbIX 1 PA3AULUMBIX MexcOy co00l 00BeKmos, mbicaumoe
Kax edunoe uyenoe.

EciH A — npoH3BOJIbHOE MHOMKECTBO 3JIEMEHTOB, TO YTBEDXKIEHHE
«IeMEHT a NPHHANIEXKHT MHOXKecTBY A» CHMBOJHYECKH 3alHCbLiBaeTCs
1ak: a = A. 3anuck a = A (wim a & A) 03HAauaeT, YTO SMEMEHT a He
NPHHAJJIEIKHT MHOXKecTBY A. ‘ '

Ecin A, B — mHOXecTBa, TO yTBepkKAeHHe «A sBAfgeTca MNOAMHO-
}KEeCTBOM MHOXecTBa B» (cHMBoJHYeckKH A < B) 03Ha4aeT, YTO Kaxabli
8JIeMEHT X MHOXKecTBa A NMpUHaJJIeXKHT H MHOXeCTBY B; nocieiHee pasHoO-
CUJIBHO HMNJAHKaUMH ¥*)

xCEA=>x€B. g

INpu stoM, ecn cyumecTByer XOTsi Obl ONHH 3JeMeHT x, & B, xo = A,
TO TOBOPAT, YTO A ‘ecTb ucmurroe NOAMHOXECTBO MHOXecTBa B.

Eciun A — Bu B < A, 10 TOBOpAT, 4TOo A paBHO B uiH A coBnajaer
¢ B, v nuyt A = B.

MuoxecTBO, He collepxalllee HH ORHOrO 5/eMEHTa, Ha3bBaeTcsl fny-
cmbiM MHOXKECTBOM H 0oGo3HayaeTct cuMBosiom . JlioGoe MHOxecTBOo A
COAEPKHT () B KauecTBe NOAMHOXecTBa. B camMoM zesie, UMIJAHKauUus

xCd=>x€CA

HCTHHHA, KaK HMMHKALHSA C NOXKHONA NOCBIIKOM (TaKOTO x He cylecTsyer).

*) Ornowenne o = P (uuraercs: «ecau @, to f») HasbiBaeTcs umniu-
Kayuell ¢ MOCBUIKOR G W 3aKJioueHHeM P M 0603HauaeT BLICKA3LIBAHHE,
KOTOpOe JIOXKHO B TOM H TOJIbKO B TOM CJlydae, KOTAa 0 HCTHHHO, a P joxHo.
OrHowenue «ecin @, To P» HE clefyeT MOHHMATb KaK OTHOLUEHHE OCHOBA-
HHL H caeAcTBHA. Hanportus, BbicKasbiBanHe & =» f§ HCTHHHO BCAKHM
pa3, KOrAa @ ecTb JIOKHOE BhICKa3biBaHHe. MHBIMH C/10BaMH, H3 HEBEPHOIO
Cy¥JAeHHA ciaellyeT oboe CyXKaeHHe: eciH 2X 2=5, T0 CyLIeCTBYIOT BeJibMhL.
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IMycts A, B — npou3BosibHEe MHOXecTBA. MX cymmod Hau ob6vedn-
nenuem A |J B Ha3biBaeTCs MHOMXECTBO, COCTOsilee M3 BceX 3/IEMEHTOB,
npHBEallexallix XoTs Ol oiHOMy H3 MHOMects A, B.

Iepeceueruem A [} B mnoxects A, B Ha3HBalOT MHOXECTBO, COCTOS-
mee M3 BCEX 3JEMEHTOB, NMpPHHaLJeXaWuX Kak A, Tak H B.

Touka M, Ha3biBaeTcs Gepxned epawbio MHOXKeCTBA X HEACTBHTEJNb-
HBIX YHCesa, eCJH :

1) npaBee M, HET HH OLHOA TOUKH MHOXKecTBa X;

2) npu Jio6oM Kak YroaHo MaJjom €:> 0 Haiisercs XoTs OW OfHA3
Touka x & X, Kotopasa Oyner npabee TOUKH M, — &.

Ecau Takoro guciia M, He cyuiecTByeT, TO B KauecTBe BepxHeli rpann X
npuHHMaeTcsa -+ oo.

B o6oux cayuasx. BepxHsas rpaHb mHOXecTBa X ofo3Hayaercs ye-
pe3 sup X. Hanpuwmep, sup (0, 1) = | e, npunamiexunt (0, 1); MHOXKe-
cTBO X LEJIRIX OTPHUATEJNBHEIX YHCEJ HMEET BePXHIOIO rpaHp supX = —I1,
eMy NpHHaAexallyio.

AHaNOrHUHO ONpeleJifieTCs HUNCHAA epany  MHOXeCTBa X, 0603Ha-
qaemas inf X. _ ,

Mepod wnteppana (a, b) HashBaeTcA ero IJIHHA, T. €. YHCIO b — g.

MioxkectBo £ TOYeKk Ha NpsAMOH HMeeT Mepy HyJb, €M IJs BCAKOTO
£2> 0 MOXKHO HaHTH KOHEYHYIO HJIH CHETHYIO CHCTEMY HHTEpBAJOB, NOKpH-
Baolylo £ u Takylo, 4To cyMMa JI/IHH STHX MHTEPBAJIOB MeHblle €.

I'oBopsT, YTO HEKOTOpoe CBOACTBO BHINOJHSETCH NO4MU 6CI00Y, eclH
OHO BHINOJIHAETCS BCIOAY, 38 BCKJIOYCHHEM MHOXKEeCTBa Mephl HYJb.

- B panbneieM u3noxenun Mbul GyleM HHOrAa MONb30BATLCH JIOTH-
yecKHMH cuMBosiamn &, Y, 3.

CumBon & 0603HaYaeT JIOTHYECKYIO PaBHOCHJBLHOCTb; OH SaMeHfieT
CIOBa «TOrJa H_ TOJNbKO TOrJas; ' '

Y (xBaHTOp OOLIHOCTH) 3aMeHsIET C/10Ba «IJsl KaXKJOro», «ijs Awo6oro»,
«1J1S1  BCAKOTO®», «IJS  BCEX»;

d (kBaHTOp cyllECTBOBAHHA) O3HAYaET «cymecmyer» «CYLLECTBYIOT?,
wahgercas.



BBEJAEHHUE

Humeeparonoimu ypasHenuamy TNPUHATO HA3BIBATh Ypas-
HeHUS, 8 KOMOPbIX Heu36eCHas (PYHKYUs exoaum nod 3MaxK
unmezpaia.

10 onpeneneHue ‘He cosceM yAayHo, Xota Obl MOTOMY,
YTO OHO He YKa3hiBaeT, KaKHe €uie JeHCTBHSA, KpoMe HHTe-
TPHPOBAHHS, MOXHO MPOH3BOAHTL Hal HEH3BECTHOH | (pyHK-
nveit. Hanpumep, «<HHTErpajbHOe» ypaBHEHHE C HeH3BECTHOH

(QYHKILHEH X (t)
¢

u0=Jf@ms+um

ecTb- NPOCTO TOXKIECTBO, CHpaBelJHBOe LJs JOOOA Hemnpe-
pLIBHO Au(pepeHuHpyeMOH (YHKUHH, OnpelesleHHOH B He-
KOTOPOM HHTepBale (—a, a). '

He craBs nepen co6oii 3afauy AaTh JOTHYeCKH Ge3ynpey-
HOe onpefeseHHe HHTErpaJbHOTO ypaBHEHHs, OTpaHHUHMCA
NpHBENEHHLIM BbIllle ONHCATEJbHHIM OHNpeNeJieHHeM U nepe-
YHCJAHM Haubojiee Ba)KHble KJacChi HHTerpajibHbIX YpaBHe-
HUH, KOTODBIMH Mbl OylaeM NO npeumym;ecmy 3aHHMAaThCH.

§ 1. OcHoBHbIE KAAcChl HHTErpajibHbIX YPaBHEHHH

I.JlunHeliHbH e HHTEerpaJdbHBE
YPaBHEeRHHSA |

HurerpanbHoe ypaBHeHHe Ha3blBaeTCs AUHEUHbIM, €CJH
B HEero Heu3BecTHas cpynxuna BXOAUT JIHHEHHO. TaK, ypa-
BHEHHe

b L .
o) =M K(t, 9 p()ds+F (), (1)
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rae ¢ (f) — uckomas ¢yukuus, f (£), K (¢, s) — ussecruble
QYHKUHH, A — napaMerp, €CTb JiMHeiHOe HHTErpajbHoe
ypaBHenne. ®yukuus K (4,s), a <<, s < b, Ha3piBaercs
A0pom  UHTErpaJbHOTO ypaBHEHUSA (l), (byHKmm [ (D),
a<<!<< b, HasnBaercsi CB0000HBIM HYACHOM.

1. YpasHenue Pdpearoabma. D10 OAHH H3 HauboJjiee Bax-
HBIX KJAcCOB JIMHEAHBIX HHTerpasbHbIX ypaBHeHH#. Pasju-
YaloT HHTerpaJjbHble ypaBHeHusi Ppearosbma 1-ro U 2-ro
poaa. B mpocrtefiieM cjyyae JIMHHEHHOe HHTErpajbHOe ypas-
Henne Ppenrosbma 2-ro poaa uUMeeT BHJI ,

b : '
o) =1 [ K, 900 ds+T (. @

3nech ¢ (f) — HeusBecTHasd (QYHKUHA.

[lpenennl uHTErpHpoBaHHA a, b mMOryT ObiTh Kak KOHed~
HbIMH, TaK H OECKOHEYHBLIMH.

anTaeM YTO mnepeMeHHasi ! MeHseTCA B TOM Xe IPo-
MeXYyTKe (@, b), N0 KOTOpoMy  coBepllaeTcl HHTErpHpoOBa-
Hue. B ypaBHeHusax ®pearoabma sapo K (¢, s) u cBo-
GONHBIN 4JIeH f (f) mubo HempepHIBHH! (mepBoe — B KBajpare
Q la < t, s << b}, BrOpOH — Ha oTpe3ke a << ¢ << b), nubo
YAOBJIETBOPAIOT YCJIOBHAM ‘

o o |
[J1k @ 9pdtas<+oo, 3

b .
[1Fe P dt <+ co. @

Sinpa, ynosnerBopsitomiue ycJoBdio (3), OyxeM HasblBaTh
¢ppedeoromosoimu.

Ecau f (f) = 0 (tounee, ecan f (f) obpamaerca B HyJb
noutu Bciony B la, bl), To HHTerpanbHoe ypaBHeHHe Ha3Hl-
BaeTcs oauopoaubm B [IPOTHBHOM CJjly4Yae OHO Ha3blBaeTcs
HEOOHOPOOHLLM.

Ormernum, uto (2) npeAcTap/ser coboil He ofHO ypaBHe-
HUe, a CeMeHCTBO ypaBHEHHH, 3aBHCALLEe OT YHUCJIOBOro napa-
MeTpa A. *

. ¥ pasrenue Dpedeosvma 1-20 poda xapaKTepuU3yeTcs OT-
CYTCTBHEM 4J/eHa, COflepiKallero HeH3BeCTHYIO (PYHKUHIO BHe
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puterpana. B. npocrefimem ciayuae OHO HMeeT BHI
b o -
[k 9omds=Fa), G
a ‘ :

rre aapo K (i, s) u dyukuus [ () ynoanemopmo'r chopMy-
JHPOBAHHLIM BHILE YCJIOBHAM,

[MMpumepn. L. YpaBHeHne

? () =——j(t+s2)cp(s)ds+ sin ¢

(3]

€CTb nmerpa.ubnoe ypasHeHnue ®penronbma 2- -ro pona 3xaech aapo K (¢, s) =
= t -+ s> u cBo6GoaHhit uieH f () == sin { HenpepHIBHH COOTBETCTBEHHO
B kBagpaTte Q {0<C /¢, s<C 1} u Ha OTpe3ke 0,1].

2. YpapHeHue

+oo
o= [ et ds e
1

-

¢pearonbMoBo, Tak kax
+o !

[ royas= T e dt < 4+ oo,
1 1

+ 00 o0
j JKz(t, s) dt ds =
1 1
‘ 40 -0 “+o0
0 1 e
=J.dlje"tsds=2 j 7 dt < +oco.
1 1. S SR
3. ¥YpaBHnenue
. to | |
o= | eV lgas
—00
He q)pe_nronbmoiso.- ﬂeﬁcmmeaﬁuo,
+o o T A L
| J ke opaas= [ at [ eV @)

-—00 —CO : -0 -0
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BHyTpennnft nmer*pa.n‘ 8 npasok wacrda (5')
+- . ¢ -+
j e 2lt=slgs = j e 2(t=5) gs J- e 26— gs = 1,
-0 —ct ot ) '

OTKYAa ciieflyeT, 9To HATerpaa (5') pacxommTcs.

2. YpaBuetne Boapreppa. JIHHEAHHIM HHTErpPaAbHLIM
ypasnenuem Boasmeppa 2-e0 po0a Ha3biBaeTcsi ypaBHEHHe
BHJA

*ma¢xjxmwm@ws+fmﬁmanga 6)

3neck ¢ (f) — neussectHas ¢yuxkuusa, agpo K (f,s) H cso-
GoanwA useH f(f)— u3secTHbie QyHKuHH, A -— YHCAGBOH
napamerp.

Ilpu f(t) = = 0 ypaBHeHHe (6) npHHHMaeT BHA

¢®~XJKUQ@@&

H HasblBaeTcCH oanopoaﬁbm HHTeI‘paJIbHHM ypaBHerHeM BoJib-
Teppa 2-ro poja

ypa&neﬂuem Boavmeppa 1-20 poda HasmiBaeTcH ypaBHeHHe
BHJA

jKeos=to. 0

He colepxamee HCKOMYIO (YHKIHIO BHe HHTerpaJa.

YpaBHeHHe BoJbTeppa MOXHO NPH HEKOTOPHIX OrpaHHye-
HHAX pacCMaTpPHBATb KakK YaCTHHIA cjlyuail ypaBHeHHsa Ppex-
ronbma. flxpo K (¢, s) B ypaBHeHHH (6) No CMBICAY 3ajauH
OMpeneNeHo NpH a < s < t. JloomnpenennM ero mpH s > f,
MOJIOXKHB

K(t,s)=0, t<s<<bh.

Torna ypaBHeHue (6) MOXHO pacCMaTpHBaTh KaK YaCTHBIfi
caydail ypaBHeHHA PpenrojbMa ¢ SAAPOM 3%” (¢, ), onpeze-
JEeHHBIM CliefylomuM obpasom (pHC. 1):

K, s) oA s<<lt,
X s)_..{ aas s>t
B samrprxoBaHHOH M0/IOBHHE KBajpaTa aapo. X (¢, s) coBna-
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Raer ¢ azpom K (4, 5), a Bo BTOpOfi NOJIOBHHE TOXIECTBEHHO
aaeio wymo. [Ipn Takom onpenenennn axpa X (f, s) nure-
fpasinoe ypapricHie Qpearonsa

b
o) =A[H ¢ ) o@)ds+F(®)

AgkiecTBeHHO ¢ ypaBHeHHeM Boabreppa (6).

» 910 MPOCTOE 3aMedaHHe MO3BOJIAET MEPEHOCHTb pe3yJb-
B, NOJyueHHbie A1 ypaBHeHH# Ppenronbma, Ha ypasHe-
®ua BoabTeppa, Kak Ha s

JacTHBIA cayuafi ppearonb-
OBHIX YPaBHEHHH.

¥i: OnHako ypaBHeHHA
Ponvreppa 06/1a1a10T HEKO-
FOPLIMH CBOFCTBAaMH, XapakK-
$EPHBLIMH HMEHHO /1 HHX.

et s

I1. Henuuefinoe

ypaBHeHHA ah-m

HenuHeliHbie HHTErpab-
#ipie ypaBHEHHS HAcTOABKO 7
$Fasiroo6pasHb, 4TO Jaxe HX |
RAaCCHOHKAUKHA  3aTPYIHH-

TenpHa. YKaxeM HEKOTODhIE THIB TAKHX YPaBHEHHH, HMelo-
Biide GoJbLIOe TeOpeTHUECKOe H JIIPHKJAlNHOE 3HaueHHe,

IS, Ypasnenue Y pucona

Puc, 1.

b
o)=| Kt s, o(s)ds. (®)

~ Oyukuusa K (4, s, ¢) o6bIYHO MpennoJsiaraeTca HempepuB-
Mol npp a << !, s<< by M<<o<<M, rne M >0 — no-
TOYHO 00JbIlas TNOCTOAHHAS.

2°. BaxKHBIM YaCTHRIM C/1y4aeM ypaBHeHHS] YPLICOHA fB-
iAgerca ypasnenue Tammepumedna -

o) =Kt 9F(s, o(s)ds, 9)

me K (1, s) — dpenronbmoBo sapo.

f
ey
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3°. ¥Ypasrenue Jlanynosa—dJluxmenwmeiina, conepxaiiee
CYILECTBEHHO. HeJIHHeHHble olepaTopbl, HallpHMep, ypaBHeHHe
BHJA

.
P =F®O+M] Kiy (¢, s) 9 (s)ds +

b b
tuf [ Kautt s 2)0(s) o) dsde

(MOryT TakKe BXOQHTb aHAJIOTHYHEIE YJIEHH C 6oJiee BHICOKOH
HeJHHEeHHOCTbIO, moapoGHee cM. [35]).
4°. Heaunednoe ypasrnenue Boaomeppa

t
ol)=|F(t, s o(s)ds (10)

rae F (¢, s, ¢), HanpuMep, HempepLIBHA - MO0 COBOKYMHOCTH
apryMeHToB £, s, ¢ BobmactTH a << f, s << b, —M << ¢ << M.

§ 2. 3ajauH, NPHBOAAMHE K HHTETPANbHBIM YPaBHEHHSM

EnBa nH He mepBOH 3anaved, KOTOPYIO. MOXHO CBfi3aTb
C HHTerpaJbHbLIMH ypaBHEHHAMH *) 6ui1a 3ajavya ofpauteHus
HHTerpajia

40 , A
gW =5 [ e fW)y 0

T. €. HaxOMXIEHHS GyHKUHH f(y) no AaHHOM épyHKimH g (x).
Peiuenne ee noayyua @ypwe B 1811 .r. B BHIe
v o]

LT | o
fo)= 5 | evewdr.

-0

MoxHo cuHTaTh, 4TO QopMmyna (I1) naer peweHHe HHTerpajip-
Horo ypaBHeHHs (I), B KoTopoM [ (y) — HCKoMasd, a g (x) —
NaHHaa (QyHKUHA, H HaoboporT.

®opmyani-(1) B (I1), xak u3BecTHO, Ha3bIBalOTCA (hopMy-
AAMU oﬁpameﬂun Dypse.

*) Cam Tepunn «uu’rerpanbnoe YpaBHeHHe» BBeJ B ynorpeGaenue Jrobya-
Peiimon (1888 r.).
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... PaccMoTpuM, HanpHMmep, ypaBHEHHe
+o0 ~
[ o)ettds=VTme-111
“roe @ (s) — HcKkoMmas yHKUHA. 'JIeBon YyacThb 3TOrO ypaBHe-
‘BHA MOXHO paccMaTpHBaTh Kax mpeo6pasoBanne ®Pypbe
(pyﬁxunn ¢ (s). Torna no ¢opmMmyne obpalueHHs
]
2
S }tlpit J— )
o (s) = j Flgits df = ..
—C0
dyukuna @ (s) = 2/(1 4+ s¥) ectb pelleHHe NaHHOTO HHTe-
- TPaibHOrO YpaBHEHHA.

. K unrerpanbHmM ypaBHeHHsM BHAa (10) npHBOAMT 3ajaua
I(omu DI OOHLIKHOBEHHHX JAHQPepeHUHAaNbHBIX YpPaBHeHRH

o~ Ft, 2 @), | o

‘, .::(a)-—-xo. ] (12)

B CaMoM JieJie, NYCTb X = X (f) €CTb pelleHHe ypaBHeHHﬂ (11),
yAOBJIeTBOpsAIOlee HavyaJbHOMY ycjoBHio (12).

"~ IloncraBnsia 3ato peweHHe B (11), monyuuM ToxznecTBo,
BHTErpHpysA xo*ropoe no t or a jo t 6yjeM HMeThb

.:c(t)---x0 _[F(s x(8)) ds (13)

T. e, x ({) yAoBIeTBOpseT HHTErpaJbHOMY ypaBHeHHio (13).
OGpatHo, nyers x (f) ecTb peileHue ypaBHeHHsa (13); T. e.
Takaa GpyHKUHS, 4TO NMOACTAHOBKa ee B ypaBHeHHe (13) oGpa-
UlaeT mocJeqHee B TOXIECTBO No f. Hnwepennnpyn 3TO
“TOXAECTBO, HailleM, uTo -
?' ,,‘ ‘ 4 | df =F(t, x(),

-
T. e gr0 X (f) ectn pelueHHe nndm@epeﬂuuaﬂbnorc ypaBHe-
Busa (11), npuuem u3 (13) BraHo, uro x (a@) = x4 °

<~ TakaM o6pa3oM, pellieHHe HHTETPaJbHOrO ypaBHeHHs ( (13)
9KBHBAJICHTHO pewenHio sanayu Koy (11)-——([2)
. Pewenune HayanbHOH 3alayd Anf JHHEAHBIX Auddepen-
ﬂHaJIBHblx ypaBHeHHH NPHBOJHT K JIHHEAHLIM nH'terpaJlebe

i
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ypaBHeHusaM Bosbreppa 2-ro poxa. JtuM eute B 1837 r. Boc-
noJb30BaJcad JIHyBHJANbL B CBOHMX HCCJEJOBAaHHAX B 00/1acTH
JHHEeAHBIX nH(pdepeHLHANbHEX YPABHEHHH BTOPOro nopaika.
Ilyctb, HanpuMep, HIUETCH pelleHHe ypaBHEHHS

SO+ ey =0 (4

(, = const, v (f) — usBecTHaa QyHKuHA)

-,

NpH HayadbHBIX YCJIOBHAX

x(@=1, x(@)=0. | (15)
PaccMoTpuM ypaBHeHHE C NOCTOSHHBIMH KO3(pHIHEHTaMH
O+ 2x()=g () (16)

MpH TeX Ke HAYAJBHBX YCJIOBHSAX (15) r,ae g () — Kakas-to
HenpepbiBHAA (PyHKUHA.

Perlenne ypaBHeHHS (16) npu HayaJbHEX ycaoBHAX (15)
MoXeT OHITh HafileHO MeTOJOM BapHaLH# NIOCTOAHHLIX H mpej-
CTaB/IeHO B BHJe

:-»:_

{
x(f) = cosA (t—a) + - [ g (¥)sinA (t— ) d. (17)

ﬁepénnmem ypaBHenue (14) B Buge |
| X(O)+ Rx ()=~ () x () (18)

- # GylleM pacCMaTPHBaTh MPaBYIO YacTb KaK H3BECTHYIO GyHK-
uuio. Toraa, BOCHO/Ib30BAaBLIKCDH (17), NOJyyHM
f

| x(f)=cosA(t —a) + TIv(t) sip l(t'—-'r)x(‘t) ar

a

— HMHTerpa/bHoe ypaBHeHHe BouabTeppa 2-ro poja.
PaccMotpuM o0ilyio 3ajauy CBeleHHs JHHeRHOro aHdxpe-
peHIlHAJIbHOTO YpaBHEHHS n-ro MNopslKa

et a ) Gt O =F @), t>a, (19)

C Haya/JbHHMH YCJOBHSIMH MpH t= a
x(@)=C,, x'(@=Cy, ..., 2" 1) (@)= Co1 (20)

K JIHHEAHOMY HHTerpaJbHOMY ypaBHeHmo Bo-.nb'reppa. bynem
npeanosararsb, 910 XoapduuueHT - a; () ( =1, 2, ..., n)

-~ .}
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HenpepuBHHL B HEKOTOPOH oOKpecTHocTH (@ — 8, a + §)
FOYKH { == a. ]l mpOCTOTH OrpaHHYHMCS CjlyyaeM n = 2
#-a =0, T. e. pacCCMOTPHM YpaBHeHHe

b a0O=FO,  (9)
x(0)=0GC,, ¥'(0)=C,. - (@0

onoxum |
=), @

Hépnﬂnmaﬂ BO BHHMaHHe HaualbHHE yCJIOBHA, IOC/€10Ba-
BeJAbHO HaxoluM

—— =] 9(s)ds+4Cy,
2= | (t—9) g()ds + Cst +C,.

0

[1pu stoM Mut BOCHOﬂbﬁoBanncb dopmynoft ([48])

¢ 4

, £ B t
fdtoj dt- . .Ojf(t)dt = '(ri"i-l"fT!”J (t— sy (s) ds.

N

n

¥aurnsas (21), (22), ypasrenue (19') Moo 3amucars TaK:

)+ 5[ 4 () +a, () (t—s)] (ds=
| = F () —Cya, () — Cyta, () — Coay (f). (23)
[lonaras
K (¢, s)y=—1Ia,(¢) + as (¥) (t —3)],
f(ty=F (t) — C.a, (t) — Cita, () — Coay (£),
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npuseleM (23) K BHAY
0 ()= Kt 0@ ds+F (). (24)

310 — uHTerpanbHoe ypaBHeHHe Bosabreppa 2-ro poaa. Ta-
KHM oOpasoM, sanaua (19')—(20') ceesach K pelleHHIO MH-
TerpajbHoro ypaBHeHusi (24). Haiias sto pelleHHe W nox-
CTaBHB MOJYYEHHYI0O (PYHKUHUIO ¢ ({) BO BTOpOe COOTHOILle-
Hue B (22), noayuuM pelleHHe X () MCXOAHOH 3ajaun
(19")—(20"). HeprnHo BUJETb, 4TO €CJAH KO3p(PHLHEeHTH
a, (f) (i =1, 2, , 1) TOCTOSIHHBI, TO AAPO COOTBETCTBYIO-
wero umerpa.nbnoro ypasHeHud 6y11e’r 3aBHCETH JHLb OF
pPa3HOCTH apryMeHTOB

K=K(t—s)
(uumeepaﬁbube ypaéﬂeuue muna ceepmku).
MMpumenp. _CBecm 3apaqy Kowns aas ypaBHEHHSA
| - 4 (1 4 £2) x (£) = cos ¢,
x(0)=0, ¥ (0)=2,

dt"

K MHTErpajbHOMY YypaBHEHHIO.
Pemenue [lonoxum

d2x |
=0
Torna
o l
Lp .
L~ eds+2,

x()= | (t—s)@(s)ds + 2L
d’x
dt&.

[MoncraBasis BHIpaxeHus Ads H x (f) B Hcxoaroe nudxpepeHnHaNb-

HOe ypaBHeHHe, NOJYUHM '

() =— _[ I+ fz)‘(t,-s)q)(fs) ds +cos £ — 2¢ (1 - £2),
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3anaua AGeas. B 1823 1. AGenb, 3aHMMasCh 06obLUIeHHEM
gaflayd O TayTOXpPOHe *), MpHUIEJ K YypaBHEHHIO

; ¢ (M)
= | —=——dp,

rae f (x) — 3ajanHas QyHKiHsA, -a @ (¥) — HCKoMas (yHK-
nusi. OTO ypaBHEHMe eCTh YacTHBIA caydail JMHEHHOTO HH-
TerpasbHOro ypasHeHusi Bosabreppa l-ro poaa.

YpaBHenne AGesisi MHTEPECHO B TOM OTHOLIEHHH, YTO OHO
ABJSETCS OAHHM H3 HHTETpPa/bHBIX YpaBHEHHH, K KOTOPBIM
HelnoCPeACTBEHHO MPHBOAHT MOCTAHOBKA TOH WJ/H WHOH KOH-
KpeTHOH 3aJlayH MEeXaHHKH HJH QU3HKH (MHHY:A JudpepeH-
nMaJbHble ypaBHEHHH).

Hcropuueckn 3amaua AGensi mnpeicras/isieT NepBYO 3a-
lauy, KOTopas INpHBeJIa K HeOOXOUMOCTH pPaCCMOTpPEHUS
HHTErpajbHbIX ypaBHeHHH.

3agaua AGesnsi COCTOMT B CJEIYIOLIEM. MaTepHaanaﬂ
TOYKA MNOJ JAeHCTBHEM CHJIbl TSXKECTH ABHXKETCS B BEPTHKAJb-
Ho#l myockocTH (&, ) no HekoTopoli KpuBoH. TpeOGyercs onpe-
JEeJUTh 3Ty KPHUBYIO TaK, 4ToObl MaTepuasbHas TOYKa, HauaB
cBoe ABHXXeHHe 6e3 HauaJbHOH CKOPOCTH B TOYKE KpHBOM
c opauHaroit x, pocturna ocu OF 3a Bpems ¢ = f, (x), rze
f, (X) — 3anaHHasg QyHKUIUA.

AGcosioTHAA BeJHYMHA CKOPOCTH JBHXKYIUEHCA TOYKH

v=712g(x—n).

O6o3nauum uyepe3 P = P (n) yroa HakJOHa KacaTeJbHOMH
K ocn OF (puc. 2) Torna Gynem uMerb

=—V2g(x—-n) sin f

(cocraBasiiomas ckopoctu no ocu Om).
Orciona

dn -
dt = - PSS .
V2g (x—m) sin B

*) 3amaua o TayTOXpOHE: HAHTH KPHBYIO, CKOMb3A BAONbL KOTOpOf Ges
TPeHHS TAMKe/as YACTHIA NOCTHraeT CBOETO CaMOrO HH3KOTO MONOXKEHHS
3a OJHO H TO KE€ BpeMs, He3aBHCHMO OT €€ HayaJbHOr0 MOJOXCHHS.
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Wurerpupys no n B npenenax or 0 7o x # nonaras —Si:} 5=
= ¢ (1), nonyuuM ypaBHeHHe AGens

j Seedn=— V22 f, (3.

O6osnayas — ' 2g f, (x) 4epes [ (x), OKOHuaTespHO GyieM
HMeTb

x

T (1) dn =
‘ﬁ-—-——-]/x_n n= [ (x).

3nech @ (x) — uckomas GyHKuud, f (X) — 3anaHRas QyHKUHA,

75

G2

Pue. 2.

Hafina ¢ (v), MB MOXeM COCTaBHUTb YypaBHeHHe HCKOMOM
KpHBoii. B caMoM nese, @ () = 1/sin P, oTkyna n = O (p).
Hanee,

__dn _ ®'(f)dp
& = igp  tgp °
TAK 4TO

t= [ S5 dB=Dy(p).

Takum ofpasoM, HCKOMasi KpHBAs ONpEAEJHTCA NMapaMeTpH-
YeCKHMH ypaBHEHMAMH

E=0,(), 1=0@).
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B uacTHocTH, npH f (x) == € = const Takoill KpuBOii ABNAETCA
IIHKJIOH]a.

PaccMmoTpuMm eilte 3anavy, NPHUBOAALYIO K HHTErpa/ibHbIM
ypaBHEHHSAM.

[TycTh umeem ympyrywo HuTb AJMHE [, KoTopas Jerko,
6e3 CONPOTHBJIEHUS, H3MEHSIEeT CBOIO q)opmy, HO A/l yBeJH-
yeHHSl JJHMHBL KOTOpoil Ha Al HyxHa cuna y-Al, rae y —
HeKOTOpas NoCTossHHas (3akoH I'yka).

[TycTb KOHIB HHTH 3aKpenJieHul B Toukax A u B (puc. 3).
Korpa HHTb HaxoOAMTCS B MNOKOe NOJ AeHCTBHEM TOJIbKO

P Puc. 3.

A,

ropH30HTA/IbHOH pacTAruBamomes cuiab T, oueHb 60MbHIOH
N0 CpPaBHEHHI0O C JAPYrHMH pacCMaTPpHBAaeMBIMH CHJIaMH,
noJioxkeHue HUTH GyjpeT coBmanarh ¢ orpeskom AB ocu Ox.

HonyctumM,; uto B Touke C,, AJs KoTropodd X = E, mpuio-
eHa K HUTH BepTHKalbHad cuaa P. Ilon ee BaHsiHHEM HHTH
npumer dopmy Jsomanoii ACB. Bynem cuurate CC, oueHb
MaJeiM no cpasHeHuio ¢ AC, u C,B (pe3ysnbraT ManoctH P
no cpaBHeHHio ¢ T,). Bynem Takxke cuuTaTb, YTO HATAKEHHE
HHMTH ocTaJsloch paBHbIM T, ¥ noa aeicTBHeM cuin P. Ilpoek-
THPYs Ha BePTHKaJ b CHJH HaTfAXKeHHA HHUTH B Touke C H
cusy P, 43 ycJOBHSl paBHOBeCHS TOJYyYHM *

. Tosina + Ty sinff = P. (25)

BecnencrBHe MajlocTH BeJIMUHHBL 6 umeem

3 Y
na~ — NP~ +—
sin & ~ -, sin p ~ T—E

TaK 4TO ycJOBHe (20) MOXHO 3anWcaTh B BH/®

Tog +To =g =P, ~
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OTKYZa

' ({—BE
8() =P el

OG6o3Hauas uepes3 y (x) nporub HHTH B TOUKe ¢ abcuuccoft x,
N0J y4HM

y(x)=PG(x, §),

rd

‘TIhe

'———-x'(l_g) 0;<x<g'
G B e (26)
K S =Vu—nt
*—"—m-—, §~<__:_,x~..<-§l,

HeiicTBuTeNbHO, NycTh x < . Y3 NONOGHEIX TpeyroJbHHKOB
AC,C u AA,C, Haxonum

y(o) _ x PG(x,§) _ «x
5® ~ Er MO £
CrenoBartenbHo,
_x@E _ x(=b
G(X, g) - Pg _ Tol *

HerpynHo Bugzerb, uro G (x, &) = G (, x).

Ecau Ha HHTb JeficTByeT HenpephIBHO pacnpeleseHHas
CHJIa 'C JHHEeHHOH NJOTHOCTBIO p (E,) TO Ha Y4aCTOK HHTH
Mexny ToukamH & H § + AE nefictByer cuja, npuGIH3H-
TebHO paBHaa p (E) AE, koTopas BHI3HBaeT CMelleHHe
G (x, &) p () AE. Tak kak ‘cMenleHHs, OOYCJIOBJeHHble 37e-
MeHTapHBIMH cHJaaMH p () AE, cyMMHpyloTCA (NpPUHLHI CY-
Nepno3HUHH), TO NOA AeHCTBHEM BCeX Harpy3oK .OTKJIOHEeHHe
y (x) 6yner npHOJHKEHHO PaBHO

2 GxEpE AL
(&)
uto npd A§ — O ngaer
i :
Y= Je(x SLICLE (27)

®yukuus G (x, §) HOCHT HassaHHe c;byﬂm;uu BAUAHUSA.
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»PaCCMOTpHM cJefyiolHe 3alauu.

- 1°. byzneM uckatb nJoTHOCTh pacnpelesieHus cHIH p (),
poA BIHAHHEM KOTOPOH HHTb NpPHMET 3allaHHYIO PopMy y =
=y (x). Toraa Mbl npuieM X HHTerpajbHOMY YpaBHEHHIO
®penrorbMa 1-ro pona

! .
y(x) = I G(x, B)p @) o (28)

mﬁocmenbr{o HCKOMOH ¢ yHKUHH p(g)
. 2°. JlonmycTuM, 4TO Ha HHUTb JeHCTBYeT MeHSIOIAACH CO
gpeMeHeM { cHJla C MJIOTHOCTBIO B TOUKe &:

o p ) sinwl (0 >0).

flon ee BJHSHHEM HHTb NPHJET B ABHXEHHe. ByneM npenno--
JIaraTb, YTO MPH ABHXXEHHH HHTH aOCLHCCA KaXKIOH ee TOYKH
#e-MeHAeTCs H YTO HHTh COBepliaeT NepHOAHYECKHe Koseba-
HH$I, ONHCHIBaeMble ypaBHeHHEM '

y =y (x) sin of.

ﬂycrb p (E) — NuMHefiHas MJOTHOCTb MAacCH HHUTH B TOUKe E.
Torga B MoMeHT ¢ Ha yJacTOK HHTH MEXNy Toukamu § H
£ + AE, xpome CHJIH p (k) sin wf-AE, nefictByer ellle cuaa
uaepunn M

—p(®)AE 2L - =P y(®) o*sin ol -AL.

ﬁos*romy paBeHCTBO (27) npHMeT CJAENYIOIHA BHA:

Y(x¥)sinof = j G (x, &) [E) sin of + 0* p(g)y(g) sin o] de.

& "**»pamaa Ha sin of " nmojaras
!

JG (x, §p (&) dt = F(v),

Gx, pE)=K(x,§), o*=A],
nostyuyum ’

| o
y(x) = xé[ K (x, &) y(®) dt + f(x). (29)
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Cunrtan bynkuuio p (E), a ciaenoBareibHo H [ (¥), 3anaHHOd,
NPUXORHM K HHTerpaJbHOMy ypaBHeHHI0 Ppearosbma 2-To
pora Ias onpeAeleHHS QYHKUHH ¥ (X).

B sak/ioueHHe nmpHBeieM TaK Ha3biBaeMoOe ypasHeHue re-
pexoca, Wrpawouee GoJbILYIO pPoJb B COBpeMEHHOH (H3HKe
(nampuMep, B mponeccax 3aMelJieHHS HEHTPOHOB) H nNpeld-
craBiasiioulee coGOf NpHMep uHmezpo-Oudgeperyuarbrozo
‘YypasHeHus,

bynem npenno.nara‘rb 'YTO HEATPOHLI He HCILITHIBAIOT He-
YIOpYTrHX CTOJIKHOBEHHA H 4TO sHeprus HeATpPOHA AOCTATOYHO
Masa. [Tycrb Q@ Gyner elHHHYHBIM BEKTOPOM, ONpelenasionlHM
HanpasJ/ieHHe NMOTOKa HeHTPOHOB C 3Heprued E.

Beenem 6e3pasMepHyIO BeJHUYHHY U, onpenenaemyro COOT-
HOLUEHHEeM

L, (30)
rie E, — HavanbHaa sHeprusi. O603HayuM  uyepes
N(r, Q, u, )dr dQ du unucao HeHATPOHOB, KOOpAHHATH
xompux JeXaT Mexiny r H r -+ dr, HampaBjeHHS CKOpO-
- crell — Mexay  u € -- dQ, a Be1HuHHA 3HeprHH 3aKJIO-
yeHa B mpelelax, COOTBETCTBYIOILHX 3HAUEHHAM MapaMeTpa u
OT 4 10 u -+ du. Bce 3TH NaHHHE OTHOCATCA K MOMEHTY Bpe-
MeHH {. MoxHo moKasaTb, 4TO H3MeHeHHe CO BpeMeHeM (pYyHK-
ILHH pacrpefiesieHds HeHTPOHOB NpPH JIBHKEHHH MOTOKA HeH-
TPOHOB B HampaBJieHHH @ paBHO

N 4 (v, grad N) (9 — ckopocTb notoka).  (31)

OGo3Hauum uepes I, (1) cpelHIOO AJHHY CBOGOLHOrO Mpo-

6era HefiTpoHa npH paccesHHH, a d4epe3 [ (u) — MOJHYIO
CPeAHIO IJHHY cBobojHoro npobera.

’ Huco HeATpOHOB, YAaJNeHHHX H3 motoka 6Jaroxaps mpo-
_leccaM paccesHHSI H 8axBaTa, paBHO

oN Q
MR (32)

'OrHeceHHOe K elHHHLE BpeMeHH YHCJIO CTOJKHOBeHHH,
KOTOpHEe HCNLITHBAIOT HEHTPOHH CO CKOPOCTSMH, Onpenesse-
MBIMH napamerpamu Q', #’ B MOMeHT BpeMeHH [ B TOuKe r,
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paBHO
v'N(r, Q' u', )

ls(u')

O6o3unauuM uyepes [ (uy, u—u’) BEPOATHOCTH TOTO, 9TO Hef-
TPOH, HMEBIUHH JO CTOJKHOBEHHS CKOPOCTb, XapaKTepHsye-
MYyI0 3HaueHHsIMH napamerpoB.{Q’, u’}, mocje CTOJKHOBeHHSA
GyZeT HMEThb CKOPOCTh, XapaKTepH3YeMy:0,3HaueHHAMH Napa-
meTpoB {2, u}. 3nech p, = (R, Q') — KocHHyC yria pac-
ceslHHS HeliTpoHa. ByzleM cuutaTh, uro PyHKUHA [ (U, u—u')
HOPMHpPOBaHa K eJIHHHUE, T. €. 4TO

_. dﬂjf(pe, u—iu'ydu' =1,

(33)
ToYHee,

J do : f(cosa, u)du==1 (1o = COS ).
¢ .

Uucs0 HeATPOHOB, KOTOpHe NMPHCOENHHSAIOTCA K PaccMaTpH-
BAEMOMY MOTOKY HeHTPOHOB B pe3yJbFaTe paccesiRius, ompe-
neJIieTCA BhIpaXKeHHeM

';- : 'N ,Q', ',G‘ ’ ’ ;
jdu B ‘;(u,)“ ) f (1 u—u')de, (34)
0

rjie BO BHYTPEHHEeM HHTerpaJe HHTeI‘pHI)OBaHHe Belercsa no
[4

BCEBO3MOXHKIM HamnpabJjeHusM Q',
Haxoneu, 0003HaYHM yepes

S(rou,t) ()

OTHeCeHHOe K eIHHHUe Bpemenn H €1HHHlle o0beMa YHCJO
HEeATPOHOB, MOPOXKAEHHHX B TOYKE 7 B MOMEHT BpeMeHHu I,

IlpuHuMas Bo BHHMaHHe ypaBHeHHe HeNpepHBHOCTH H HC-
nonbsya Bapameﬂna (31)—(35), .3akmouaeM, yTO PYHKUHSA
N (r, Q, u, {) ynosierBopsieT CleAYIOLIEMY YPABHEHUIO nepe-
Hoca: .

oN ’
~r + (@, gradV) =

’ 'N . Q’u ’g t r f
- Jau [ 20 g u e
0 -

-+ S(r, 4, t) 1(]:1) (36)
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Beonst BmecTo dyHKuHH N cpynxumo
yir, @, u, )= N(r, Q, u,t) (37)

! (H)

H YYHMTHIBaf, 4To ¥ = v, MOXHO 3anucaTb ypaBHeHHe (36)
B 9KBHBaJIeHTHOH dopme:

() (5 57 + (@ grad ) + b=

= J du' [h@)p(r, @, &, Of (o u— ') dQ +-S(r, u, 1),
| | (38)
rjae

| !
)=

OyHKUHA Y BXOAUT B ypaBHeHHe (38) KakK noj 3HakKoM npo-
M3BOAHOM, TaK H NMOJ 3HAKOM HHTErpaja; ypaBHeHHS TaKoro
BHIAa HA3bIBAIOTCH uHmezpo-Oughhepernyuarvromu.

OcHoBHas 3aZaya TEOpPHH NepeHoca 3akJ/oyaeTcd B pelle-
HHH HHTerpo-auddepeHuHanbHOrO ypaBHeHus (38), uto B 06-
ieM cJayuae cONpsikKeHO ¢ OTPOMHHIMH TpyaHocTAMH. Tloxpo6-
Hee 06 ypaBHeHHH mepeHoca cM. [36].

IIpuBeJeHHble NpHMepPLl CBHAETENBCTBYIOT O TOM, YTO HH-
TerpaJbHble YpaBHEeHHS BCTPeyaloTCs BO MHOTHX 33jlayax, Kak
YHCTO MaTeMaTHUYeCKHX, TaK H MpHKJaiHHX. Ilpu stoM He-
KOTOpHE H3 NOoC/JeHHX, B YaCTHOCTH 3a7a4yl TEOpHH NMepeHoca,
1o CymecTBy TpeOyioT NpHBJEYeHHS annapaTa HHTerpaJbHHX
ypaBHeHHH.

OnuH u3 cosparesedl KBAaHTOBOH MexaHHKH, B. [eiisen-
Gepr, B cBoed KHHre «Pusuka u uaocopua» ¥) peickasan
NnpeanoJoxeHne, YTO OCHOBHOe ypaBHeHHe MaTepHH, paccMar-
pHBaeMOe KaK MaTeMaTHYeCKoe NpeACTaBJieHHe 6celi MaTepHH,
IOJXKHO HMETb BHJ CJOXKHOH CHCTEMb HHTErpaJbHEX ypas-
HeHHH.

*)TefisenbGepr B., Qusuxa u cpmoqoq:mﬁ, HJL., 1963
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TEOPUSA <¢PEAIOJIbMA

§ 3. Popmyan Ppepronasma

[TosHoe Hcc/efoBaHHe BOMpOCa O pPa3peliHMOCTH - ypaB-
HeHH S

?()=4[ Kt 9 (s)ds +F (0 (1)

c HenpepHBHHM aapoM K (f, s) H cBoGoaHHM uyaeHoM f ({)
NPH 6Ce803MONCHLLX 3HAYeHHAX mapaMerpa A 6blio MpoBefeHO
®penroabmoM B 1904 r.

Hpes ®PpearonbMma, 3aMedaTesbHasg MO CBOed NPOCTOTe
H MJIOLOTBOPHOCTH, 3aKJ104aJiach B c/efyiomeM. 3a1aya pellie-
HHA UHTerpaJbHOTO YpaBHeHHd (1) paccMaTpHBaJach KakK aHa-
JUTHYECKHHA aHajor aJjrefpandecKod mnpobJieMH pelleHHA.
CHCTEMB! N JIHHeHHRX aareOpaHuecKHX YpaBHeHHH c n He-
H3BeCTHHIMH. MIMeHHO, HHTerpaa B ypaBHeHHH (1) 3ameHsieTcsi
HHTerpajbHOf CcyMMOH, oTBedatomle# pa3GHeHHIO OTpe3Ka
[a, b] uameHenus mepeMeHHOH s Ha n paBHbLIX YacTell IJHHH

»

8§ = b—-—a

i

Tounoe ypasHenue (1) saMeHsieTcsi NpHO/IHKEHHHIM
o) =h X Kt s)ows)s+im, @

Tle B KayecTBe S; MOXHO B3fiTb, Hanpumep, aGCIHCCH cepeluH
HHTepBaJioB pa3bHeHHsa (pHuc. 4).

Ilonaras B c¢opmyne (2) { = s;, So, - - -, S, HOJYUAEM
JHHeHHYI0 aAreGpaHtecKkyi0 CHCTeMY OTHOCHTEJbLHO n HeHs-
BECTHHIX @ (S;): .

Os)=h 1 K(su s)o(s)d=F(s) (=12 ...n. @
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ByneM cuurtarb, 910 @ (s) H [ (S) COXpaHAIOT B {-M HHTEpBaJe

NOCTOSIHHBIE 3HaueHHd, paBHble COOTBETCTBEHHO @ (S;) H f(s;),

a anpo K (f, s) coxpaHsieT B KaxXIOM YaCTHYHOM KBajpaTe

C MHJeKcaMH i W j MOCTOIHHOe 3HaueHue, paBHoe K (s;, s;).
Onpenenurenp cucreMsl (3)

I —AK (s, §)8  —AK (s, 55)8 . —AK(sy, $n)
— AK (Sq, 80 1 —AK(ss, 85) 6 — AK (S, S2) 6

— MK (sp, 5,) 6 — AK (54, 85) O 1 —AK (0. 54) 8

(4)

€CTb MHOTOYJIEH OTHOCHUTENIbHO A. |
Ecau A oTanyHO OT KopHs MHorouaeHa D, (A), To cu-
crema (3) HMeeT €AMHCTBEHHOEe pelieHHe NPy JioObX MpaBhIX
4aCTAX, H ITO pelleHHe MOXKeT

*
*

-
-
-

.Dn () =

»
L ]
L]

t .
A O6HTb HaHAeHQ 10  H3BECTHHIM
plo_ ’ ' dopmyaam pramepa. ‘Pemas
» ee, MH HafjgeM Bce ¢ (S;) H,
ZA

> Cpirmckrannnt O o o—v-;' 4 =
g & & & & o8 - 0 7 b
Puc. 4. Puc. 5.

N A

~

TaKHM 06pa3oM, MONYYUM NpHOJIHKEHHOE BEIPaXKEHHE HCKO- -
MOK GYHKUHH @ (f) B BHJAE KYCOYHO-TIOCTOSIHHOH (yHKUMH
9, (!) (puc. 5). MeTox 3aMeHHI HHTETPA/bHOTO YD aBHEHHS
CHCTEMOHR JUHEHHBIX ajre6panuyeCKHX YpaBHEHHH N0 CHX Nop
LIMPOKO HCNOJBb3YETCS] B NPaKTHKE HHIKEHEPHBIX pacyeros.

Uem GoJbile 1, TeM TOYHee GYHKUHUA @, (f) annpoKCHMH-
pyeT HCKOMYK GYHKUHIO.

B npenene npu n — oo auHeRHas cucrema (3) nepexonur
B MHTerpaJnHoe ypaBHeHue (l), a ¢, ({) nepexoAautr B HCKO-
Moe pelenue ¢ (f) WHTETP aJIBHOTO Yp aBHEH U (1).
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§1cHO, YTO 3TH COOOp aXKEHHS HOCAT HaBOAAMHA" Xapaxrep
¥ HYXIAlTCA B OGOCHOB aHHH.

MOXHO MOCTYNHTb HECKOJBKO HHaue, PeluuB cucremy (3)
i TOACTABHB NOJYYEHHBHIE 3HaueHHus ¢ (s;) B dopmyay (2), -
noJy4HM NPHG/HKEHHOE aHaJHTHYECKOe MNPEACTaBJ/EHHE pe-
weHHa ypaBHeHus (1)

t)~f(t>+x‘?‘”l'32'n"'1 N

MoxHO Nokasarb, uto ecau K (¢, s) u f (/) HenpephIBHLI, TO
yHCJAHTENb H 3HaMeHaTeJb BTOpPoOro cjaaraemoro B (5) mpu

§=2=% 0 CTPEMATCH COOTBETCTBEHHO K MNpejesiaM

xjot ;M) f(s)ds u D),

e D (A\) u D (¢, s; A) — HEKoTOpHIE LeJbe GYHKIHH *) oT A.

Ionaras
R, s; M) = 9—-%:%57& (pesosabBeHTa Ppearonbma),

NOJIyUHM H3SILIH IO q)opMyﬂy' S
o) =F(t)+» j R, siMf)ds,  (6)

onpeJie iAo pemenne ypaBHeHus (1) mna Bcex 3Haue-
HUit A, npH KoTopex D (A) ++ 0.

dbpegronbm nocrpous ¢yukuun D (A) u D (f, s; A) B BuJe
PSANOB MO CTEMEHSM A, MOJYYEHHHX YHCTO QOPMAaJbHLIM Mpe-
JeJbHBIM NMEpexofoM, H MoKasaJs, yro npH D (A) <= 0 ¢op-
MmyJsa (6) onpenessier €AHHCTBEHHOE pelleHHe ypaBHeHHs (1).

JloKa3aTenbCTBO TOTO, YTO pelleHHe CHCTEMbl (3)  mpH
n — oo CTPEMHTCA K pelueHylo ypaBHeHHs (1), 6uo mpose-
neHo nosguee I uﬂbﬁepmm (I51])) nna cayvas nempepmiB-
HOTO siApa. |

Haiinem Beipaxenue 1ja D (A), Hcnosp3ys «mnpasaonoaos-
Hble pPacCyXAEHHUSY.

*) OyHkuHA g (2) KOMIIEKCHOrO apryuema 2 BHa3niBaercs yesod,
€CJIH OHA aHaJMTHYHAZ BO Beefi maockoctd C Komn.nexcnoro nepemMeHHOro,

T. €. He HMEET KOHEYHHX 0cOGHX Touex (moammoM, e u T. B.).
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Bosbmem n = 3. Torna
1 —AK(s;, 5)0 —AK (55, 85) 8 —AK (s, s3) 0
Dy(A) = —AK (53, )0 1 —2AK (s, S2) 6  —AK(s3 85)8].
( = }“K (Ssr sl) 6 - }"K (Ss, 82) 6 [ — AK (Sa' 83) 6

Honaraﬂ JJas cokpameHnusa 3sanuc K (s, s) = K;; (i, ] =
=1, 2, 3), 6yneM uMeTb ‘
Kll + t KIS K13
D, (7\') = (—A0)? | Ky Koo +1 Koy
K Kss Kas + ¢

, (7

rae
{ = — 1/A8.
TTosnoxuM

Ky, +t Ky Kis
Koy Ko+t Ko . (8)
Kfn K3 Ky + 1 A

SIcho, uro F () ectp MHOTOWJIEH TPETLEH CTEMEHH OTHOCH-
teqabHo f. Ilpeacrasum F (f) mo dopmyae Tennopa no cre-
nexsm f:

F(t)=

9) -

0 Ff!/
M3 (8) caenyer, uto
Ky Kz Kis
F(0)=|Kn Kn Kul|. | (10)
K-'ii K32 K33

[lo npaBuay audgepeHUHPOBAHHS OTPEREHTE/S

1 K12 ' K;a Kll +t 0 Kla )
F'(f)y=]0 K-+t Ky + | Kay 1 Ky +
0 Ky Kaz 11 Kz 0 Ky
- oo Ky +1 K 0
+ | Ky K-+t 04, (1)
Ks, Ks 1
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TaK 4TO

F'(0) = +- +

Kﬁﬁ Kzs Ku K13 Ku Kl?]_ (12)

Kas Kgs Ky Kgg Ky K’

TakuM o6pasom, BeqHuuHa F’ (0) paBHa cymme Onpene/H-
Tenied, MOJTyYaIOUWHXCA U3 OMNpeNe/HTe/s (10) BLIYCPKHBaHHEM
i-ro cTonbua u i-H c*rporm He'rpy,zmo BHUAETb, YTO

Fo-3 5 %

oy =1 g,=1

Koya, Koya,

‘ . 3
Koy, Kayo, (13)

B camoMm Jiesie, PpH &y = Q4 ONMPENEJHUTEH B NMPaBOH 4acTH
(13) paBHH HYJI0, a ONPEAEJHTENH, NMOJYYAIOUHECS ONHH H3
JPYroro NepecTaHOBKOH HHJAEKCOB C; U &, PABHH MEXILY
coboii. Otcrona caepyer crpasefauBocTb Gopmyasl (13).

- Ananoruyso, senuynHa F (0) moxeTr OHITh npeiCTaBlieHa
B BHJE

Koo, Koya, Koo

3 3 3
F(0)=-3;1-,- 2 2 2 Koy, Koz, Kago). (14)
ai=1 ap=l ap=1| Koga,  Kogoy Kagag

Iluddeperunpys (11) no ¢ u nonaras sarem ¢ = 0, HaxoJluM
F" (0) = K33 + K33 + Kss + Kiy + Kas 4 Ky,

T. ¢. F” (0) paBHO Cymme «onpefenuTenefis nepBOro Nopsjika,
noayuatomuxcsi u3 (l10) BoluepKHBaHHEM IBYX CTPOK HOMe-
PoB i M | ¥ JBYX CTO/JIOHOB C TEMH € HOMEDaMH:

F*(0) =2 2 Kajou. (15)

Cty———
Hakoneu, F'’’ (f) = 6. ‘
Taxkum o6pasom,

. 3 3 3 |Keya, Kaya, Kojog|
-_.—.?lt- Z Z - | Kayoy  Kaga, Kooyt +
L G=1 ay=

1 a,=1| Kaga, Ka,o, Kago,
4+ LY
222

’ § 3 N . .
Ka,a, Ka,0,| ¢ 2 b2
Ka,a, Kasa,| 11 +2 2 Koy, I + 6'—371' ’

Gy=1

(16)
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3amenss B (16) £ wa — 1/A8, nosayuum

DyW)=(—MPF ()=

I{ozl'czl Ka,a,

2 K“‘““S"L 21 Z 2 Kaso, Kaso,
a1—1 { o=

3 |Kae, Kaa, Ka,a,

i i Z Kaya, Kasa, Ko,as!8®

oy=1 ay=1 K%al K&sag Karsaq

II

82 b |

Coaepmenao aHaJTIOTHYHO no.rlytxaem AN J1060T0 N

D,(=1+
a | Kooy, - Koaay oo Koyan

2 (—1 mm 2 2 Kazal Kazas K%am &m

c=lo o=l Kumct, Kamaz v Kamocm
' 3aMe'rHM, YTO CYMMa

E Koya,6 = Z K(Sp S;)ﬁ

Uq—
B npeaene npu & — 0 mepexomur B HHTErpan _[ K (s, s)ds
a

TaK HaswiBaeMbll c2ed adpa K (t,,‘s).‘
Touno Tak xe npu 6 — 0 cymma

n | n Kaa, Kaja,... Kaan
Ka2a1 I(a?ag . Kazam 8m

;=1 =1 Kamm Kamas-. Kamam
NnepexonuT B HHTErpa

‘ b p] Kl o)) K(a, o) ... K(a, am) :
J J‘ K (az, al) K (a2 az) . K(a, an) da. .. do:m.v
a a

K(tm, o) K (o, @) - k{a,;, ) | ,
(17)
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O6o3Hauas yepes D (A) mpemen D, (A) mpu n — oo, 6y11eu
HMETb

;D(A)=-.2 -i—-i—c Am, a8
. m=0 :

rae C, onpenenswTtcs no ¢opmyaam (17), npuuem C0 = 1.

Hoxamem yro pan (18) cxoaurcs BClopy, T. e. D (A) aB-
asercss uesofl ¢pyHkuue# A. BoCrmosib3yeMcsi HepaBeHCTBOM
Anamapa: eciu A — onpejesuTeb n-ro NOpsAKa,

all alz - ® 2 aln

A=t TR,
QApny dpyg » v« Ogp
TO X :
|A] << 0y0,.. .0, _ * (19)

rle 67 ecTh CyMMa KBajpaToB 3JIEMEHTOB {-d CTPOKH omnpene-
Jqureasn '

9 2 2 2 .
oi=an+as+ -+ ain i=12, ..., n).

B cayuyae n = 3 3T0 HePaBEHCTBO HMEET MPOCTOH TeOMETPH-
YeCKHH cMbic/. B camom pnene, cuuras a;,, 4;s, @;5 KOOPAH-
HaTaMH BekTopa @; ({ = 1, 2, 3), HaxonuM, uTO A eCThb CMe-
IIaHHOE NPOU3BElEHHE BEKTOPOB @4, @ 5, @5, KOTOPOE MO abco-
JIOTHOH BeJHuHHE paBHO of0beMy mapaJgJenenumnena, mno-
CTPOEHHOTO Ha BEKTOPAX @,, @, @5 BeJWudHHH 0,, G, Oy
ONnpejesIoT JMHHB 3THX BEKTOpPOB, IJIHHBI pebep napaJnnene-
nunefa. Hepasencrso (19) Apamapa BbipaxkaeT B 3TOM CJay-
yae OYeBHJHHIH reoMeTpuuecKui ¢akrt: obveM mapaJsnesen-
neja He MOxeT OuTh 6oJblle NMPOU3BENEHHS AJHA ero pebep.
HepaBencTBo o6pamaercsi B PaBEHCTBO TOJBKO B TOM CJY-
yae, Korja mapaJjesenunel NpsMOYroJbHHH, T. €. KOIrZa
BEKTOPH @,, @3, @3 NMONAPHO OPTOTOHAJIbHHI.

JlokasaTenbcTBO HePaBeHCTBa Anamapa MOXHO HaHTH,
nHanpumep, B [15].

Ilycts | K (¢, s)| << M anda Bcext, s, a << {, s << b. Torna
Ata C, nosyuaem CJelyHOILYIO ouenxy

<|...[mrmmr e, ... da,= Mrmm2 6 — aym,
a a

2 M. J. Kpacuos
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CnenosarenbHo, pan (18) momyckaerT MaopaHTy

-t mj2
L+ ) (20)
m=1
Panuyc cxoaumoctu psga (20)
M™ (b — a)™m™? (m - 1)1
R--nl;ni m) M"‘“(a ay™tl (L pymtl2 T

TS e Y (1 L)

3uauut, pan (I8) Takxke CXOAHTCS NpH Bcex 3HAYEHHAX A,
H onpepeser ueaywo ¢yHkuuio D (A), HaswBaeMywo onpede-
aumenem Ppedzonrvma.

AHanOTHYHO MOXKHO YCTaHOBHTh, ut0 ¢yHKuHA D(f, s; A)
onpeneJserca psaaoM ®pearoJsoma

D(t, ;)= Y (— )" Bu(t, 5), @1)
m==0 .
TAE
s BlK(Es) Ktoa) ...K(ap) :
Bm (z’ s) ‘=I . J K (al S) K (al a'l) K (al am) d&'«lu tdam,

a K(amS) K(am ) . K(amam)
“ (22)

npuueM B, (f, s) = K (¢, s). OrmeruM, 49ro

Cme,,-l ¢, Hdt, n>0 (C,=1).

Pan (21) CXORuTcs NpH BCeX SHaueHHAX A H, CJIENOBA~|
TeqbHO, D (2, 5; A) ecTh Lenan aHaguTHyecKas GyHKOHS OT 7\.
Ee uaseBaior murnopom onpedenrumenrs Ppedeortma.

Taxum oépasoM, pesoassenma Dpedeorvma

D, s: A
R(, s;\) = “%7375)_')

ne sasucum om [ (t) u npedcmasasem cobold 4acmmuoe Ogyx:
UENBLX GHAAUMUNECKUX PYHKYyWd, m, e, RBAREMCR Mepomoqu-
- RO ynkyued om A.
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B mo6oit KOHeUYHOA 4aCTH A-NJIOCKOCTH OHA MOXET HMEThb
B KAauecTBe OCOOBIX TOYEK JIHILDL MOJIOCHl B KOHEUHOM YHCJE.

[MosrocaMu pe30JibBEHTHI MOTYT ObITb TOJbKO Hysau D (A).
BepHO M oGpaTHoe npeanoxenue: HyJaH D (A) cyTp moJochl
pesosbBeHTH (131]).

Popmyasl Ppearosabma (18) u (21) no3BosAOT NOCTPOUTH
paspeluaiomee s1po R (¢, s; A) HHTErpanbHOTO ypaBHeHus (1).

Heyno6cTBO nosib30BaHHs 3THMH (GOPMYJaMH B TOM, YTO
psabl (18), (21), kak npaBHJIO, CJOXKHBI A5 YHCJAEHHBIX Pac-
yeTOB H3-3a KPaTHBIX HHTErpajioB, ONPEAeJNAIOMHX KO3(xpu-
LLHEHTH PAI0B.

3HaueHus A, 1J5 KOTOPbIX CYyWECTBYET Pe30JibBeHTa YpaB-
HeHusd Ppearospma, GyfeM Ha3blBaThb peayafpHbimy, a 3Hade-
Hud A, 1/ KOTOPHIX Pe30JIbBEHTa He CYILECTBYeT, — Xapax-
mepucmudeckumu. XapaKTepUCTHYECKHe YHCJAa COBMNajalor
¢ MOJIOCaMH Pe30JbBEHTHl MJIH, YTO TO XKe, ¢ HyasmH D (A).

QyHpaMeHTaNbHBIH pe3yabTar @PpearojbMa Mbi MOXKEM
Tenepb CHOPMYJHPOBATD TaK:

Ecau 3nadenue A pecyaspuoe, mo unmezpasvtoe ypasHerue

’ l
o(t) =2 [ K(t, 9) 9(s)ds + [ (1) (1)

¢ Henpepoisrbim adpom K (I, s) u npasod wacmoro [(f) umeem
eJuHCMBeHHOe HenpepviBHoe peuterue, Komopoe Gaemcsa gop-
Mmya04

' b
o =FW)+1 [ R, s Vf(s)ds.

Kak cnencrBue nonyuaem: ecau A pesyaaproe, mo 00HO-
PooHoe ypasHerue

b
o(t)=A[ K (t, 5)o(s) ds

umeem moavko mpusuasvroe peuterue ¢ (1) = 0.

INosToMy ecsiu opHOpOJHOE ypaBHEHHe HMEeT HETPHBHAJIb-
Hble pemeHHs, TO 3TO BO3MOXHO TOJBKO TOrAd, KOrja 3Ha-
YeHHe A xapakTepHcTHueckoe. HeTpuBHa/bHBIE peleHHS
OJHOPONHOTO HHTErpPaJbHOIO YypaBHEHHS HA3LIBAIOTCA (C0D-
CMBeHHOMU UITH (hyHOamenmarornoimu yuxyuanu adpa K(i, s),
coomeememsyrouumu OQHHOMY XAPAKMEPUCTIUYECKOMY — 4UCAY,

2%
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Hpuwmep. Toctpouts pesoabseHTy sapa

K (t, 5) = 5, 0<<t, s<c 1.

Pewmenne. Humeem Co=1, By= ¢S, [lanee,

1
Cl = J- Bo (Cll, al) dCX.l = l,
0

1 1

ee ee é e
B, (1, 5) = da, = ¢! | ™ da, =0
115 e Dy Oy -~ 1 —5 — 1 o
o lete ete ™ 0 e e !

1
Co= | B, (ay, ) doy =0,
0

Hetpyano suners, uto sce By (¢, s) u Cp (k= 2) paBHH HYyMO, TaK uTQ
D(A)=1—A, D{,s; A)=¢e"" ‘

g pesoabbenta $pearoavma sjpa K (¢4, s) = e/~ Gyzer pasHa

ot )
R (¢, s; L) = T:X—-

Pesosibsenta ¢ —%/(1 — A) aHaJHTHYHA BO BCefl KOMIIEKCHON A-IiO-.
CKOCTH, 33 HCKJIIOYEHHeM TOYKH A = 1, sBAAIOWIEHCH NPOCTHIM MOJAIOCOM
pe3onbBenTH. Ilo3TOMy mns Bcex A == 1 HBTerpajbHOe YpaBHeHHE

1
o) =1 [ g (s)ds +1 ()
o

(f () nenpepriBra na [0, 1]) HMeeT exMHCTBEHHOE pelleHHe

_ 1
o) = () + 1= [ ¢t ().

0
Ipu A= | cooTBeTcTBYIOIee ONHOPOXHOE HHTErpaJbHOE YpaBHEHHE
. ,

P (f) = J.et"sq).(s) ds
1]

HMeeT OUYEBHIHOE HeHyJesoe pemienne @ (f) = ¢/ — cobersennyio dynk-
unio sapa K (¢, s) = e!—5. Jlerko emgets, uro dynkuny ¢ (f) = Cé,
rie C — npousBonibHAsA NOCTOAHHAsA, Takke OyRyT COOCTBEHHBIMH (YHK-
LUSMH 3TOrO sppa. -
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Tak kak D (A) ectb uenas dbyHkuus OT A, He paBHad
toxiectBeHHo Hyaio (D (0) = 1), To, Kak 3T0 cjaeayer u3
oOuieil Teopuu (pyHKuUUH, MHOXKecTBO Hyseh D (A) He moxker
¥METhb TpeNeqbHYI0 TOYKY B OrpaHHueHHOH o06JacTH mIo-
CKOCTH A

CniefoBaTesbHO, B /Mio6oM Kpyre | A [< R rakux HyJe#
MOXKeT ObITh JIMIIb KOHe4yHoe yHcao. IIpoBeneM OKpy:XHOCTH -
B KOMINIEKCHOH A-IJIOCKOCTH C UEHTPOM B Havajle U pajuy-
cavu 1, 2, 3, . . . DTH OKPYXHOCTH pa3obbIOT NJIOCKOCTb Ha
cquHoe MHOMECTBO obsacteli. B Kkpyre mo6Goro paguyca n
CONEPKUTCSI KOHeyHOe uucao Hynaeid D (A), 4, 3Hauwur,
B KaXJAOM KoJablie n < |A| << n -+ | uUX ToXe coaepKUTCH
JHLIb KOHeYHoe uHcI0. [TosTomy MHOXKecTBO Beex HyJel D (A)
ecTb O0ObeJHHEHHEe CYETHOIO MHOXECTBA KOHEYHBIX MHOMKECTB
H, CJeloBaTeNbHO, He Gosaee uyeM cueTHo. Hyau byHKuuu
D (X) cyTp xapakrepucTuyeckue yucaa sapa K (¢, s), Tak uto
ypasrenue Ppedeoroma (1) ¢ nenpepowsrnoim sdpom K (i)
uneem nHe 60aee CHEMHO20 MHOINCECMBA XAPAKMEPUCMUHECKUX
qucea, KOMopovie Mo2ym C2yuiamocs mMoabko HA OECKOHEHHOCMIL.,

§ 4. HHTerpasssbie ypaBHEeHHS C supoxnenﬂuu n,upou.
Teopembi Ppegroabma

PaccMoTpuM on4H YacTHBI BUJ, HHTErpaibHbIX YPAaBHEHUH
®penroneMa 2-ro poaa, Ha NPHMepe KOTOPHIX OTYETAHBO
BHIHbl OCHOBHLIE Pe3yJbTaThl HPEAroNbMOBOH TEOPUH TAKHX
YpaBHeHHH.

Onpenenenne fopo K(I, s) unmezpasvrozo ypas- .
HeHUSL HA3bIBAEMCS BbIPONCOCHHBIM, ECAU €20 MOJNCHO npeocma-
UMb 8 BUOE KOHEYHOU CYymmbl npoussederull 08yx ynxyud,
U3 KOmopbLx 00Ha 3asucum moasko om t, a 0pyaas moavKo om s:

n

K@9=gmmmm | [y

=

Bynem cudtath, 4yTo PyHKuHHU a; (f), TaK Ke KaKk H QyHK-
uuu b, (s), Mexay coboit JHHEHHO HEe3aBUCHMBI (B NPOTHBHOM
Cly4ae MOXKHO ObljI0 6bl YMEHBLIHTb YHCJIO CllaraeMbix
B cymme (1)).

I[TpexnosoxuM, 4to QpyHKuuU a; (f) U b; (f) HempepHBHLI
Ha ortpeske [a, bl H3MEHEHHA HX aprymeHToa TOTAQ



33 : TEOPHS ®PEATOJIbMA [ra. 1

aapo K (¢, s) OyAer HenpepLiBHBIM B NpAMOY TOIbHIKeE
Qla<<t,” s<<bl.

Paccmorpum uHTErpanpHoe — ypaBHeHHe — PpejrosbMa
2-ro polxa BprO)KllEHHbIM ﬂnpom K (¢, s): '

t)—AE a (t)Jb )9 6) ds + (1), @

rae f (f) — nenpepoiBHasi Ha orpeske [a, b] dpyuknus.
[lycts ypaBnenne (2) umeer pemenne ¢ = ¢ (£). [Tosoxum
. b N

=j(P(S)bi ()ds (=1, 2, ... n). 3
Torna us (2) MOJ Y YHM

o()=F(t)+1 X ca (), | )

OTKYJZa BHIHO, 4TO pelIeHHe HHTEerpajbHOr0 ypaBHEHHSs C BH-
pomxeaabm smpom CBOJHTCA K ONpeeJeHHI0 MNOCTOAHHBIX

¢, (i =1,2,...,n). 3aMennm B paBeHCTBe (4) HHIEKC CyM-
anoaaﬂnﬂ i na j, yMHOXHM o06e 4YacTH 3TOr0 paBeHCTBa
Ha b; (f) u npouHTerpHpyem mo { B mnpexenax oT a jpo b:

/] b
Jo b at=[ 1oy, mdt +

n b ‘
+?»Zlcfja,-(t)b,~(t)dt i=1,2..,n. ()
i= a :

BBoass 0603HageHus
b

.
Ja,00,0at=rky, [0, at=F,

. (isj":l:Q)"" n)!

TOJTYYHM CHCTEMY JIHHEHHBIX anre6panuyecKux ypaBHeHHIl, Ko-
TOPOH HeOOXOAHMO JOJIKHBI YAOBJETBOPATh KO3{XbHIIHEHTH ci

-—AZkf,c,—-f, (=L2..0  ®
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Fciu 3Ta CHCTeMa HepaspellnMa, TO, OY€BHIHO, HRTErpajb-
yoe ypaBHeHHe (2) Takyke HepaspelluMoO.

ITycTh Tenepb cHcTeMa (6) HMeET PEHIeHHE Cy, Cgy « .+ &y Cpe
[logcTaBHB 3TH 3HadeHHsi Ko3adpunueHtoB B dopmyay (4),
fonydYuM GyHKuH0 ¢ (f), KOTOpas ABJAETCA pellieHHeM HH-
TerpaJbHOrO ypaBHeHHA (2), B 4eM HeTpyIHO yOEeNHTbCs He-
MOCpeJCTBEHHOH IPOBEPKOH.

TakuM 06pa3oM, HHTerpajbHOe ypaBHeHHe (2) H CHCTeMa
quHeHHBIX ajnreOpaHyecKHX YypaBHeHuH (6) 3KBHBaJeHTHBI
B TOM CMBbICJIe, YTO pPa3pellHMOCTb CHCTeMbl (6) BJeder sa
cofofi paspelinMocTb ypaBHeHHS (2) u Hao6OpoOT.

Onpepenutenn cHcteMul (6) D (A) paBeH

1—2ky  —Akyy . . . —AR,
D(}v)_: "-?\szl 1‘_}\ek22 ¢ = & -—A'kzﬂ . (7)

- * - . .

— Aoy, — Ak, ... 1—AR,

D (A) ecTb MHOrowIeH OTHOCHTENIbHO A CTeNeHH He BhILE 11,
OTJHYHBEIH OT TOXIECTBEHHOrO HYyJfl, TaK Kak

1 00 ... 0
po=|" 10 0y )
0 00 ... I

CnenoBatenbHno, D (A) uMeer He Gojiee n pas/qHYHBLIX KOpHefl.
D (A) naswIBaioT onpedeaumerem Ppedeoroma NNt HHTErpaib-
HOrO ypaBHeHHA (2), a ero HyJH, T. €. KOPHH ypaBHEHHSA
D (\) = 0, Ha3sbBalOT Xapakmepucmu4ecKumi wuciamu s0pa
K (¢, s) unu ypaBuenus (2) (cMm. ctp. 39).

1° Eciv A He coBmajaerT HH C OXHHM H3 HyJeH D(JA.),
T. e. D(A) #+ 0, To cucrema JHHeAHBIX ypaBHeHHH (6) oxHO-
3HayHO paspelHMa NpH JIOObIX TNpaBbX dacTax [, (i =
=1,2,...,1).

SHaqm ecau A He SBASeMCS XApPAKMEPUCTLUYECKUM HiC-
A0M, MO uHmezpasbHoe YpasHenue (2) umeem eCuUHCMBEHHOE
Pewenue ¢ (), onpedeasemoe gpopmyroid (4), npu awbom cso-
600nom 4aene [ (f).

Jro —nepBafd Teopema PpenAroabma,
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“

... WA

B cayuae D (A} + 0 coorsercTByIOmiee OZHOPOZHOE PIH"
TerpajbHOe ypaBHEHHE ‘

n b " A ;
ORI PACTICE N

orsedaiomee cayyaio f (f) = 0 na la, b}, nMeer TOAbKO TPH-
BrajabHoe pewenue ¢ ({) = 0. B camom nexe, ecan f () = O
ma {aq, b), ToBce [;(i=1,2,...,n) PaBHEL HYJIO H CH=
creMa (6) GyHeT CHCTEMOR OJHOPOXHHBIX JHHEAHHX YpaBHEHHH
C ONpelesnTeNieM, OTJHUHBIM OT HyJd. Takasi CHCTEMa HMeeT
TOJNBKO HYJIEBOE pelleHHe ¢; = ¢4 = , . .= ¢, = (. [TosTomy.
nepBylo teopemy @penrosbma HHOMAA Gop~
MYJHPYIOT TakK:

Han moeo umobul ypasserue (2) umenro eGUHCMBEHHOE pe-
wenue npu aobol ynxyuu f (t), Heobxodumo u docmamouHo,
umobst COOMBEMCMAYILee OOHOPOOHOE Y PABHEHLLE UMEA0 MOALKO
mpusguaieroe petuerue ¢ (1) =

ITpumep. Pemurs HHTETpasbHOE YpaBHeHHE

Q=1+ Aj(t—s)m (s} ds.
J .

Pemwenne 3anumeM ypaBHenHe B BHJAE
1

1 .
cp(t)=1+qu><s)ds+,xjt—-s)«p(s>ds.
Y |

~

‘3nece &y (5) = 1, by (s) = —s. HNonoxnm
- 1
G}=f$(3)ds, €g=!f—-5}‘$(3}d3.
H

Forna
@ty =1+ Aeyt + Acy | (10y
Yunoxum o6e wacth (10) nochenosaresibHO Ha &g (f) ¥ b, (/) u nponnTe-

rpupyeM no ¢ or 0 mo L. Ho.nqua
1

1
}q;(é}dt—.:é[dt T A, Jtdt—k ugil[dr,,
i g

1

3 1 . 1
[oewa=[(=na+ie [ (—matiq |
o ¢ ¢ ¢
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A A ]
o5+ (! T)a=—-73

OnpeneinTeNb 3TOH CHCTEMH

LR

2=1a
2

L .
D T 1+ X
Sl I N W i
3 T3
OT/IBYEH OT HYyJs NpH JIOOHX IERCTBHTEJBHHX A.
Ilo ¢opmynam Kpamepa Haxonaum
1 —A
1 A
—7 'ty 12
“ D (A) =12 F e
A
l—a 1
Aol
| 3 2] B+
“a= D (%) IR DY PR

B cuay (10) wumeem

12M. 6422 6(24-2M—1)

eO=lt+ o~ Re = Lk

(ecam A == =2i YV 3).

Ecau pewats cucremy (5) no ¢opmysam Kpamepa, a sareM
ONpELEJHTENH, CTOSAIIHE B YHCIMTEIAX, pasjarark mo sJje-
MEHTaM cToAab1a CBOGOAHBIX WIEHOB, TO NOJYYarcs BHIpaxe-
HHA BHJA |

I\ - SN
giaz__wélg)ik(z)fk (i=H12... n),

rne D, (A) — HeKoTOpble MHOTOWIEHH OT A CTelNeHH He
Bolmie n — 1. '



42 : ‘ TEOPHA ®PEATOJBbMA {TJL 1

DNoacrasass sTH BHpaxeHusa a1 ¢; B GopMyay (4), 6yzem
HMeTb

n n b .
CO=FO+2 Y 5155 D Du M ar(®) [F(5)bx (9)ds,
i=1 k=1 a

Han

b
o) =F®) +1 [RE s W(©s)ds, (1)

rae
1 n n )
R, 5 M) =55y & B Du®Ma,bes)  (12)

OyHkuua R (I, s; M) ecTb pesoissernma (paspewiatouyee s0po)
HHTerpajbHoro ypaBHeHHs (2). IIpH ¢UKCHPOBaHHHIX [, S OHa
npejacTasaser cO00fA APOGHYI0 PALHOHANBHYIO QYHKIIHIO KOM-
NJEKCHOH nmepeMeHHOH A, H npH J10O0M 3HAYE€HHH A, OTJIHY-
HOM OT XapakTepHcTHuecKoro, R (f, s; A) ecTb HenpepbiBHas
GyHKUHA I, S.

2°. Ilycte Tenepb A coBmajaer ¢ OXHHM H3 HyJeH ompe-
neautensa ®pearonoma D (A), T. e. ABAsAETCA XapaKTepHCTH-
YecKHM YHcIoM sapa K (¢, s). "

Torna onpenenuresin cucremnt (6) OGyner paBeH HYJIO.
CooTBeTcTByIOIIas ONHOPOJHAS CHCTEMa

C{"“’)t fgl kg!'C}':O ' | (13)

MMeeT npH 3TOM Hekotopoe uHcia0 p (1 << p < n) JHHedHO
HE3aBHCHMBIX HeHYJEBHIX BEKTOp-pelieHH

e, e ) ¢=12,... p)
@ yHKIHH
w®) =Y a® (=120 (14

 GyAyT HeTPHBHAJbLHLIMH PelueHHsMH COOTBETCTBYIOLIErO OfHO-
PONHOTO HHTErpasJbHOr0 ypaBHeHHS

n b L ;
?()=2 2 a,() [ 6.5 9(s)ds. (15)
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Kak H B 0o0llleM cy4yae ypaBHEHHS C HEBLIPOXKIEHHBEIM SPOM,
HeTpHBHAJbHBIE pELIEHHS ONHOPOJIHOrO YpDAaBHEHHA Hasbi-
BAIOTCA COOCMBEHHbIMU UK (YHOAMEHMANBHOIMU (DYHKUUAMU
3TOr0 ypaBHeHHs (Hau aapa K (¢, s)), OTBEUAIOUHMH JaHHOMY
XapaKTepHCTHYeCKOMY uHcay. YHca0 JHHEAHO He3aBHCHMBIX
(GYHKIUHHA, COOTBETCTBYIOLlee JaHHOMY XapaKTepHCTHYECKOMY
ynCJYy, Ha3bIBAETCHA €ro pav20M HJIH Kpamuocmsio.

HerpyaHo BHuerb, 4TO ecaH @, (f) H @, ({) — cobcTBEH-
Hble (QyHKIIHH, OTBeyalolllHe OJHOMY H TOMY Xe€ XapakKTepH-
CTHUECKOMY YHCJY A, TO HX cyMMa @, (1) -+ @3 (f) OyZer Tak-
XKe CcoOCTBEHHOM Q)yﬁxuueﬁ OTBeYaloled 3TOMY Xeé YH-
cny A. TouHo tak xe, ecaH ¢ (f) — cobcTBeHHasa QyHKIHSA,
T0 aQ (f), rae a — .moéaa nocTosiHHadA, O6yneT coOCTBEHHOM
¢yHkuHein aapa K (¢, s).

Takum obpasoM, cobGcTBeHHue QYHKUHH ¢, (£), oTBedaro-
IHe JaHHOMY XapaKTepHCTHYECKOMY YHCIY A, obpasyior au-
HeliHoe npocmpancmeo, pa3MEPHOCTbL KOTOPOTO paBHa p.

Of6muM  pelieHHeM OJXHOPOAHOrO ypaBHeHHs (15), oTge-
YalOIHM JaHHOMY XapaKTepHCTHUYeCKOMY 4Hcay, Oyler

(GYHKUHA
p

o(t)=X ao,(f), (16)

—

rie o; — INPOH3BOJIbHEIE NOCTOSHHEIE.
HanoMHHM HekoTOpble CBeleHHS H3 JHHEHHOH anreGpHl
(cm._[301). |
IlycTp HMeeM .KBajpaTHYI0 MaTpHUY MOpPfAKa n

=1, 2,...4n
A =(a;)=1l2  n Y
(at;; — neACTBHTENBbHBE YHCJA).
Marpuua 91*, noayusaromascs u3 9l 3aMeHoH Bcex ee
CTPOK COOTBETCTBYIOIIHMH CTOJ6IaMH H Haobopor, HasH-
Baercs conpamennod K matpuue 2. Tak uro ecau 9 =

= (@), 10 U* = (@). -
EcJiu 1aHa cucTeMa JHHEAHBIX a1reGpanuecknX ypaBHeHH

X =F, (18)
rae
Xy F,
\ X, F,
X=1" , F = ¢ s
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TO CHCTeMa
UY =G (19

HasbiBaeTca conpancerHod ¢ cucremol (18).

Muropom k-ro mopsizika MaTpHubl 9§ HasblBaeTcs onpeje-
JHTE]b k-ro mopsjKa, COCTaBleHHBIl H3 3JeMEHTOB o,; Mar-
pHUBl 91, pacnoJioXeHHHIX Ha MNepeceueHHH KaKHX-THGO ee
k cTpok H k croabuoB (k < n).

Ecan y Marpuns 9l Bce MHHOpHI nopsinika kB > r paBHH
HYJ/IO, & CPeIH ee MHHOPOB MNOPsIKa r HMeeTcs XOTb OIHH,
OTIHYHBIH OT HyJIf, TO YHCIO 7 HasbiBAeTCH paH20M Mart-
pHub 2.

Teopema 1.1. Ecau onpeaeﬂumenb CUCIEMbL  DABEH
nymo, mo oonopodnan cucmema U X = 0 u conpaxenrnasn
N*Y = 0 umerom kamdas p = n — r AuRelHO HE3ABUCUMBLX
pewenuti, 2de r — panz mampuyst 2.

BeezneM cirepytomine noHATHA. I1ycrb HMeeM HHTErpasbHoe
ypaBHeHHe @Ppejarosbma

o()="> jK(t, $)p (s)ds + F (2). (20)

Onpenenenune. SHdpo K*(t 8), noaydgemoe u3
adpa K (¢, s) sasmenoil t Ha s u naobopom, HA3bIEAEMCS CONPA-
MEHHBIM C ﬂapo.u K (¢, s):

K*(ts S) - K (Ss t)' ’ (21)

(B cinyuae, xorna K(f, s) ecTb KOMI/IEKCHO3HAYHAA PYHKIHA
_AefiCTBHTEIbHBIX apryMeHTOB [, s, OJAraeM Mo ORpeaeNeHHIo

K*(t,s) = K{(s, 1),
rae K (s, {) o3Hauaer BeJHYHHY, KOMILIGKCHO CONPAKEHHYIO

¢ K (s, ¥).)

YpaBHeHHe
5 ’
PO =2 { K*(t, ) p()ds+ g () (22)

Ha3LIBACTCH CONPANCEHAbIM (COI3naM) C ypaBHeRHeM (20).
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Jlsi MHTErpaJbHOro ypaBHEeHHS (2) ¢ BHPOXKACHHHIM Al-
pOM CONpSAXKEHHOEe ¢ HHM YpDaBHEHHE HMeeT BHI

b(f) = A j }_‘, a,(5) b () (5)d5 + £ 1) 23)

a i=l
Jas Hero
$O=g+r T b, @4
rae '
b
&=[veads (=12...,n. (25)

Ecau g (f) = 0, 1. e. ypaBHeHHe (23) OonHOpPOAHOE, TO AJIA
onpeneJeHHs ¢; NOJydaeM OJAHOPOIAHYIO CHCTEMY

ci—A Y kuc; =0, (26)
=1

conpsXeHHy ¢ cucteMoit (13).
B cuny Teopemnl 1.1 o6e 3TH cHCTEMBbl UMEIOT OJJHHAKOBOE
YHCJO p JHHeflHO HEe3aBHCHMAHIX BEKTOp-pelieHHH.

o0

Ecam {0V, .. ., ex®l ¢ =1,2,..., p) cytb HemyJe-

Bhie BeKTOp-pemeHnﬂ cHcTeMbl (26), To GyHKuUHH

WBH=Xea0@) (U=12...p

Gynyr cob6cTBeHHHIMH (QYHKUHAMH OJHOPOJHOIO ypaBHEHHS

b =1 X 6.0) a0 p)as @)

CONpSAXEHHOro ¢ ypaBHeHHeM (9).

Hrak, ecau A ecme xapaxmepucmuueckoe wucao adpa
K (t, s}, mo odnopodnoe unmeepasvroe ypasrnerue (15) u co-
NPANCEHHOE C HUM YpasHenue (27) umerom 00HO u mo e KO-
HeqHOe HUCAO AUHEIIHO HE3ABUCUMBIX CcOBCMEeHHbx PyHKyudl.

o —BTOpasA TeopeMa dPpeanroanpma.

3°. PaccmorpuM, HaKoHeil, HEOJHOPOJHOe ypaBHeHHe (2)
B cJyyae, Koria A — XapaKTepHCTHYeCKOe HHCJIO,
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Kak Mbl oTMeqaJid, ero pa3penMocTh 3KBHBAJIEHTHA pas-
PEIIMMOCTH HEOJHOPOAHOH cHETeMbl (6) JIMHEHHBIX anreGpau-

YecKUX YpaBHEHHH

ci— A X kyei=f  (i=12,... n). (6)
i=1 \ -

BocnonesyeMmcst caenyomeit Teopemoii ([30]).

Teopema 1.2. HAaa moeo umobet HeoOHOpoOHaa cCuU-
cmema aurneldnbix asrzebpauteckux ypasrenuti 6oiaa paspeiiuma,
Heobxo0umo u JocmamouHo, umobsl 6eKmMop CB0O0OHbIX UAEHO8
smotl cucmembt Obla OPMO2OHAAEH KO 6CEM BEKMOP-PELUCHUAM
CONPANCEHHOU OOHOPOOHOU cucmembl.

CorsiacHO 3TOH Teopeme, HeonHOpoAHas cucrema (6) Oy-
JIET paspeliiMa TOTAa H TOJBLKO TOrAa, KOrjga BEKTOp

i Fare o oy f,l}‘. OyseT OpTOroHa/JieH KaxKJIOMY H3 BEKTODOB
(¢, e, LG =1,2,...,p), 1. e xoraa
Eft D=0 (=12 ...p) (28)

Ho f[=Jf(t)bt- (f) dt, u, caepoBaTesqbHO, ycJoBHe (28)

MOXKHO 3allucaTthb TakK:

t O (dt = fF(D W, () di =0
ff()?;c (t) Jf()'lln() o)

(=1L2,..,p.

Takum ob6pasoMm, HeEOOHOPOOHOe uHmMezpasbHOe YPasHe-
Hue (2) ¢ 6otposcdennoim AOPOM NPU XAPAKMEPUCTIULECKOM 3HA
uenuu A Gydem paspewsumo mozda u moavko moeda, Kozda
€80000nb1l unen [ (f) 6ydem opmozoHareH KO 6CEM DEUICHUAM
CONpANEHH020 00HOPOOH020 uHmezpasbHoeo ypasrerus (27).

Oro —TpeTbs TeopeMa OPpenroabma.

[ToguepkHeM, YyTO BOMPOC O pa3peIIUMOCTH ypaBHEHHS (2)
TpeOyeT NPOBEPKHU KOHEUHO20 UHCJA p YCJIOBHEH

b
[Fow@da=0 ~¢=12...p).
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Eciin 3TH ycJIOBHA BHINIOJHEHB!, TO ypaBHeHHe (2) uMeer Gec-
yUCJEHHOE MHOXECTBO pelueHuil. Bce OHM ONHCHIBAIOTCA

(opMyJIOH ,
Q () = @o. o (H) + @u (),
rae @, (f) — Kakoe-Jin60 pelieHHe HEOLHOPOJHOro ypaBHe-

HHA (2), a @, , () — ofulee pelLIleHHE COOTBETCTBYIOLIETO
OLHODOIHOIO ypaBHEHHS. |

I1pawmep. Paccmorpum ypasuenue
\ .
p()=1 [ 2+ ds+ ), (30)
-1 .

rae f (f) menpepuBaa Ha [—1, 1]
3anuiueM ypaBHEHHe B BHIE

1

1
o) =1t [ 2@ ds+r8 [ s ds+1)
-1 -1

H TIOVIOXKHM
1 1
clajsﬁq)(s)ds, 02=Isq)(s)ds.
Z1 =1
Torpga ' | o
* P (£) = )M + M2 + [ (¥). €2
Hna onpegencHHs KospHULHEHTOB ¢y, €5 NONYYaeM CHCTEMY
, ' ) ;
2 .
q——sheo= [ Bya,

' =1
) [ (32)

1
2
—~3—-ACI+C2= J. tf(t)dt
g | y

Onpegenntens D(A) cucremut (32) paBeH 1 — %K’. Ecan A = *+ V 15/2,

T0 cucreMa (32) HMeeT efHHCTBEHHOE PelleHHe MpH JIOObIX MPaBhiX 4acTax
H ypaBHeHHe (3) ONHO3HAYHO PaspellMMO NPH JMWOG0H HeNpepLIBEOH Ha
[—1, 1] dynkuma f (1),
Ilycts Tenepy A = V' 15/2. Toraa oxsopoiHas cHCTeMa
2 )
€y -—-—5— ;»02 == 0,
’ ! (33)

2 .
—._3_)\'("1_‘.02:0:

}
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orBevalomias  cucteme (32), OyAeT HMeThb HeHyJeBOe  pelleHHe

{Vﬁ/s, C) C}’ rﬂe C e JIlOﬁoe. »
CnepoBarte/ibHO, OJHOPOAHOE HHTErpasibHOE YypaBHEHHe

1
o) =n | (s +sm)g(s)ds, e
=1 ‘

oTBevaoiiee faHHOMY, TpH A = V/ 15/2 mMeer HemyseBoe pelIeHHe

P ()= (V—_g-— t+ tz) C. ..(35)

$1apo MHTerpaJbHOTO ypaauéunﬂ (30) cummeTpHYHO:
K(t, s) = K(s, )

NO3TOMY COMpPsIKEHHOe OAHOPOJHO® HHTErpajibHOe YypaBHEHHe COBHajaer
¢ ypaBHeHHeM (34), H, 3HAYHT, pellleHHe CONPAKEHHOTO yPaBHEHHS eCTb

v =() L i+elc (%)

Heoxsoponnas ccTeMa anreSpamueckux ypasenmii (32) npu A = V'15/2
TpUHEMAeT BHA

1 . ]

6 — ]/__%—czé- JI 27 (1) dt,

| ¢ — V%-_cé: Y (— V-g— t)f(t) dt, ~
-1 . .

OTKyja cpa3y BHIHO, YTO OHa GyJeT pa3peluuMa, TOJbKO eciH
C 1 » 1 '

y £ (1) dt = y (- ]/'-:;’: t)f(t)dt'
—1 ' -1
o |

f (]/—%— t+t2) Fydt=0, @30

T. e. Koraa f ({) 6yaer oproroxadbHa JIO60MY pelleHHIO ¢ (f) conpsiKeH-
Horo ypasHeHHsI (cM. (36)).

HJIH, YTO TO Xe,

,
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Tak, ecan f (£) = 1, 10 yenosue (37) He BuinoJiHeHO H ypaBHeHHe (30)
Hepa3peLuMo.

Echu f () = 8 — -—g— ¢, To ypaBHeHue (30) HMeeT GeCUHCIEHHOE M HO-

KeCTBO pelleHu . ’
q;(t)_t3-—-—t+C(V-——t—|—t") (C——J.noﬁoe)..

Auanoruuno wuccaenyercsi cayuai A= —V 15/2.

YcaoBus (29) 6yayTr 3aBejOMO BBHINOJIHEHBI, €CJH BBIMNOJ-
HAOTCA ycnoana

Jf(t)b,-(tw:o (i=1,2,..‘.,n).

Kak cjeicTBue U3 JOKa3aHHBIX TEOpeM BHITEKaeT BaxHasd

Teopema 06 anbTepHartHuBe. Ecau odnopoo-
Hoe unmezpaibHoe ypasHenue DPpedeoabma ¢ BbPONOEHHbIM
A0pOM UMeem MOAbKO MPUBLAAbHOE peulerue, mo Coomeem-
crByrouiee HeOOHOPOOHOe YypasHeHue e6ceeda umeem O00HO U
moabKo 00HO pewerue. Ecau ae 00HOpoOHOe ypasHerue umeem .
HEeMpuUBUAAbHOe peulerue, mo HEOOHOPOOHOEe UHMEe2PAAbHOe
ypasHenue 8 3asucumocmu om c80600H020 taena [ (f) aubo
gosce He umeem pewenus, AuGO umeem OECKOHE4HOE 4UCAO
pewenuil.

‘3aMeyaHHe, Pesy.anaTbx OCTAalOTCA B H3BECTHOM CMBIC/IE CIipa-

BeJJIMBbIMH H AJIA cayyasi, Koraa a;(f), b;(f) u [ (f) aHaAUTHUECKH 3aBHCAT
OT mapaMetpa A, T.e. JIfl ypaBHeHHH BHAA

@ (1) =1 j §_‘, ai (t, Mbi (s W@ () ds+ (4 ).

a =1 -

B stom ciyuae k;j u [; cTaHOBATCA aHANTHTHYECKHMH dynkunsamMuH ot A,
a onpepenurens D (A) OyZeT yXe He MHOTOYJIEHOM OTHOCHTEJNbHO A, a aHa-
JUTHYeCcKOR QpyHKuued A 6onee obuieli npupoanl. [TosTomy Moxer oka3arhbce 4,
YTO XapaKTePHCTHYECKHX YHCeJ BOBCe He CYLIeCTBYeT, NOCKOJAbKY Heals-
re6panyeckasl aHaJINTHYeCKash (YHKUHS MOXKeT He M MeTb HyJeil.

HYCTb'TeHepb HMEEM HHTErpaJbHO€ ypaBHEHHE

b
e (=R [K(t 9o ds+[(t) (38)
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C TPOW3BOJBHLIM (HEBEIDOXKAEHHHIM) HENPEPHIBHBIM SIAPOM
K (¢, s) u HenpepniBHO#H f (). MoXHO mMOKa3aTh (CM. HHKE,
§ 14), 4TO €C/IK MOCTPOUTB JOCTATOYHO O6aH3KOe K AApy K (7, s) -
BHIpOXKJEeHHOE xpo H (I, s), TO, pellB ypaBHEHHE C BHIPOXK- -
INEeHHBIM sapom H (¢, s), MBI NOJYyYyuM pellleHHe, OGaH3KOe
K pelIeHHI0 ypaBHeHHd ¢ sapoM K (I, s) npu TOH XKe NpaBo# .
gyactd. BoJsee Toro, ecjiv Mbl MOCTPOHUM MOCJENOBATENLHOCTD
{H, ({, s)} BHIPOKIEHHHIX sfilep, PAaBHOMEPHO CXOAAULYIOCHA
K anpy K (¢, s), To mocienoBareiqbHOCTb {2z, (f)} pelueHuit
ypaBHeHU# ¢ siapamu H, (¢, s) Gyner paBHOMEPHO CXONUTHCS -
K peweHuto ¢ (f) ypaBuenus (38) ¢ saapom K (, s).
Crnoco6bl MOCTPOEHH S BHIPOXKAEHHBIX fifep, OU3KUX K JaH-
HoMy sa1py K (f, s}, Moryr OblTb CaMbIMH pasJIMYHBIMH. -
Hanpumep, sanpo K (£, s) MOXHO NpHOGIUKATL YAaCTHYHBIMH
CyMMaMH CTeNeHHOr0 WJW ABOHHOrO TPHNOHOMETPUYECKOro
rana, ecau sapo K (£, s) pasnaraercs B paBHOMEPHO CXOHf-
muiica B npaMoyroipHHke @ {a < f, s < b} creneHHOH MM
TPUIOHOMETPHUECKHH DAL, HJAU NPHOANKATD €ro anrebpau-
YECKUMH HJH TPHTOHOMETPUYECKHUMH HHTEpNOJsiiHOHHBIMH
~ MHOrO4JieHaMH. |

[1pumep. Haiith pewieHne HHTErpajJbHOrO ypaBHEHUA
i ,,

(p(t)=d[ (1 —e)p(s)ds + & —1.

Slapo ypasnenus K (£, s) = ¢ (1 — e*’) annpoKCHMHpYyeM CyMMO# IMepBEIX
Tpex wieHoB passoxkenus K (¢, s) B pap Teitnopa, 7. e. NOJNOKHM
{3s2 (43

H(, s) =—i2s — 5§

B BMECTO HCXOAHOTO YPaBHEHHS PacCMOTPHM HHTerpajibHOe ypaBHEHHE

1
z(t‘;=-—-J(ﬁs+ t‘;ﬁ + 14683 )z(s)ds-l-ét-t.
‘ 0

D10 yxe ypaBHeHHe C BHPOXIACHHHIM sapoM. Pelenne ero muem B BHJE
2(1) = €' =t == )% — Cyf® —c5t?,
rae ‘ .
F 1 1
s s3
6 = I_Sz (s) ds, Gy = j 5 2 .5) ds, €3 = _[_b_ z (s) ds.,
0 0 0



§ 4] UHTETPAJIbHBIE YPABHEHHS C BBIPOXXIAEHHbBIM dAPOM 5]

Has onpefeseHnss MOCTOSHHBIX Cy, Cg, C3 NOJNYYaeM CHCTEMY
5 1 1 2

At et e= g

1 13 1 9
T AT et T a=em 0
1 1 49 29

Pewas ee, nonyuum ,
¢ =0,5010, ¢, =0,1671, ¢3=0,0422,
TaK yYTO - ’

z(t) = et —t — 0,5010¢% — 0,1671¢° — 0,0422¢*.

Tounoe perienue HHTerpa.anoro ypaBrenus ¢ (f)=1. g nafizennoro
npuGamxenHoro pemenns npu £=0; 0,5; 1,0 umeem 2z (0) = 1,0000,
z (0,5) =1 0000 2 (1) = 1,0080, 1. e. pacxoxieHHe C TOUHBIM pelie-
HHEM BCero 0,0
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NMPHHUHN COKATLIX OTOBPAXXEH H‘ﬂ

Bnomg,s.nememapnum H B TO Xe Bpeuﬁ OYeHb M0N0~
TBOPHLIM NPHEMOM IJs JNOKa3aTeJbCTBa TEOPEM CYLIECTBOBA«
HAS H eHHCTBEHHOCTH pellleHHs ajareGpanueckux, fHddepeHs
UHAJIbHBIX, HHTErPaNbHEIX H APYTHX (YHKIHOHAJIBHBIX YpaB«
HeHHH sBJAseTcs NPHHIUN, cPOPMyJHpOBaHHK B 1922 Ty
C. banaxom.

DTOT NPHHIHI ABJSETCA @ynxunonanwo—reome'rpnqecxoii
o6pabotkoii uaen Ilnkapa — Merona noc/ienoBaTeabHBIX npu-
GnuxeHHA M HOCHT HasBaHHE NPUHYUNG CHCAMbIX 0mobpades
" Hud. BoJiplioe NOCTOHHCTBO 3TOrO MPHHIIMIA COCTOHT B TOM,
4YTO OH HE TOJbLKO FapaHTHpPYeT NpH ONpeneseHHHX YCIOBHSX
ONHO3HAYHYIO. pa3pelIHMOCTL YpPaBHEHHS, HO H MOXeT c.ny‘
XHTb WA MOJYYEHHSH npuﬁnnmenﬂmx peLIeHHH,

§ 5. MeTpHuecKkHe npocTpaHCTBA

Onpeneaetnue Muowecmso M nasesaemes ,uempu-ﬁ
HECKUM NPOCMPAHCIMBOM, eCAl Kaxcdol nape e2o 3aeMenmos X, Y
NnOCMABACHO 8 COOMBEMLMBUE HeompuyamebHoe 8eucmeumefw-i
HOe 4ucro pum (X, ), HA36IBAEMOE DACCMOAHUEM MENHCOY INEMEH
mamy X U Yy u yoosremeopaowee CAeOYouUM YCA0BUAM (afccué
OMAM MEMPUKU): ;

1) py (v, y) = 0 x = y (akcuoma moxcdecmsa);

2) om (%, y) = py (y, x) (axcuoma cummempuu);

3) om(x, N+ om (Y, 2) =pu(x, 2) (axcuoma mpeyeo/wuum)a

- DJIeMEeHTH METPHYECKOro MnpocrpaHCTBa MBI GyAeM Hasbl
BaTh TaKxe TOUKaMH 3TOrO MPOCTPaHCTBA.

[Tpumepn. 1. MHOXecTBQ nefiCTBHTENBHBIX UHCEJ

-C paccTosiHHEM S

px,y)=[x—y]
obpasyer MeTpH4ecKoe MpPOCTPaHCTBO.
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CnpasennuBocTh aKcHoM 1) H 2) oueBuaHa. AKcHOMA Tpe-
yroJIbHHKA cJjelyeT H3 HepaBeHCTBA
|x—z|=|x—y+y—z|<[x—y|+[y—2]|

2. MHOXeCTBO ynopsiiOYeHHBIX COBOKYNHOCTe# H3 n Jed-
CTBHTENIBHBIX YHCEd X = (X, X, . . -y X;) C PacCTOAHHEM

) ﬂ/ 3, e (1)

o6pa3yeT METPHUYECKO€ MPOCTPAHCTBO, KOTOPOE Ha3biBaercd
H-MEPHLIM esKAUud08LIM npocmparcmeom R,

Ynpaxuenue [Ilpopepbre BHNOMHUMOCTD AKCHOM METPHKH
A7 3TOTO ciyyas.

3. Ilycte M — MHOXeCTBO BceX HenpepuBHHX QyHKIHIL,
3ajlaHHBIX Ha oTpe3ke {a, b]. BBemem merpuky, nosaras

p(x, )= max |x(t)—y(|.
a<t<h :

IlpoBepuM BHIMOJNHEHHE aKCHOM MeTpPHKH. JICHO, uTo
P, y)=0 u p(x,y) =0& x(f) = y (f). Takxke oue-
BHIHO, 49TO P (¥, y) = p (y, x). [IpoBepHM BHIIOJIHEHHE aK(H-
oMbl TpeyroibHHKa: Jlas mwoboro fe< [a, b] nmeem

O —z@|=O—yDI+ v O—2z(| <
<[xO—yDI+lyvO—200<
<, max Jx()—y()]+ max |y(t)—z()|=

a<t<h
| —Q{x, y)..‘L. p(yv Z). (2)
[Tockoansky HepaBeHeTBO (2) BepHO Has Vi < la, b], TOH

p(x, 2)= max [x(f)—-z(t)l (6, )+ 2),
YTO JIOKa3bBaeT ClpaBeljHBOCTh AKCHOMH TpEeyroJbHHKa.

MHoxecTBO BceX HenpepHBHHX (GDYHKIHH, 3a1aHHBIX HA OT~
peske [a, bl, B KoropoM MeTpHKa BBeleHa YKa3aHHHIM 006-
Pa3oM, Ha3LBACTCA N POCMPANCITIBOM nenpepwnbzx daymmud
H oéosnaqae’rc;i Cla, bl. -
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Hafizem, nHanpumep, paccmnune p(x,y) B CI0, 1], ecin x (t) = {,
g(@) =1 na [0,1] (puc. 6
[lo onpegenennio

p(x, yy= max |{—£)|= max (f—12).
U I | 0t gl

CnegoBaTesibHO, Hajg0 HaHATH HauboJbillée 3HAYeHHE (DYHKUHH
f(y=1(—1¢ na [0, 1]

Ha konuax orpeska [0, 1] snauenns [ (f) paBun nymo. Haxoas npous-
BonHylo f'(f) W npHpaBHHBas ee HyJIO, NOJyuHM { = 1/2. 210 — TOUKE
MakcHMyMa o¢yHKuHH [ (f), npHueMm
f (1/2) = 1/4. 3uaynr, i

1
(/,” : p(x: y)=""4_"

o

4. PaccMoTpuM onsTh CO-.
BOKYNHOCTb BCeX (OEHCTBH-.
TeJIbHbIX) PYHKUHIA, Henpeme:- :
HelX Ha orpeske la, bl, HO
paccTosiHHE onpezlenHM HHaue,
100K HB

1
/

~Y

"

. b
o(x, y) = (I [(B)—y (O dt)

x

" Puc. 6.

CrnpaBenIMBOCTh akcHoM 1) H 2) MeTpHUeCKoro [POCTPaHCTBA!
OYeBHIHA. AKCHOMA TPEYTOJbHHKA CJIeNyeT H3 HHTErPaJbHOTO!
HepaBeHcTBa Komu—Db yHsAKOBCKOTO g

b L
(j ) y (2 dt) sz(t)dtjy“’(t)dt 3)

a

KOTOpOe MoJydaercs Tak.
Haa moboro neACTBUTENBHOrO A

b

[y +a@rat=o,

a

- WIH

b b b "
[ema+afzyod+r[pond=0 @
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[Tosoxum

b b h
Jrwd=a [xyyoa=s [eoda=y.

a

Torna HepaBeHCTBO (4) mpHMeT BHA
ad? + 2fA 4+ y = 0.

B n1eBo# YacTH CTOHT KBaJApaTHHIl TPEXUJeH OTHOCHTENbHO A.
Ero HeoTpHUATeJBHOCTh CBHAETEJIBCTBYeT O TOM, 4YTO OH
He HMeeT pasJHYHBIX AeHCTBHTEJbHBIX KOpHeH, T. €. 4TO
P —ay <0, uan

b 2 b b
(jx(t)y(t)dt) <[ewa-|¢oa.

a

O10 U ecTh HepaBeHCTBO Komn—DByHAKOBCKOro ajs HHTe-
rpajos.

Mb1 XOTHM IIPOBEPHTH CIpaBeNIHBOCTb AKCHOMBI TPEYTOJIb-
HHKa, T. €. 4YTO

plx, )<<cp(x, )+ p ¥ 2),

HJTH

/b 172 b 172
(J [2())—x (P dt) < ( [wo—xor dt) +

b 12
-+ (j [2()—y ()P dt) R (5))

A

INonoxum y— x = u(f), z— y = v (f); Torma HepaBeH-
CTBO (b) mepenuulercs TaK:

b

b 1/2 172 b 1/2
([ (@ () + v (t))? dt) g(j & (f) dt) 4+ (j 2 (¢) dt) . (6)

a a
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Hcnoar3zys HepaBeHcTBO Komn—DbByHuskoBckoro (4), Haxonum

b b b 4
Jutopar=fwatefwayt [va<

b

b 12 [/ b 1/2 b
gju2dt+2(}‘u’dt) (jzﬁdt) + [oar=

(] (o T

HsBaexana kBaapaTHH KopeHb H3 oGeHX wacreft nomezmerg
HepaBeHCTBa, NoJyyaeM TpeGyeMoe HepaseHCTBO (6).

Tak onpenesnennoe MeTpHYecKoe IPOCTPAHCTBO OyneM 0605
3Hauath C,la, b] # HasHBaTh RPOCMPAHCMBOM uenpepwena%
¢pynxyud ¢ :ceaapamutmou Mempuxod. ' 1

Ilycte M — MHOMXeECTBO BCex (pyHKuun, HHTETPHpYex
MHX C p-fi creneHbo (p=>1) Ha la, b}, T.e. Takux, urd

lect) " dt <+ os,

rae HHTerpasa IoHuMmaerca B cMmmucae JleGera ([27)). Bynem
TOBOPHTb, YTO TakHe (PyHKUHH npuranrexatr L,la, b
Ecim x ()= Lyla, blu y(t) = L,la, b), 10 nonarae

4 I/p
P (x, y)=(flﬁf(f)~—-y(f)‘f” df) .

u——

Akcroma cUMMeTpHH oueBHiHa. UTo kacaercsi aKCHOMH

Toxmecma TO, KaK HETPYAO BHIETD, P (x, )=0F>x (8) =
y (¢) ua [a, bl

Tomnecmennumn cuHTaeM GyHKIMH, OTIHYAIONIHeCS Jmmli
‘Ha MHOXKECTBE MEphl HYJb.
 TakuM oGpa3oM, snemeHTamMu L,la, b] asasores, no cyq
HleCTBY, He GYHKIHH, 8 KJacCHl ernxtwa

Axcuoma Tpeymnbnuxa c.nen eT W3 HepaBeHCTBa MPIH-
KOBCKOTO JJISi HHTErpaJoB ( [y19])

Onpenenenue. Haaoeeu wapom (ooonwemcmae.tmq
BAMKHYMbIM HGPOM) C UEHMPOM 6 mouKe G U paouycom. |
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COBOKYNHOCMb 8CEX MOUEK X MEemPUHecKo2o npocmparcmes M,
yO0BACIMBOPAIOULUX HEPABEHCMEBY

pulx, a)y<r (coomeemcmeenHo py (X, a}<<r).
Bynem oGo3HauaTe Taxko# wap S (a,r) (ceomercmeano

(a, r)}.

3 pumepn. 1. Ilyctbe M = R®— TpexmepHoe eBKIH-
JOBO NIPOCTPAHCTBO. Toraa

3
S (g, r).: ‘/:él (xp — a,)? <,

(X1 — ;P + (g — ag* + (x5 — a)* <72

2T0 — OGBHIYHHA UIAap paaHycar ¢ LeHTPOM B TOUKe (a;, Q,y, Q).

z
7

HJIH

Pue. 7.

2. Hycte M = C la, b). lllap S (xq, r) — COBOKYIHOCTB
BCeX HenpepuBHHX Ha [a, b] QyHkunit x (f) Tagrux, uro

max |x(f)—x, (8)| <<r,
a<i<h

%

1, CJeRoBaTeNbHO, TaKHX, YTO

Ko () —r<x(O)<x, (D) +r vi<|a, b]

I'eoMeTpHUeCKH 3TO COBOKYNHOCTb HelpepuiBHHX Ha [a, b]
dyHKuuA x (f), rpadhuky KOTOPHX USAHKOM JeXaT B 1ojoce
IWHPHHOA 2r, o0pa3oBaHHOH KpPUBHIMH X = Xo () —r H

x=1xo () +7 (pHc. 7).
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§ 6. NoaHwe mpocTpaHCTBa

Onpenenenue. [locredosamessrocms {x,} sremen-
mos Mmempuueckozo npocmparcmsa X Hasuiéaemca cxo0auetica
g cebe uau pyndamenmanvroli nociedosamesbHOCMbIO, eCAl OAS
4106020 yucaa & >0 Hatidemca womep N (e) maxod, umo

Px (Xpy X)) <t npu n, m> N, (¢)

EciM nocnenoBaTeNbHOCTh {X,} CXONHTCH K Tipeneny
Xo& X, TO OHa (pyHIaMEHTaJbHa.
B camom nene, nyctb x, = lim x,. Torna ans naw6oro

n->oo

e >0 Hahinercs Homep N, (¢) Tako#, 9TO

Px (X, Xo) <<€/2 mpu n>N,(e).
Orciona
Px (xn) xm) = Px (xm x()) + Px (Xm, x()) < € IIpH R, m> NO (8)’

a 3TO O3HayaeT, COIJIACHO OmpeleseHHIO, YTO NMOCJAeL0BaTENb-
HOCTBL |X,} — (dyHIZaMeHTaJIbHas.

OnHakKo CylecTBYIOT METpHUYECKHe MPOCTPAHCTBA, B KOTO-
PbIX HMEIOTCS [OCJeN0BaTeNbHOCTH, CXOAfAILHecs B cefe, HO
He CXOfAlLHecsd HY K KaKOMy Ipefeny (B TOM IPOCTPaHCTBeE).

[lycth, Hanpumep, X — MHOXeCTBO pallHOHAJIbHBIX YH--
ces, MpHYeM pacCTOsiHHe omnpepenasierca no dopmyJe

e (1, fz)‘"'—“'lflf_@l'

Torma X — Merpuueckoe MHpPOCTPAHCTBO. .
PaccMoTpuM nocsnenoBatenbHocTh {r,t , rme r, = 1/23,
Jta NoCJaef0BaTeIbHOCTh CXOAHTCS H B cebe, H K npeneny
fo _ 06 X. )
Bo3bmeM Telepp MoOCA€00BaTE/IbHOCTh C OOILHM UYJEHOM

(13

3ta nocJaef0BaTENbHOCTh CXOLHTCH B cefe, HO He HMeeT Ipe-
Iena B mpocTpaHcTBe X, Tak Kak

lim\(l +%)”=e

n-r

He ABJAETCHA paHHOHAJbHBLIM YHCJ/JIOM.
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Onpeneanenune. Ecau 6 mempuueckom npocmpaw-
cmee X Kaxoas gGynoamermasvHas nocied0eamenbHOCy CX0-
Jumcs K Hexkomopomy npedeny, ABAAIOUWEMYCA 3AeMERMOM
mozo se npocmparcmea, mo npocmparcmso X Hasweacmca
NOANbLM.

Tak, npocrparctBo Cla, b] HenpepHBHBIX Ha OTpe3ke
la, b] yHKuUHH ¢ MeTpHKOH

p(x, y)= max |x(H—y?)]
agsi<h
ecTb MOJIHOe MPOCTPaHCTBO.
B camom nene, frcrb IaHa MOCJAeIOBaTEIbHOCTD {X, (£),

rae x, () = Cla, b 1,2,...), H nycTh
‘p(xm xm) > O) T. €. V8>0 BNOSN()(B),
fy M—>x
Vn m>N, max ]r,, (t) X ()] <e.
asct i<b

2T0 O3Hayaer, YTo AJA NOCIENOBATENbHOCTH {X, ({)} BHIMOJ-
Hsercs Kpurepuil Kowu paBHoMepHO#H cxonumocTH Ha [a, bl.
[Tycte xy (§) — npenen nocnienoBatesbHOCTH {x, (f)}. Kak
npenes paBHOMEPHO cXofslueHcs MOCJeI0BaTeNbHOCTH Hemnpe-
pPbIBHBIX (PYHKUHH, 3Ta QyHKUHA X, (f) TaK}Ke HenpepbiBHA

Ha [a, b]. Takum obpasom, x, () =Cla, b] u p(x,, x,) — O.
n-»>o

Clle10BaTeNbHO, npoctpancteo Cla, b] noano.

MoxHo nokasartb, uto L,la, b] (BuacthoctH, L, la, b])—
NoJIHbie TPOCTPAHCTBA.

[TpocTpancTBo Q panHOHAJbHHIX YHCEJ, KAaK Mbl BHIEIH,
He fIBJIETCA IOJHBIM NPOCTPaHCTBOM.

§ 7. HNpuHuun cxaTbiX 0TOOpaKeHHH

Ilycte X u Y — MerpHuecKHe mpocTpaHcTBa, D — HEKO-
TOPOE€ MHOXeCTBO B HpocTpaHcTBe X,

Ecau xawodod mouxke x D no Hekomopomy 3axkorRy no-
cmasaena 8 coomsemcmaue onpedesesnas mouka ye< Y, mo
2oeopam, umo Ha mHroxcecrnee D sadan onepamop A co swa-
HYeHUAMU 8 npocmpancmee Y, u nuwym

y = Ax.

Muoxectso D HaswpBaloT 0b.sacmoeto onpedeseHus onepa-
mopa A;, x Ha3wBalOT apeymenmom onepamopa A. Kaxnyiwo
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TOYKY Y & Y Takylo, uTo ¥ = Ax, Ha3blBawoT 06pa3om CoOT-
BeTCTBYIOILEH TOUKH x & D. OTHOCHTEIBHO onepaTtopa A ro,o-
pAT, 4TO OH YCTaHaBJHBaeT oOTOOpaxKeHHe MHOXecTBa D
B NpOCTpPaHCTBO Y:

A
D—Y.

Ecnn coBokynnocTh 3HaueHHH onepatopa A coBmazaer co
BceM Y, TO roeopst, uro omeparop A moGpaxcaeT D Ha
NpOCTpaHCTBO Y. \

NMpumepsn. 1. Ilyctb X — npoctpancteo Cla, b]
ynkunii x (f), HenpepeBHHIX Ha orpeske [a, bl. Kaxc.llon
¢yukunn x () = Cla, b] nocTaBHM B cOOTBeTCTBHE PYHKUHIO

b
y() = Kt, ) x(9)ds,

rre K (¢, s) — sananmHas, -HenpepHBHaf B KBaapare
Qla<t, s<cb} dyHkuHA. STHM MBI OUPEAETHM Ha Cla, b}
HHTer pafbHblil onepatop

Ax = ]K(z s) x(s) ds,

KOTOpPBIH, ‘KaK Oyner NMOKasaHO HHXKe, NEPEBOAHT HPOCTpaH-
creo Cla, b] B cebs.

2. O6oznauum uepes C* (a, b) COBOKYNHOCTh (PYyHKHUH

x (¢), onpeneneHHBX B (a, b) H OGeckoHeuHo nH(pdepeHUHpYe-

MbIX B 3TOM HHTepBaJse. Kaxpo# ¢pyHkuuu x (t) e=C% (a, b)
[IOCTAaBHM B COOTBETCTBHE €€ NpPOH3BOAHYIO X' (). DTHM Mbl
onpejeauM onepatop AH(pepeHuunpoBanua d/dt, ne#cTBylo-
wuit u3 C* (a, b) 8 C* (a, b).

I‘Ipzmxmn CXKaTHX oToOpakeHHH Bmpa}xae'fca cleRyoouei
TeopeMoH:

Teopema 2.1 (C. Banaxa). ITycmob 8 noinwom mempu-
ueckom npocmparcmee X Oan onepamop A, nepesodfawuil 3ae-
MeRmobL npocmpancmea X CHOBA 8 318 MERMbE 31020 npocmpan-
cmea, m, e,

A i ' . -
X-""P X’ ’ . };
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ITycmo, kpome mozo, 0as ecex x, y u3z X
p(Ax, Ay) <ap(x, ), | M

2de 0 < a <1 u He sasucum om x, y.
Toz0a cywecmsyem 00HA U MOALKO 00HQ MOYKA X, MAKas,

Hmo
Axo == xo'

Onepatop A, ob6aagaowmuii ceofictBoM (1), HasHBalOT one-
pamopom ciamus, a TOYKYy X, TaKylo, uto Ax, = x,, Ha3H-
BaIOT Henodsuxcroll moukold oneparopa A.

Boobuie, onepatop A MOXeT H He HMETb HENOABHXKHBIX
Touek. I1pocTeftiunii npuMep — onepaTop caBHraB R' : Ax =

—x4x x+0.B yCIOBHsIX TeopeMH DaHaxa HemoaBHX-
Hasi TOYKA CYLLEeCTBYyeT, H MPHTOM TOJbKO OJHA.

HoxasaTteabcrTBo. Bo3bMeM npoH3BoNbHEHA (DHK-
CHPOBaHHBIH 3JeMeHT x & X H NMOJOXKHM

n=Ax, x=Axq ,...,. Xo=AXpy .10
ITokaxeM, 4TO HOC/JIE€I0BATENbHOCTD |X,} Q)yﬁﬂa.MeHTaﬂbHas.
Jas artoro sameruM, 4ro

p (%1, X)) =p (Ax, Ax) <ap(x, x,) =ap(x, Ax),

P Xy, Xg) = p (Axy, Axg) S ap (0 Hp) Sop (x, Ax),

P(Xny Xpy1) SO P(x Ax):

Hanee,

P (xm n+p) P (xm n+1) + P n+ly xmz) + R
«rs + P Knspo1s xn+p) <a'(l4a+... _‘_ap—l)p(x’ Ax)
a® —gttp
= L= (v, A, (@)
Tak kak no ycaoBuio 0 << & <4 l TO
0 Faup) < 725 0(x, A),

OTKyZa B CBOIO oyepenb CaenyeT, YTO P (X, Xu4p) — 0
npnn-—a»oonmoéompbo '
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3HayuT, NocJaefOBaTeNIbHOCTh {X,} cxomHTcsi B cebe (dyH-
naMeHTa/ibHas). B cH/y MOMHOTH IpOcTpaHCcTBa X CyWIeCTBYeT
3MeMEeHT x,=X, ABIAIOIHHACA INpefenoM 3TOH MocaeloBa-
TEeJIbHOCTH,

x, = lim x,.

n-r

JokaxeMm, uto Ax, = x,.
B camom neue,

0 (X0, Axg) <P (%0, X4) + P (%4, Axe) =
= 0 (Xor Xq) + P (Ax,y, Axy) <p (X0, Xa) + AP (Xno1, Xo)-
Tak kak x,=1lim x,, To Ans Jawboro & >0 npH JOCTa-

n->c

TOYHO OOJBILIOM 1

o (o, Xa)<€/2, P (%o, Xna) < /2.
CiienoBaTesbHO,
p (xo, Axo) < €.

Tak kak & >0 npoHsBoJabHO, TO OTCIOAa CJenyer, 4YTO
P (xq, Axy) = 0, T. €. xo = Axy, U. T. L.
JIOKaXKeM elHHCTBEHHOCTh HEMONBHAKHON TOUKH y omnepa-
TOpa CXKaTHS.
[IpennosoxuM, YTO CyleCTBYIOT ABa 3/1eMeHTa Xo, Yo =X
TaKHe, 4TO

Axy = x,, Ay = yo.
Torna |
0 (X0, Yo) = p (Axy, AYo) << ap (x4, Yo)-

Ecan pomycturb, uTo p (X4, Yo) >0, TO H3 NpedbIAYILETO
crenyer, 4ro @ ==1. Ho aro mporuBopeunt yciaoBuio o < I,
3HauHT, Haille ZOMYILEHHE, yTO p (X, Y,) >0, HeBepHO H
X0 = Yo- o

[lepexonsi B ¢opMmyse (2) K mpeneny npuH p — oo, HOJY-
YaeM OHEHKY OIWHOKH n-ro NPpHOJTHKEHHS:

0 (Xny Xo) < —— p (x, Ax). 3)

OnxoBpeMeHHO (3) CNYKHT H OLEHKOH cxopoc*m CXOIHMOCTHs
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Sameuaunne 1. IlocTtpoenne mnocienoBaTe/NbHHX NPHGAHKE-
BHE {Xn}, CXOAAMMXCA K HENOABHXHOA TOYKE X4, MOXKHO NPOH3BOAHTH,
Hcxons H3 Jioboro sjieMenTa x & X. Bhibop s/ieMeRTa x OyleT CKa3hBaThCA
JUMb Ha GbICTPOTE CXOXMMOCTH {Xp} K cnoemy mpezesy. :

BaMmeuanne 2. Ycaosue

p (A, Ay) <op(xy) (O<a<

Hesb3si, BOOOUle rOBOPS, 3aMeHHTb Ha Gojee chaboe

p(Ax, dy)<<p(x, 9)- B (1)
B camom pgeme, nyc¢rb X = R! — MHOXKeCTBO JAEACTBHTEJIBHHIX UYHCE]
C eCTeCTBEHHOH MeTpHKo#l p (x, y) = |x — y| B nycThb

Ax=%—+x-—-arctgx.

Herpyauo BuaeTs, 4TO. HEMOABHXKHLIX TOYEK y omepatopa ‘A Her: ypaBHe-
HHe x¥ = Ax, Onpejenisiomee HENMOABHKHbIE TOYKH onepatopa A, B JaHHOM
cllyyae NPHHUMAET BHJI

x=%-+x—-arctgx

" pemeﬂnﬁ He HMeer. ' N
Bmecte ¢ Tem, Hcnoab3ys Teopemy Jlarpanxa, no.nyqaem

p(Ax, Ay)=|Ax— Ay =

- +x-—arctgx-—-%—-—y+'arctgy =

=|x—y—(arctgx—arctgy) | =
1
=lx——y—l+§4 -9 ligalx_y <p(x, y)

T. e. ycaosue (1) BRIO/THSACTCA.

§ 8 ﬂpumenenue npnnunna cx(an,lx OTOGpaKeHHH
K HHTErpajJbHbLIM yPaBHEHHAM

18 anMEHHM NpPHHILHKI CXKATHX OTOGpaXkeHHH AJs ROKa-
3aTe/JIbCTBA CYIIECTBOBAHHSI M €AMHCTBEHHOCTH pelleHHs He-
ONHOPOLHOrO JIMHEHHOIO HHTErpajbHOro ypaBHeHuUs Ppen-
roibMa 2-ro poja

,, |
o) =A[K{t o ds+i®. (1)

Ipennonoxum, gTo sapo K (Z, s) HenpepLIBHO B 3aMKHYTOM
¥Bajgpate Q {a <'t, s<< b} u, cjaenoBaTeJbHO, OrpaHHYEHO
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B HeM: [ K (¢, s) | << M V (¢, ) = Q. Tlpeamonoxum Takxe,
yro f () =C la, b]. Bynem HcKatb peiienHe ypaBHeHHs (1)
B ksaacce C la, b] ¢yHruuit, HenpepuBHBX Ha la, b]. :
Ilpu sTOM pewenuem unmeeparviozo ypasterus (1) 6yoem
Hasweams 6cakyr Gynkyuio ¢ ()= Cla, bl, xomopaa, 6y-
Oyuu nodcmasiera 8 ypuaswenue (1), obpawaem eco 8 moxc-
decmso no t Ha la, bl: ‘

W= A (Kt 9e@ds+i0. @

OueBupno, uto npH A = O ypaBHenue (1) HMeeT e€IHHCTBEH-
HOe HelpephIBHOE pelleHHe @, ({) = [ (§).

ITokaxem, uto ypaBHenue (1) ofHO3HauHO pa3pemHMO - H
NpPH BCeX A, NOCTATOYHO MaJbX NQ abGCOJIIOTHON BeJHUYHHE.
Bynem paccmatpHBaTh npaBylo 4acTh ypaBHeHHs (1) kak ome-
patop A, ompeneneHHnit B mpocrpancrse C [a, b,

A=A [K(t, 99 s+ (s). @

BCHIEy!O dyukuuio ¢ (£)=C la, b] onepatop A nepeﬁomi

B HEKoTOpylo, BooOuie npyrywo, dyHkuHio ¢ (f), onpeneseH--
. Hylo Ha ToM xe orpe3ke la, &]. M Bonpoc o cymecTBoBaHHH
pewenuss @, (f) HHTErpaabHOro ypaBHeHHs (1) TeM caMbiM
CBOLHTCA K BONPOCY O HAJHUYHH HENOABHIXHOH TOYKH Yy ome-
patopa A, T. e. Tako# GYHKUHH @, (f), KoTopasi omepato-
pom A mnepeBomHTCA B cebd: ¢, = AQ,. |
PaccMorpum, Hanpumep, ypaBHeHHE

q)(t):-:thzs(p(s)ds—{- 1. (1)
OnepaTop, OTBel;aIOUJ;HfI a'romy yPaBHEHHIO,

Agp = th“'s(p (s)ds’—}— 1.
Ilonarast ¢ (f) = 1, umeem

i
Ag=2|fslds+1="F+1,
0
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A

11— 41
[Tonoxum Tenepp ¢ (f) = 2f2 - 1. Torna
, - ‘

A¢=2§t38(232+ 1)ds+1=2¢ 41,

A
204 1—202 41,

TakuM oGpasom, ¢Touka» ¢ (f) = 2¢%2 - | ecThb HemoABHKHaA
'roqxa(xl oneparopa A — peilileHHe HHTErpaJbHOTO YpaBHe-
nua (17).

[Tokaxkem, uto omeparop A, onpenenenmn q}OpM Jok (8),
NeHCTBYeT H3 IOJHOrO npoc*rpancma i, ONAThb
B C la, bl, 1. e. 9to ecain g (£) = A (9, mecp (t)esC a, bl,
TO H g(l‘)eC’ a, bl.

JeHCTBHTENbHO, NYCTh £ <= HpOHSBOJ’IbHaH TOYKa o'rpeaxa
Ha bl ¥ mycts Af— moGoe, auinb 66 § 4 Afesla, D).

MeeM

b
gt +A)—g ()| =| A | K@+ AL, ) (s)ds + (£ -+ Af) —

b
—A Kt o) ds—ih)| <

<IMJIK (48 9—K(E 9|0 |ds+1F(¢+A0—F O,

4

Bosbmem JsmoGoe & 5>0. ITo ycaosuio (el la, 6], wu
nmoromy g8, £ 0 rakoe, uro

IF(t+A)—F(f)| <<e/2 mpu VAL |Af|<ib. ()

Iycte, nanee,

® =max | g (4)].
‘ agigh

8 M. JI. Kpacmos
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Sizpo K (¢, s) HempepbIBHO B 3aMKHYTOM KBajpate Q M, 3Ha:
YHT, paBHOMEPHO HENpephLBHO B Q. Tlostomy nas Bmﬁpa}x-]ﬁ
Horo £ >0 Hafizerca 6, >0 TaKoe, 4T0 . . .

| K (t + At, s)—K (¢, S)|<2(D(b-—a)|2,l (6}

npu | At| << 8, u mobom se la, bl 2

BosbMem 8 = min {8,, 8,}. Torna mpu V Af takux, uro
|Af]| << 8, 6yAyT OAZHOBPEMEHHO BBHIMOJHAThLCH HepaBeHCTBaZ
(6) u (6) u B cuny HepaBeHcTBa (4) MOJyYHM, 4YTO

lg ¢+ A)—g ()] <e VAL |AL] <5,

YTO H AOKa3biBaeT HenpepuiBHOCTh QyHKuud g (f) B JM0GOA:
Touke ¢ orpeska la, bl ;
Hrak,

Cla, b]-iC[a 6]

BuisicHuM Tenepb, NPH KaKHX YyCJAOBHAX OIeparop Aé
6yner cxumaromuM. Hmeem

p (Ag, Agy)= max | Agy (1) — Ags (1) | =

kj[((t s)(pl(s)ds—kjl((t S)pe(s) ds| =

= max
agi<h

xJK(f ) [91(s)— s (] ds | <

= Mmax
ast<b)
<|M| M (b—a) max |, (s)—@3(s)|. (7)
ags<h ;
Benomunas, sro max | @, () — @3 ()] =p (91, P2)s

a<s<b
HepaBeHCTBY (7) MpUAaAHM CJeAYIOIGHA BHI:

- P (A(plv A‘Pz) = l A’l M (b -"a) P (cpl’ ‘Pz)s

OTKyZAa BHJHO, yto 1pu | A| < I/M (b — a) onepaTop A 6yner
OnmepaTopoM CKaTHA.

M3 npunuuna cxatelx oToOpaXKeHHH 3aKJjiouaeM, 4To AId
BCAKOro A TaKoro, 4rto

1
lA‘IQM(b__a'):
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ypapHeH#e ®pearoanma (1) ¢ HempepuBHEIM sApoM K (2, s)
M HerpePuiBHbIM CE060AHBIM YieHOM f (£) HMEeT eHHCTBEHHOE
HelpephlBHOE pelleHHe.

[TocnenosaTenpHble NPHOIHKEHHS Qg (8), . . r Pn (Dy. .«
K 3TOMY peLIeHHIO ONpeJeNAoTCA H3 COOTHOIIEHHH

cp,,+1(t_)=xj1<(t,s),q>,,<s)ds+f(t) =01, ®

rie B KauecTse @, (f) MOXHO B3ATH JIOGYIO HeNpepLIBHYIO
Ha la, b1 ¢pynxnuo.

Mpumep. Pemnurs HHTErpanbHOE ypaBHEHHE
. 1 »
O ==t 4L (1sp(s)ds ©)
o) =7 +—2-oj 59 (s) ds.

Pemenne. fapo K (f{, s)= {s mHenpepnlBHO B KBajpare
Q {0 <t, s<g 1}, npuuem

|K (¢ s) | =]ts]<<l=M.
Hanee, A= 1/2, a=0, b= 1, 12K w0 /M (b —a)=1, B yciosHe
Mlg I/M (b —-a), oGecneqmaalom.ee CXAaToCTh omﬁpaxcenua 3zech
BoinosiHeHo. Iloaromy ‘MHTerpasnbHoe ypaBHeHue (9) MoxeT GLITh pelieHO

M:TOJOM MNOcjefoBaTeNbHRX npuGnuxkenuii. Ilosoxum @, (£) = 0. Toraa,
corsacuo (8),

fPa(‘):‘é't‘l—'z;
o) =gt (145t ) =t (1=)-

Orcicga

@ (f) = lim gu (1) = lim t(l _317) —t. (10)

N>

3#
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Ecin s3sm %0 () =4, 70 Gyen BMeTh (pri'(t) ==45—l + t B ds = t;
6" 2]

@ (f)=¢tmr7T I ' '

.Takim 06pasoM, MH Cpa3y HGAYyYaeM pemeune. S'm Kax paa noz-
YepKHBaeT, YTO YJAAUHLIH BHGOp HavanbHOH (QYHKUBH Qg (f) MOXKeT 3Ha.
UHTENLHO COKPAaTHTb NMpouecc Haxoxmenna pellleHHst HHTerpajdbHOro ypas-
HEeHHS.

Bepuemcsi cHOBa K MHTerpajibHOMY ypaBHeHmo (1):

b
«N0=ijm$¢@ms+ﬂ& W

bBynem no-npexxnemy npennosararb, 4T0 AAPO K (2, ) uf (z')
nenpepniBHbl. Mcxonass us merpuxu npocrpancrBa C la, b

MBI [I0Ka3aJif, 4To ypaBHeHue (1) HMeeT efHHCTBEHHOE Henpe-
pbmuoe pewenne @ (1), ecan A <3 1/M (b — a), rae

M= =max| K (¢, s)}.

a<i<h
agsgb

" Tlokamem Tenepe, HOJIbBYﬁCh MeTpHKOR npocrpancr-
Ba Ly la, b] |

| | .
pum,wm={jwm—wawm) :

YTO 5TOT _pe3yJIbTaT CIpaBe/VIHB B 6osee. WMPOKOM HHTepBase
3HauyeHyHd napamerpa A.

JTeMmma. Ilpu mobom x () =L, la, bl, m. e. marxom,
4mo :

) dt <00
hynkyus | ’ |
N y(t)=fl<(t, s)x(s)ds
Henpepbisha Ha la, bl. ’ | =

JokasaTteabcTBO. BosbMen Juoﬁylo TOUKY
to & la, b). Ilo ycnosmio sinpo K (£, s) HenpepHBHO B 3aMKHY«
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oM KBajgpate Q {a << {, s << b} u, 3HauuT, paBHOMEpHO
HE[PEPLIBHO B HEM. Hosrromy IJ151 Bcsikoro € o> 0 cyunecTsyer
takoe 6 >0, uto AasA BCeX ! TaKux, uto |f— f,| <G 6,
crpaBeAJIHBO HepaBeHCTBO

|K(t, s)—K (4, s)|<e Vs < [a, b].

[TosToMmy

b
|y —y ()| = [IK(, S)—K(to,s)]x(s)dsls;

b b 172
:gej[x(s)ldss;_e]/-m(]x’(s)ds) .

B cuny npousBosibHOCTH € >0 OTCIOAa H BBITEKaeT Hempe-
peiBHOCTb GyHKIHY y (f) B moboft Touke ! < la, b]. Jlemma
JoKa3aHa.

W3 nemmbl caenyer, 4TO npaBaa yacTthb (1) ecTb HempepbIB-
Has QYHKUHA NPH J060ft ¢ (f) L, la, b]. CrenosarennHo,
JoJKHa ObIThb HempepbiBHOH H JeBasi 4acTb.

Takum o6pasoM, cpedu ecex (ynkuyuil, 6xo0auuxe L, la,b],
pewteHuanu ypasrenusn (1) moeym boimb moavko HenpepoiéHbie
pynkyuu.

Bynem paccmatpuBath mnpaByw uacte (1) Kak omepa-
tTop A9, 3amannuit B npocrpanctee L, la, b].

B cuny jnemmsol

L.a, b]—Cla, bl < Ly[a, b].

Ionoxum
b b 172
— (j [ K2(t, 5)at ds)

H MOKaXeM, 4TO NpH |A | Q 1/B oneparop A — cxumaiouuii.
Hmeenm '

/ b
Agy— Agy =1 [ K (¢, 5) [0 () — 1 (5)]ds
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Hcnonb3ys nepasenctBo Komu—bByHsaKosckoro, orciona Io-
Jydyaem

b 2
[Agy— Ag,J* = (H K 8)[92(s)— @1 (5)] ds) <

b b
<M [K(t, 5)ds [ [9a()— @ (P ds.

Hurerpupys obe yacTH NocjelHero HepaBeHCTBa MO f OT 4
no b, Hahzem .
X ,

j [Ag, () — A, (P di <

? b b b
<®[[Ke(t, 9dsdt [ [g3(5)— @ (P ds,

KBJH
0* (Agy, Ag,) << A*.B%0* (1, @y),
OTKyAa
p (A, Ags) <<|A|-Bp (@1, 9a). -

CnenoBartenbHo, npu | A|-B < 1, 1. e. mpu |A| <3 1/B, omne-
patop A — cocumaroujui. Y1 3nauut, npu |A| <i 1/B unme-
epasvroe ypasuenue (1) umeem edurcmsenroe HenpepwigHoe
pewernue @ (f).

OyeBupHo, 4t0 B << M (b — a) (paBeHCTBO BO3MOXHQ
aumwb npH | K (¢4, s)| = M) u untepsan |A| <i 1/B, BooGuue,
mHpe, geM HHTepBaJd |A| << I/M (b — a).

Tak, B paccMOTpeHHOM Bblllle MpUMEpe HMeeM

/11 12
B— (6{ S dz‘ds) —1/3
0

H AJs A ToJdydaeM cjaenyiolllylo oumeHKy: |A| < 3.

Opnako ecau /M (b— a) << |A| << 1/B, T0 pasa nocie-
JOBaTeNbHBEIX NPHOMMHXKeHHHA ¢, (!) MOXHO TrapaHTHpPOBAaTh
JHIIb CXOAMMOCTb B CPENHEM, @ HE PAaBHOMEPHYIO CXOLHMOCTb,
HMelomylo Mecto npH |A| << /M (b — a).
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3aMeuanne MOKHO OTKA3aThCH OT HenpepueHocTH 'K (¢, )
n f(t) H I0TPefOBaTh AR, YTOGH f (f) = L, [a, 6] v K (¢, s) e Ly (Q),

b b
ijz(t s)dtds-—32<+oo

aa

B aToM ciy4ae eCTeCTBEHHO HCKaTb pelileHHe cpeau QYHKUHA H3 L, [a, b].
MoxHo noxasatb, 9T0 M B 3ToM clyuae mpH |A|<C /B ypaBhenme (l)
MMeeT eJHHCTBEHHOe pewneHHe. Ho 9To pelnenHue yxe He 06513aHO OBITB -
HenpepHBHON ¢yHKIHeH, a ero eAHHCTBEHHOCTb 03HAYaeT eAHMHCTBEHHOCTH
C TOYHOCTbIO O GYHKUH{, MOYTH BCIOAY pPaBHLIX HYJIO.

2°. PaccMoTpuM HHTerpasibHOe ypaBHeHHe Boabteppa
BTOpOro pona

. 4
q>(t)=xjf<(t, geds+fH. (1)

Brite oTMeuasnoch, 4To 3T0 ypaBHeHHE MOXKHO pacCMaTpPHBATh
KaK YacTHBIA ciyyait ypaBHenus Ppeironbma, 100npejends
anpo K (¢, s) paBencTBOM
K, s)=0 npu s> t.

Oxnako, B OTIHYHE OT ypaBHeHHH DpeirosbMa, K ypasHe-
HuAM BoJbreppa NpUHOUN CXKaThiXx OTOOpaKeHUH (TOuYHee,
OfHO ero o6o0LleHHe) NMPUMEHHM MpH BCeX 3HAYEHHAX A.
BBegeM npeasapuTeqbHO ClAeAyiOlliee NOHATHE.

Ilyctb X u Y — meTpuueckHe npoctpaHcTtBa. Omnepa-
Top A, orobGpaaroliuii MHOxkecTBo D — X B npocTpaHcTBo Y,
Ha3KIBAeTCA Henpepuieroim 8 mouke xo =D, ecau 111 Jo60ro
& >0 cyuectByer takoe § >0, yto anda Bcex x D, yRoBJe-
TBOPSIONHX - YCJIOBHIO

. Px (x-: xo) < 6:
HMEEeT MeCTO HEePaBEeHCTBO

oy (Ax, Axy) < e.

(3necp py, Py — PacCTOSTHHA MeEXAY SJIeMeHTaMH npo-
ctpaicTB X M Y COOTBETCTBEHHO.)

Onepatop A Ha3biBaeTCs NPOCTO HenpepoiGHoiM, €CJIH OH
HeNpepeBEH B KaXKJOH TOUKE TOrO MHOXECTBa, Ha KOTOPOM
OH 3ajaH.

Ilycts onepatop A neHCTByeT u3 X B X. BOSbmeM JII000H
anemeHT x & X. ;Torga Ax 6yner onsTh NpUHAAJIEXATb NPO-
cTpaHcTBY X M K HEMY CHOBA MOXHO IIDUMEHHTDb onepatop A:

. (Ax).
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:
h

OnepaTtop, COCTOSILMA B MOCJEN0BATEIbHOM npmenenm{
ABaxab omepatopa A, OyleM o6o3HauaTb cHMBOJIOM A? H
HasblBaTh Kgadpamom onepamopa A.

AHaJsoruuHo ompenensiorces onepatopul A%, AY u Booﬁme
Jq06as leJas MOJOXHTeNbHasA cTeneHb A" omepartopa A.

Teopema 2.2. [Tycmb A — makoe HenpepuisHoe OMo-
OpaxceHue noaHozo mempuueckozo npocmparcmsea X 8 cebs,
ymo omobpaixcenue A"npu HeKOMOPOM N ABARCMCA CHCAMbIM.,
Tozda ypasnenue Ax = x umeem, u nNpumom eOUHCMBEHHOE,’
pewierue. §

OGpatuMcs K HHTerpaJbHOMY ypasBHeHHio (11) }

i
cpi(t)-—-xj1<<t, $) ¢ (s) ds + f (b). | ~(11>f

Bynem npepnonarats, uro f(f) & C la, b1 u uto anpo K (¢, S)

a<<t=<<b,
HMIPEPLIBHO B 3aMKHYTOM TpEyroJbHHKe A: { = \t
a-<s=<g

BaeleM onepatop A, OIpefeNHB ero $opMyJIof

Ao (K90 ds+F0. (12)

Herpyaso ycTraHOBHTB, 4YTO
C [a, b] A Cla, b).

[Tokaxem, uto A — HenpephIBHEI Omeparop.
. HYCTL ¢y (£), ¢, (f) — mobbie 1Be pynkunu us C [a, b}..
orna

N
]
2

Ay () — Agy ()| = [ J K (t, $)[9a(5) — @ (] ds| <

<|A| M (t—a) max |g:(s)— @y (5)]. (13i
ags<h :

3necn .
M= max |K(, s)|

{(t, s A
M3 ouenxu (13) noayuaem, uto Vie la, b]
[ Ay () — A, ) | <M | M (b—a) p (91, ),
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TaK 9TO
p (A, Agy) <|A M (b—a)p (o1, ¢a).

BostMem moGoe € £>0. Toraa npu 6 = &/|[A|M (b — a) u3
ycaoBusi p (9,, ¢,) <& 8 OyneM HMeTb

p (A, Ap,) < e,

CorsiacHo ompeneneHHlo, 370 H O3Hayaer, 4To omeparop A,
olipefeneHHbifl dopmyJofi (12), ecTh HenpepblBHHA omepa-
Top u3 C [a, b1 B C [a, bl.

Haunee, ucnonn3ysa oueHky (16), Haxoaum

| B () — A2¢, ()| ==

i
MKt 5)[Agy(s)—Agy () ds| <2

Mz (t —
<|AP Z(tg, af 0 (Pr, @2)

f ~aema

H, BooOue,
: M (f—
| A4 g, (1) — Ang, (1)] <| A 2L =2

nl

)n
P (P, Po)<d

‘n M? (b-—(L)n
nl

P (P1y Pa)s (14)
HepaBéHc'rBo (14) BepHo ans smoGoro fe{a, b], u, 3Haunr,
n MR (b — g\t ,

L20=9 oo 0 (1)

[Tpu n1060M 3HaYeHHH A QHCJIO 7 MOXKHO BHIOPAThb HAaCTOJNBKO
60JIBIIIHM, 4YTO :

p (Argy, Ar,)<< LA

M M (b —a)”
- nl

<L

CnenosatenbHo, onepatop A" 6yaer cKUMAOWKM MPH JOCTa-
TOYHO GOJIBIIOM 1,

B cuay teopemn 2.2 orciofa 3akJiouaem, YTO caM omepa-
TOp A HMMeeT eIHHCTBEHHYIO HEMOABHKHYIO TOYKY H, 3HAUHT,
ypasrernue Boaomeppa (11) npu awbom A umeem, u npumom
eduHcmeenHoe, pelierue.
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910 pelllenne MOXeT OHTb HaANeHO METONOM HOC/eXOBa-
TEJbHBIX npn6.nmxeﬂnﬁ KOTOpHIE c'rpoa'rca o cxeme

cpm(t)—-kJK(t 9 0n(5)ds ()~ (@=0, Lo

rn[e B i<aqecme @0 (f) MOXHO B3ATbL JMIO0YIO (byﬂxumo H3
" Cla, b

Mpumep. MeTonoM mOCKeNOBATENbHHX NPHGIHKEHAM] pemu'rh
HHTErpaJibHOe ypaBHEHHe

| (P(f)=l'-—(!(t-—s)q>(s)ds.

Pemenne. B pansom cayuae f () = tu K (¢, s) =t —s(s < ¥)
HenpepHBHB H, SHAUHT, YpaBHEHHe HMeeT «¢AHHCTBEHHOE HenpephBHOe
peudenue.

Byaem ero mckaTh MeTOROM nocaenonarenbnux npuGaxkennfi. [lo-
NOXKHM @y (£) = 0. Toraa noayuum

@ (1) =t
Hanee,

§ | 3
P (t)=t——6[ (t—s)sds=t— 7,

q)"(n:t_f(t'-s)(s“f!‘)ds—t 3: 37 T BT 51 ’
0

.
. L ] . » . . . [ ] L ] f ] L] [ ) [ ] L] L] L] L] [ ] . » L

_ t3 n—1 t2n—-l
q)n(t)-‘t""gT voe 4 (—=1) a'ﬁ-__—l)'!—.

$IcHo, 4TO B .
on () =2 sin {£.

Henocpeacreennoit nposepkoit yGexnaeMcs, 9ro GyHKumsa ¢ (f) = sin i
ecTh pellleHHe JaHHOIO HHTErpajbHOTO YpaBHEHHS.

3°. IlpuHnun cxkaThix oTo6paXKeHuii NMpHUMEHHM K pelue-
HUIO HEKOTOPHIX BHIAOB HEJHHEHHBIX HHTErpajbHBIX ypaB-
HeHHH.

Ilycte umeem ypaBHeHHe

eW)=A[ K¢, s o) ds+f (), (16)
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rae f (f) u K (£, s; 2) — HenpepbIBHEIE QYHKIHH CBOHX apry-
MeHTOB 1Ji a < £, § < b, —oo<lz<{+o0.

- Ilycts, KpoMe Toro, K (Z, s; 2) yAOBJeTBOpAET YCJOBHIO
Jlunmuna no csoeMy «byHKLHOHAJBEHOMY» apryMeHTy 2z, T. €.

K@t s 2)—K(, s )| <Z|a—2z),
rie & — HeKoTopasi NMOCTOSIHHAsS, He 3aBHCsIlas OT BHOGOpa
21’ 22

PaccmoTtpuM oto6paxente g = A N0OJHOTO NPpOCTPAHCTBA
C la, b] B cebs, rae

Ap = A j K(t, s 9(9)ds+f(®). (17)

Iycts @, (), ¢, (f) — mobre aBe cpyHKuHH us C la, bl
Torpa

xfuw, 5 92()—K(t, 5 @u(s)]ds| <

| Ag,— Agy | =
<M & (b—a) max | ga(s)— @ ()]  (18)
a<Ls<bh

Ouenka (18) cnpaeegiusa ans moboro t<la,b). 3Hauur, u

max | Ag, () — Agy (t) | =
agi<h

=p(Ag, Ap)<<|M]|Z(b—a)p (91, P).

CaenosatenbHo, npu |A| <@ 1/% (b — a) onepatop A Gyaer
CXKHMAIOLUM H, B CHJy TeopeMH 2.1, HHTErpajbHOE ypaBHe-
Hue (16) OyneT UMeTb NpHU TAKHX A €IHHCTBEHHOE HENpPephiB-
HOe pelleHHe.

D10 pellueHHe MOXeT ObIThb HaHJeHO METOAOM noc.rlenoaa-
TeJbHBIX MPUOJIHKEHHH MO cXeMe

b
PO =A[K(t s @u(s)ds+fO  (1=0,1,...),

rie B Kaqec'rne @ (f) MOxHO B3ATH JIOOYyI0 (PYHKLUHIO H3
Cla, b
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3ameuanune Ecnu pynxnusa K (¢, s; 2) umeer orpa-
anem{yxo YaCTHYIO nponssozmyfo no z:

l i<—.A (a f, s<b, -—oo<z<f+oo),

TO TaKas QyHKUUS ynoaneTBopﬂeT YC/IOBHIO JIunmnua no z

C KOHCTaHTON & <« A.
B camoMm gese, BOCIO/NB30BABIIHCH Teopemoﬁ Jlarpanxa,

Gylnem HMeTb
‘ ‘ oK (¢, s; . .
K(t, s, 2)—K (2, 5; 2) = "‘a: 2 (,—zy), (19)

e ¥ 3aK/I0UeHO MEXAY 2, U 2Z,.
H3 (19) nomyqaem

| K (¢, S;,z;) (t S 2’1)]—~ ||Zz 21|<Alzz_;zi]!._

9TO H JAOKa3biBaeT HAllle YTBEP2KACHHE.
IIpumep. Pemnurs Hmerpanbuoe ypastichne

Pemenune. Oynruus K (¢, 8 2) = 'T-{!?_z? ecTb HenpephbiBHAA

OYHKIHA CBOHX apIyMEHTOB; OHa HMeET OTPaHHYCHHYIO IPON3BOXHYIO 110 21

|5 [~ e | <

—1<cé, s, —00< 2K 400,

H, CJIe/OBATENbHO, YAOBJCTBOPAET ycaoBH10 JIMMUALA MO 2z, NPHYEM B Ka-
gyecTBe TocTOSHHOA JIMniuAua mu! MOXeM B3ATh & = 1. lla.nee, A= 1/3,
a= —1, b=1, Tak 4TO0 yC/NOBHE

-1
A —_—
I | < g (b o a) )
ofecneyHBaiollee CXKATOCTh OTOOpaMeHHs, SAeCh BBIIIOJHEHO. IMpumennn
MeTOf NOCACXOBATENbHMLX HPRGAHKEHHH, B3fB 3a HYJAEBOE NPHOAH-
xenue @ (f) = 1. Torna . ,
; 1

9 () =5 ds+1=1,
e
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flero, w0 @u () =1 (r=2,3,...}, otkyAa
: Q)= limg,({) =1.
| n>o® .
Henocpencmeguoﬁ nposepKoft. yGexgaemcst, uro odymruua @ () =1

€CThb pellleHHe AAaHHOTO HHTErpalbHOTO ypaBHEHHA (KCTaTH, NpPH JOGOM .
8HAUGHHH A). ‘ N |

4°. CHcTeMHB HHTErpaJbHH X ypaBHeHHM.
Cucrema wuHTerpaibHHX ypaBHeHuit DpeirosbmMa BTOPOro
poia c OfHOH HE3aBHCHMOH IepeMeHHOH HMeeT BHJ

. n b
o: () =2, [ Kyt 9o;ds+Fi ()

=1 a

(=1, 2, ..., n) (20)

Iycte siapa Kj; (2, s) HHTerpﬁpyeMH. C KBaApaToM B
Qla <t, s <b}, acBobonunie unenn f, ()€ L, la, b]. Bynem
ucKate pemieHue ¢ (¢), ¢z (%), ..., ¢, (f) cucrems (20)
Takxe B kJjacce L, [a, b]. Tloctynum cienyiouium o6pasom.

Ceenem cucremy (20) K ogHOMY HHTerpa/jbHOMY ypaBHe-
Huo THna Ppearonbma, HO TOJMLKO Ha HMHTepBaJe, B 7 pas
GoabieM HcxomHoro. Hemaerca sto tak. Onpepennm QPyHK-
‘uuu @ (f) u F (¢) Ha orpeske a <t < a -+ n (b — a), no-
JIO2KUB : ‘

Ot)=g¢,(t—(E—1)(b—a)),
| F()=f,(t—(—1)(6—a)),
L ecaH - - |
a+({l—1)(b—a) <t<a+i(b—a (=12,...,n).

" TOuHO TaKk e éanagmM appo K (i, s) B kBazpare
a<lt s<a+4nb—a),

IIOJIOXKHB | | ) o
K(t, ) =Ky{t—(i—1—a), s—(—1)(b—a),

- ecJH :

a+(l—1b—a)st<<a+i(b—a),

at(j—Db—a)<s<a+j(b—a)

(G j=1,2, s44 n)
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Toraa cucrema (20) sanuumieTcst B BHIE onﬁoro ypaBHeHU A
dpenronpma’
a-n {b—a)
ot)=r | K¢ 9)O@Eds+F@).  (21)
HerpyaHo BHAETH, YTO NMOCTPOEHHOE HaMH PO K (¢, s) un-
TErPUPYEMO C KBaApaToM

a<t<a+n(b-—a),
B {a<s<a+n(b-——a),

a cBobonubiil uneH F ()L, [a, a - n (b — a)l JeficTBH-
TEJLHO,
atn (b—a) n ati (b—a)
Fypat=Y, | |Fopa=
a i=1a+ (i—1) (b—a)
n ati (b—a)
= 2 f |f;((—(@—1)(b—a))Pdt=

i=1 a+ (i—1) (b—a) .
* N - n

=2 11 @Fdt<i+ oo,
. =l q
TouHO TaK xe
a4n (b—a) atn (b—a)
| K (¢, s)|*dtds=

’ ‘ n b b
= X [l Ky, dtds= Bi<it oo

Htak, Mbl CBeqiu CHCTeMy YpaBHeHHH (1) K OZHOMY HHTe-
rpajbHoMy ypaBHeHHIO ®penrossMa ¢ aapom K (£, s)eLz(Ql)
u cBoGoaHHM ujieHoM F ()L, la, a 4+ n (b — a)l.

[IpumeHsss K HeMy paccyxiaeHHsa n. 1°, moJayuaem, uTo
ec/d |A| << 1/B;, 10 ypaBHeHnHe (21) umeeT egHHCTBEHHOE
peiieHye B KJjaacce L, la,a 4+ n (b — a)]. dro nocienHee
MOXeT ObITb HaHAEHO MEeTOAOM MOoCJjeNOoBaTe/IbHBEIX MPHO/IU-
JKEHHH.

CnenoBatenbHo, H Aasi cucteMbl (20) mocJ/enoBaTesbHBIE
NpHOJHKEHHS] CXOAATCA B CPEeIHEM K pelIeHHI0 CHCTEMBI,
KOJb CKOpo |A| <C 1/B,, rae

n b
Bi= 2 [[1Kyt, 9pards.

fi[=la a



FTNABA I

JIHHEHHI}!E ONEPATOPbI.
JIMHEAHBLIE HHTEIPAJIbHBIE YPABHEHHA

Ilpu paccMoTpenuu OOIIUX CBOMACTB JIHHEHAHBIX HHTEr pajib-
HBIX YpaBHEHHH NOJEe3HO HCNOJb30BaThb HEKOTOPbie pe3yJib-
TaThl TEOPHH JHHEHHHX omnepatopoB. D10 TeM GoJjee ecTe-
CTBEHHO, 4YTO CAMH HHTErpaJibHble YPaBHEHHs NOCAYXKHIH
OTIIpaBHOH TOUKOR JJisl MOCTPOEHHs OOLLER TEOpUH JUHEHHBIX
onepaTopoB. |

§ 9. JinHe#iHble HOPMEPOBAHHBIE NMPOCTPAHCTBA

I. JIluHellHOE NPOCTPAaHCTBO

Onpenenenune. [lyemv E — MHONcecmso aremeH-
moe, yoosaemeopsIowiee CALOYIOUUM QKCUOMAM:

1°. E — abesesa epynna omHocumeabHo epynnogoli onepa-
yuu caoxceHus. STo 3HAYMT, YTO onpeleseHa CymMa X -y
JIOOBLIX IBYX 3/IEMEHTOB X, y & E, aABJAAOWAACA 3/E€MEHTOM
TOrO K€ MHOXECTBa, NPHUEM oNepauus CAOKEHHS YAOBJETBO-
pAET YCJIOBHAM: '

1) x +y = y J- x (KOMMYTaTUBHOCTD);

2) x +(y +2) = (x +y) + 2 (acCOUHATUBHOCTE);

3) CyumecTByeT OJHO3HAUHO ONpeleseHHBIH 3jiemeHT O Ta-
KOH, YTO ~

xX+0=x Vxes£k

4) naa Bcskoro x & E cymecTByer 0oJHO3HAauHO ompene-
JEHHBIA 3JeMeHT (—x)=E Tako#, uTo

X 4+ (—x) = 0.

OnemeHT O Ha3HBaeTCsi HYyase6oiM 3JIEMEHTOM HJAH HYAeM
rPyNnel. DJeMeHT (-—X) Ha3LIBaeTCsl 3J€MEHTOM, MpOomusono-
AOXHCHHIM X.



80 JIHHEAHDBIE ONNEPATOPH U HHTEIPAJIbHBIE YPABHEHHUSA [I'JI. 111

EctecTBeHHO BBOAMTCA omepauys, oOpaTHad K onepauuu
CJIOXKEHHS 3/1EMEHTOB, KOTOPYIO Ha3blBAIOT BLIYUTAHHEM: MOJ
PA3HOCMbIO X — Y noHuMaiom x -4 (—y).

2°. OnpedeneHo YMHONCEHUE 3ieMERMO8 X, Y, 2; ...
muoxcecmea E  Ha  eewecmseHHbie  (KOMNAGKCHbiE)  4ucaa
A, By, Y, ..., NPUHEM AX CHO8Q SBASEMCA 3AEMEHIMOM MHO-
acecmea E u ebinOAHAIOMCR Ycaosus.

1) A (px) = (Ap) x (3aK0H accoyuUAMUBHOCHIU YMHONCEHUR);

2) A(x +4y) =k + My,
3) A +p)x="h 4 px

Mnoacecmeo E, ydossemeopsawowee axcuomam I u 11, Ha-
BHIBAEMCA AUREUNLIM (BEKMOPHLIM) NPOCMPAHCMEOM.

B 3aBucHMOCTH OT TOro, Ha KakHe UMCJ/a, BelleCTBEHHbIe
UJIH KOMILJIEKCHBIE, AONYCKaeTCs YMHOXKEHHE 3/1EMEHTOB MHO-
xectBa E, pasjMyaloT BelleCTBEHHOE WJIH KOMIJIEKCHOE JIH-

. HeHiHOe MPOCTPaHCTBO.

IIpumepsn. 1. COBOKYNHOCTH BCEX BEKTOPOB NJIOCKO-

CTH ¢ OOHYHBIMH ONEPalHAMH CJIOXKEHHS BEKTOPOB U yMHO-

(3axkoner Jucmpubymusrocmuy).

XKEHHs HX Ha JCACTBUTENbHOE YHCJAO 00pasyer JIHHEHHoe

NpOCTPAHCTBO.
2. CoBokymHOCTL 3qemeHToB npocrpaHctBa C la, bl
C OOBIYHBIMH ONepaUHsIMU CJIOXKEHHS! GYHKUHA H YMHOMXKEHHSs
$yHKUMH Ha yHCcI0 obpasyer JiMHeHHoe npocTpaHcTBo. Hyub
3TOr0 npocTpaHcTBa — yHKuus x (f) = 0 Ha la, bl
C apyrofi CTOPOHBI, COBOKYIHOCTH BEKTOPOB Ha IJIOCKO-

CTH, Hayaja KOTOPHIX HAXOAATCA B HayajJe KOOPAMHAT, a

' KOHLIBI — B Npefenax |-# ueTBepTH, JIHHEHHOTO NPOCTPAHCTBA
He obpasyer, TaK KaK B Npefe/aax 3TOH COBOKYMHOCTH HEJb3f
yMHOXaTb Ha (—I1).

AmnanornuHo, Kjaacc BceX MOHOTOHHBIX Ha [a, b] yHKIHH

He oOpasyeT JIHHEHHOro NPOCTPAHCTBA C OOBLIYHOH omepauuel
CJIOXKeHUS] GYHKUHHA.

Taxk, GyHkuuH x; (f) = sin £ + 2 u x, (f) = sin ¢ — 2¢

MOHOTOHHBI Ha [—, ], HOHx cymMMa x (£) = x; () 4%, (f) =
= 2 sin { He MOHOTOHHA Ha [—m, n].

Knacc Bcex nepronnueckux ¢yHkuu#t Takxe He o6pasyer .

JUHEAHOTO NpocTpaHcTBa. Tak, Kaxaaa u3 yHkuu# sin £
M sin af (@ HppalHOHAJbHO) NEepHOAHUYECKAs, HO HX CyMMa
sin { 4 sinaf ecTb QYHKUHA HEmepHoAHYECKas.

e v
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II. luaefiHoOe HOPMHUHpPOBaAHHOE
NPOCTPAaHCTBO

Onpeneaenue Mnoweemso E Hasusaemes Aured-
HOIM HODMUDOBAHHOIM NPOCMPAHCMEOM, eCau:

1°. E — aunelitoe npocmpancmeso. |

2°. Kawcdomy aremenmy xe=E nocmasaeno & coomsetncmaue
delicmeumeabHoe 4ucA0, KOMOPOe HQA3b8aemMCcs HOPMOU 3mozo
aaemMerma, o603uaqaemca cumeoaom | x| u ydosremsopaem cae-
Oyrowum ycaosuam (AKCUOMbL HOPMBL):

D Ixl=0, |x]=0&x=0

2) |x +y| < x| +yl (axcuoma mpeyeoavruxa);

3) |Ax| = |A| | x| (0Onopodrocmb Hopme).

DTH CBOHACTBA — €CTECTBEHHOE IepeHeceHHe CBOMCTS
HOpMBI (IVIMHBI) BEeKTOpa B OOBIYHOM TPEXMEPHOM MpOCTpaH-
CTBE Ha 3JIeMEeHTHbl JIoGOH MPHPOIH.

B n1HeliHOM HOPMHPOBaHHOM IIPOCTPAHCTBE MOXKHO BBECTH
METPHKY MOCPEACTBOM pPaBEHCTBA

p(x, y)=|x—yl. (1)

JIerko nNpoBepuTh, YTO TaK BBEJECHHOE PacCTOsHHE yJOBJETBO-
psieT BCeM aKCHOMaMm MEeTpPHKH.
Tak kak x — 0 = x, To U3 onpenesnenus (1) crenyer, uro

lxf=lx—8f=p(x, 0),

TaK 4TO HOpMa JIIoGOTO 3/IeMEHTa paBHAa €ro PacCTOSIHHIO OT
HyJs. BBeas MeTpuky, MOXHO ONpeleqHTb CXOLHMOCTb IO~
CJ1eJ0BATE/IBHOCTH 3/1eMEHTOB {X,} K X, a HUMEHHO:
Xo == lim x,,,
n-> o
€CJTH

H Xn —Xo H-——-*O
nswo

OnpeneneHHass TakKuM O6pPasoM CXOAHMOCTb B JIHHEHHOM
HOPMHPOBAHHOM MPOCTPAHCTBE HA3LIBAGTCH CXOOUMOCMbIO N0
Kopme.

. Ecid JiMHefiHOe HOPMHMPOBAHHOE NPOCTPAHCTBO SBJIAETCHA
TOJIHBIM B CMBIC/IE€ CXOIMMOCTH 110 HOPME, TO OHO Ha3bIBaeTCs
npocmpatncmeom banaxa uau npocmparcmsom muna B.
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ITpuMmepsn. l. n-mepHOe BeKTOPHOE INpPOCTPAHCTBO
¢ OOBLIUHBLIMH ONepalUsMH CIOXKeHHA BEKTOPOB H yYMHOXKEHHS
HX Ha YHCIO H HOpMOH

n 1/2
lxl= (Eﬁi) ’
x=(&, &, ... En),

eCcTb NPOCTpaHCTBO Tuna B.

2. C la, b] ectb npoctpancTBo Tuna B. Cnoxenue QyHK-
M ¥ yMHOXeHHe (YHKUHUI Ha YUCIO onmpejenseM OObIYHBIM
o6pasom. [Tosmoxum

fxll=max]x ()}

a<t<bh

TOrJa
p(x, Y=llx—yl|l=max]|x()—y (1)),
ast b

TaK 4TO MeTpHKa M0JTy4eHHOr0 POCTPaHCTBA COBMAAaeT C MeT-
puKoil, paHee BBefleHHodt B C la, b].
Kak 6ni10 nokasano, C Ia, b] MOJIHO B 3TOf MeTpHKe H,
C/1eI0BaTeNbHO, €CTh 6aHaX0BO NPOCTpaHCTBO, )
3. L, la, b} ects HpOCTpaHCTBO tuna B. 3pech
Yp

) = lemnndt :

4. PaccmorpuM JHHeHHOe MNP OCTPAHCTBO (PYHKLHH x(t),
HenpepuiBHHIX Ha oTtpe3ke [a, b]. Ero moxHo caenarb Hop-
MHpPOBAHHBLIM NPOCTPAHCTB OM, IOJIOXKHB

b

nxl= | ]x(t))dt.

a

Bynem 3to mpoctpaHcTBO 0oGo3Hauath C; la, b). 3gmecs

b
b(x, )= [lxO—y O] at. (21%

[MpocrpancrtBo C; la, b1 He mnomno. Ilpusenem n{mmefli
. (cM. [51]) pynnameHTanbHOI nocTefoBaTeNLHOCTH U3 C,
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ne umerouiedt- npenena B C; la, bl. Beps ans npoctoTst ot-
pesok [0, 11, paccmotpuM ¢ynkuuio (puc. 8)

I  npu 0<<i<<1/2,
Xo ()=1{n+1—2ntnpu 1/2 <<t <<1/241/2n,
0 npu 12 +12n<t<<l.

B cmbicsie MeTpuKH (2), T. €. IO HOpMe, NMOCJENOBATENbHOCTD

Zh .
z
, U —————
E ; -
0 / / ¢
3
Puc. 8. Puc. 9.

{%, (§)} cxonmutca kK ¢yuruuu (puc. 9)
I mpu 0<<E<1/2,
"(’)"{o npu 12 < t<1,
JeficTBUTENBHO,

1 .
p(ta 1) = [ 1%, ()— x ()| dt =
0 ' 1/24+1/2n

= | +1—2mdi<iyon,
172
H nostomy x, (f) — x (f).

CIOfla cJejyeT, YTO NOCJef0BaTeJIbHOCTh X, (£) ¢yHaa-
meHTanbHa B Cy la, b], no npenena B Cyla, b} ona He umeer,
TaK KaK CXOAHTCA K pa3spbiBHOH (QYHKIIHH.

Iostomy C, Ia, b}) eCTh JHHeHHOe HOPMHPOBAHHOE NpPO-
CTPaHCTBO, He fABJsoLIeecss GaHaXOBBIM NMPOCTPAHCTBOM.
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5. ITpoctpauctso C, la, b] wHenpepuBHHX Ha [a, b]
¢yukuuf x(f) ¢ HopMOH . - ;
12

b
lx) = hx(r)lsdt

He ABJAsieTcst B-mpocTpaHCTBOM. MOXHO NMOKa3aTh, 4TO noc.ne
JNOBaTeJbHOCTh HeNpepbiBHEIX (PYHKLH#H

x, (f) = arctg ni, —l <t <1,

=

¢dyHnpaMeHTaNbHa, HO CXOAMTCS B CMBIC/E CPEIHEro KBajpa:
THYHOTO YKJIOHEHHUs] K pa3spbiBHOH (yHKIHUH

(—m/2 npu ¢<0,
x(f) == 0 npu =0,
/2 npu t>0.
Hnsa GaHaxoBBIX HpOCTpaHCTB crpaBeJTHBO BCe, UTO umees

MECTO JJIAl TIOJIHBIX METPHUECKHX NPOCTPAHCTB (B 4aCTHOCTH, §
B-npocrpaHcTBax pabotaer MPHHLUN CKATHIX omépameunﬁ)

§ 10. JInnefinnie onepatopnt. Hopma oneparopa

Mycrs E n E — nuneitusie npocrpanctsa. Onepatop A
pefictByiomuit u3 E B E, Ha3biBaeTCs AUHEUHbIM, €ClH O
1) annutusen, . e.
A(x+y =Ax + Ay 1paa mobeix x, y=E;

2) onHOponeH, T. e.
A (ax) = aAx paa moboro x=E u moboro uuciaa a.

HenocpeactBeHHo U3 onpefesieHHss JTHHEHHOTO olepaTons
cnenyer, uto Bcerja A6 =0, A (—x) = —Ax.
H3 1) u 2) nerko noayuaem

Ao+ o o apxy) = o Axi + v + A%

Jsl MOGBIX Xy,. . ., X U3 E 1 MOGHIX uncen oy, ay, . . ., G

IIpumepsn. 1. Onepatop O, nepeBoiAlIuil KaKAbH
5/IEMEHT X MPOCTpaHCTBA E B HYJ/I€BO! 3/1eMEHT NpoCTpaHCTRy
E: Ox =0 Vx=E, asaserca nunefiusiM, OH HasbiBaeTcd
HYAebiM OTIEPaTOPOM.
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2. Onepatop I, mnepeBOAsAIIHE KaXAbiH 3JeMEHT mpo-
cTpaHcTBa £ B cebs:

Ix = x

auHeeH, OH HasbIBaeTCA EOUHUUNHM WU  MONCOLCMBEeRHOIM
oneparopom:

3. Onepatop A, nepesomumn KaXIbi 3jeMeHT x&k
B 3JeMeHT-AXx (A — hHKCHpPOBaHHOE YHCJO), €CThb JHHEHHbIA
onepaTop, Ha3biBaeMbiii ONEPaToOpoM nodobus.

4. Ilycte A — nuHellHHH onepaTop, OTOOpaXKawlUHE n-

MepHoe mpocTpaHcTBo R" ¢ Gasucom e,, (€5 ..., €, B m-
MepHoe mpocTpaHcTBO R™ ¢ 6asucom fyi, far « ¢ o S
Ectn x=R", 10

! n
X= 2 E;e;
i=l1

H, B CHJy JUHeHHOCTH omeparopa A,

Ax - ;1 gtAel.'

-

Takum o6Gpa3om, onepatop A OyZer 3amaH, eCc/H HU3BeCTHO,
BO YTO OH ‘NepeBOAHT Oa3UCHbIe BEKTOPH €4, €,, . .., €n

Pasnoxum Bektop Ae,=R™ no 6asucy fy, fa «« <, fm
bynem umertnb

m :
Ae; = 121 a?)fi (£= 1¢29 vy n)‘

Orciopa scHO, 4t0o omepatop A onpenensercs Marpuied

- 2’ 0y
kosppunmento  (a¥)i =% ?, cTONGUAMH  KOTOpOi
Cy2KaT KOODAUHATHI BeKTopOB Ae,, Ae,, ..., Ae, otHOCH-
TQJIBHO 633HC3 fl, fz, LI IR Y fmo

Ilycts E v E — nuHefiHble HOpMHPOBAHHEIE IPOCTPAHCTBA.

Onpenenenue. Onepamop y = Ax ¢ obracmorwo
onpedeserusn D 4 E u co 3naqenuamu e E Hasvieaemca wenpe-
PoieHuIM 8 motke xo=D 4, ecau 0an ecaxozo € > 0 cywecmsyem
6 >0 maxkoe, umo danecex x= D 4 mmcux 4mo | x — x g <8,
BbLNONRACMCA HEPABEHCITBO

| Ax— Axo [z <e.
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30ect | |e» | |z — wopmer 6 npocmpancisax E, E coom-
8eMCMBEHHO. o t
Hacrto GeiBaer yioGHO caepyiouiee (PaBHOCUJIBHOE) Orpe-
Je/leHHe HeNmpepLIBHOCTH omepartopa. '
Onepamop A Henpepoisen 8 mouxe xo=D 4, ecau 048 aobolk
nocaedosameabHocmu 3semenmos {x,}, x,=D,, .cxodauelics
K X, no Hopme npocmpancmea E, coomeememsyrouas nocaedo-
samenvrocme {Ax,} cxodumes & saeMermy Ax, no Hopme

npocmpancmea E, T. e.

lim Ax, = Axo

n-» o
[Tpumep s 1. HYCTB ,E‘ [a, b). dna npo-
usBosibHON GyHKuUH x () EC la, bl n O.TIO)KHM
b . - .
y(t)=[K(t, 9)x(s)ds, 1)
a

rae K (¢, s) — HekoTopas GUKCHpOBaHHas HenpepuiBHasl GYyHK-
uus ABYX NepeMeHHBIX B KBajapate Qia < £, s < b}.

Hcnoaw3ys paBHOMepHyio HenpepriBHOCTE K (£, s) B Q,
nonyyaem, 9to QyHKUHA Yy (f) HenpepbiBHa AJd JM0GOA He-
npepoiBHO# GyHKuuu x (£), Tak uto paBeHcTBO (1) ompenenser
onepatop y = Ax, mefictBylomuit u3 npocrpatcta C la, b}
B C [a, b]. Ero HasuBalOT unmezpasoHoim onepamopom @pea-’
eoabma ¢ (HenpepuiBHEIM) agpoM K (£, s). JluHeHHOCTL 3TOrO:
oMepaTopa OYeBUJHA:

,, |
D Ay +x)= [K({t, 9) ix(5) + x () ds =
b . b
=Kt 9 m @ ds+ [ K(t,9)x () ds = Ax, + Asxg
o
2) A(ax)= | K(2,5)ox(s)ds =

, |
=aq J K (t,s)x(s)ds=aAx (a==const),
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HenpepriBHOCTS Onepatopa A caefyeT H3 TOro, 4TO CXOAH-
MocTb B npocrpaHctee C la, b] ectb paBHOMepHas CXofH-
MOCTb, ITIpH KOTOPOH ~BO3MOXKEH IpelesbHBHIH NepexoA IOox
3HaKoM HHTerpaja. Iloatromy, ecau x, () — x4 (f), TO

b |
lim Ax, = limj K, 8)x,(s)ds =

n-»o n-»w g
b

,, .
= [K(t, 5)(limx, (s) ds = [ K (t,5) % (s) ds = Ax,.

n->ow a

2. Iycrs Tenepy E = E = L, la, b]. BuoBb paccMor-
PHM HHTErpalbHbIA onmepatop Ppenrosbma

b
y=Ax= [ K(ts)x(s)ds, (1)

HO Teneps GyAeM mpeanosarath, uto aapo K (f, s) uHTerpu-
pyeMo ¢ KBazpartoM 1o obnactu Q {a < f, s < b}:

b b
[ K, sy dt ds= Br < + oo @2

ITokaxkem, uto ¢popmyaa (1) onpenenser onepatop, LeHCTBYIO-
wuit u3 L, la, bl B L, la, bl.

B cuny teopempt ®ybunu (cM. [27]) us ycaoBua (2) cie-
ayet, 4to aapo K (¢, s), KaK QyHKUHUA OT S, NPHHANJIEKHT
L, la, b}. 3nauut, unrerpan (1) cyuwecrtsyer ajs Jio6oi
byukuuu x (£)€ L, la, b]. Tlo Toit ke TeopeMe PyGuHH

byHKUHUSA
_ b 1/2
k(t)-:—(j Kz(t,sws)

npuHagnexut L, la, b], npuuem

: sz(t)dz:ffm(t,s)asdtz32<+oo.
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Hcnonp3ys HepaBeHcTBO Kolin—ByHAKOBCKOro, HaxoguM .
12

b by(b ~
jyz(t)dfz I{IK(Z,s)x(s)ds fdtg

b

.b b .
egj'{jm(t,s)ds ‘

@

x*(s)ds}d;=

b b b .
= Jxa(s)dsjJKz(t,s)dgdzmllxlﬁgﬁ, (3¥

T.e. y ()€ L, la, bl.
HepaBeHcTBO (3) MOXHO 3anucaTb B BHZE

yIP<<B*|| x|P.

H3Brekasi KBajpaTHBIl KOpeHb U3 06eHX 4acTell 3TOro Hepa
BeHcTBa, OylaeM HMeTb

lyl|= Ax | < B| x|} (43

3
JIuHefiHOoCTb omepaTtopa A oueBHZHA, a HenpephHIBHOCTbL €I
cJefyeT U3 HepaBeHCTBA (4), NMOCKOJMBKY €CIH X, — Xo, ™

| Ax,— Axy ||= || A (xn— Xo)|| << B|| X4 — X || — O,

n-y» w

O

H, 3HAYHT,

Ax,— Ax,.
n-» oo

Yonpaxuenne, Ilokasars, 4TO B KOHedHOMEPHOM npocTpaHCTN
BCAKHA JIHHEHHHI onepaTop HenpephBeH.

Teopema 3.1 Juneidnoil onepamop y = Ax, onpeée@
ACHHBLL HA AUHEUHOM HOPMUPOBAHHOM NPOCMPANCmSe E
u omoépa:ﬂcafomuu E & auneldrnoe HOPMUPOBAHHOE NPOCMPAH

cmeo E, nenpepoignsiil 8 00noil mouxe x, & E, nenpepoiser nl
ecem npocmparcmse E,

JleficTBUTebHO, MYCTh X — JioGas Touka u3 E u x, — %
Toraa x, — x + X, — X,. Tak Kak A HenpepbiBeH B TOUKE X¢f
TO

lim A(x,—x + x) = Axo.

-y o0
Ho B cuany JnuHeiliHOCTH onepartopa
A(x,— x + x) = Ax,,— Ax + Ax,.



§ 10] JIMHEAHBIE ONEPATOPH. HOPMA OIIEPATOPA .89

ITosTomy
lim Ax, — Ax + Axy = Ax,,
fi-y 0O
OTKYJa .
lim Ax, = Ax.
n-» oo

TlocnenHee osHauyaer, COTJIaCHO ONpeJeNieHHIO, 4TO OMNepa-
Top A HenpepbiBeH B TOuKe x=E. :
Onpeneanenue (). Junednoii onepamop A, deti-

cmayowuii us E 6 E, Hasveaemces ozpanuueHHbiM, ecau oH
onpedesed Ha 6cem E U cywecmgyem maxkas HOCMOAHHAA
M0, umo

lAxj<M|x] VxeE. )

30ect | Ax| < HOpMa e npocmpancmee E, | x| — nopma 8 npo-
cmpatcmee E.,

CorslacHO 3TOMY onpefe/ieHHI0, OrpaHUUEHHHIH OmepaTop
NepeBONHT KaXKJ0e OrpaHHYeHHOe MHOXKECTBO 3J/IEMEHTOB

{x}cE B orpaHuueHHOe *e MHOXecTBO aneMeHToB {Ax} < E.

Mexy OrpaHH4YeHHOCTbI0O H HENpPepPHIBHOCTBIO JHHEHHBIX
onepaTopoB CYIIECTBYeT TeCHas CBf3b, KOTOpas Bbpamaercs
clenyiollell TeopeMoi.

Teopewma 3.2. Jaamoeo umobot auredineoui onepamop A
bbi2 Henpepoiger, HeobX00uUMO U O0CmMAamoyno, 4mobsl OH Obia
O2paHuyen.

Huorzna GuiBaer ynoGHee 110/1b30BaTbCS HHBIM, paBHOCHJIb-
HbIM TNpejbylieMy, ONpeaesieHHeM OrpaHHYeHHOro onepa-
TOpa.

Onpenenenue (II). Onepamop A naseisaemes oepa-
HUYEHHbIM, eCAU OH 02paKUYer 8 eOurudHoM wape S, : | x| <l
npocmpancmea E, 1. e. cywecmsyem uucao K maxoe, 4mo

|Ax|<< K (6)

Oan ecex x maxux, 4mo ||x|) << 1.
[Tokakem akBuBajseHTHOCTH onpeaeneHud (I) u (I1).
ITycte onepatop A orpaHHuYer B CMbIC/Ie BTOPOro ompe-

nenenus. [Tonoxum M, —nsup[lell TaKk 4to |Ax|<< M,,
‘koraa x| << 1. Ecau Tenepb x :/: 0 — mo6oit aneMeHT u3 E,

0 - e=8,, H IOTOMY ”A( )H M,, otKyxa l]Ax S|

= M| x|, Tak 4ro ycnoBHue (5) BbIHO.HHﬁeTCH cM=M,.
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Ipenno/ioKuM, HANPOTHB, YTO BHUIOJHSETCSA yc/ioBHe ().
Toraa ana x| < 1

JlAx|< M,

T. €. A — orpaHHueHHHIH omepaTop B CMBICJE BTOPOTO OMNpe-
JeJICHHS.

Onpeanenenue. Yucro Mo, onpedeasnemoe pPAseH-
cmeom

My= sup IleII (7
fxll<l :

HQA3b16aeMCA HOPMOL onepamopa A u 0003HQuAEMCR  CUMBO-
aom | A|.
Takum obGpasoM, anas Jawboro x < E

Il Ax <<l Allll x|l (8)

OueBugno, 4to M, = | A| ecTb HauMeHbmas H3 KOHCTaHT,
y4acTByIOIiHX B HepaBeHcTBe (5).

B camom gesne, ecisin Gbl 3TO GBLTO HE TaK, TO HaIHJIOCb Obl
yHcao M, << M, takoe, uto vYx= E

| Ax ]| << My]| ]l

Torﬂ.a g VxS, Mol uMenn Ohl
| Ax < M,
OTKyJa
My= sup " Ax |<< M, << M,,

RS

YTO HEBO3MOXHO.

[MostoMy HopMy | A |.onepaTopa A MOXHO onpeneauTb KaK
HHXKHIOIO IpaHp BceX uuces M, nNpH KOTOPDHX HMeeT MECTO
HepaBeHCTBO (D):

|A||=inf M.

Mpumep. Paccvorpum B npoctpanctse C [a, b] onepatop
Ax = tx (f),

Ha3biBaeMbIfi OMEepaTopoM YMHOXEHHS Ha He3aBHCHMYIO NEpPEeMEHHYIO,
OueBHIHO,

A
C [a,b] - C [a,b].

Has npocrotsl GyaeM cumtath, uto 0<< a < b..
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Ilan moGoii dynxuun x (f) = C la, b], | x| << 1, nMeem |
| Ax| = max | te ()| b max |x ()| =bllx] < b, 9)-
ai<h | a<st<h '

Orcioza
| 1A]<b.
Ecan B3sTb QyHKUMIO X0 (f) = 1 Ha la, b), 10 nas1 mee
| Axoll = max| #xy (¢) ] = max |£] =,
a<i<b at<b

'n NO3TOMY :
JAl=sup| Ax|>=|Axl=0b. | (10)
hell <t '

M3 (9) u (10) BHITEKAeT, YTO '||A|]= b.

- BryncieHnHe HOPM KOHKDETHHIX  OmNepaTtopoB  OGBIYHO
‘BecbMa 3aTpyAHuTeJbHO. ONHaKo 4Yacto GhIBaeT ROBOJILHO

JIerKO OUEHHUTb HOpMY onepa'ropa CBepXy, uTO nopon 'OKas3Hl-

_BaeTcs JOCTATOYHBIM.

' PaCCMOTpHM, HalpHMep, B MPOCTPAHCTBE C la, b] un-

TerpaJjibHbH onepaTop (DpEJII‘OJIbMa :

Ax = j K(t,5)x(s)ds, x(f)=Cla,b)

c HenpepbiBHBIM B Qla << ¢, s << b} aapom K (%, 5).

Nycrs M = max | K (t s)l Hna x(f)=C la, b},
, (t,s) =Q '
¥l <<1, umeem

-

1 Ax || = max

b.
[K@9x0 ds‘<

<max _[lK(t )| | x(s)|ds <3

- <M(b—a)max|x(s)|—M(b—a)||x||<M(b——a)

OTcxona .
|All= sup || Ax|<M (b—a). (11)
Ihx <t

Ouenka (11) aBasiercs BecbMa rpy06oH, XOTS H HCIOJIB3YyeTCs
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BO MHOTHX pacCykaeHusix. Jlerko BHAeTb, YTO CNpaBeAJHBA
6osiee TOYHaAA OLIEHKA
b
| 4| <<max f [K (¢, 8) ] ds.
a<i<bh

a

MoxHo nokasatb ([19]), uto B nanHOM ciayuae

-

b
| All=max [|Kt,9)|ds

abgb 5

B 3akniouedHe npuBer>M npumep JuHeAHOro, HO He orpa-
HHYEHHOI'0 oneparopa. '

Mycts E = E = C la, b1.

Paccmotpum onepatop auddepeHuupoBaHHA

o . d
Ax:-—&}-x(t).

1ot oneparop JauHeed. OfHAKO OH OnpeflejieH HE Ha BCEM.
C la, bl, a qumpb Ha noamuoxectBe C) [a, bl = C la, bl
dyHKUHMA, HMEIOUHX HenpepHBHYIO NpoHsBoaHyio. Oneparop
A Ha C la, b] ue saBaserca orpaHHueHHHM. B camoM
jene, nyctb X, () =sinnt nva [—mn, nl. Toraa

| %, | = max |sinnt| =1,
—R<E
a
| Ax, || = max %—sinnt =n max |[cosnt|=n,
—RE K —nE L
H TO3TOMY

sup || Ax ||= - oo.
el <l

§ t1. HpocTpaHCcTBO OmepaTopos

3adukcupyeM JBa JHHEHHBHIX HOPMHDOBAaHHBIX NPOCTPaHs=
ctBa E u E u 6yneM paccMaTpHBaTh BCEBO3MOXKHHIE JHHeH-
Hble onepatops A, B, ..., nefictByiomue us E B E.

Ba oneparopa A u B cuutaem pasueimu u nuueM A = B,
€CJIM OHHM coBnajaiorT Ha BceM E, T. e. -

Ax = Bx VxeE,
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OnpefeiM cymmy ONePaTOPOB H npoussedenilie onepamopa
HQ 4ucao ClepywluM ofpasom:

(A 4+ B) x = Ax + Bx,

310 GyAyT cHOBa onepartophl, mefictBylomue U3 £ B E, v 1o
OTHOIIEHHIO K TaK BBEJEHHLIM ONEpAalHAM MHOXKECTBO BCeX
TAKMX JIHHEHHLIX ONepaTopoB B CBOIO oOdepelb oOpasyer
JuHelHoe npocrtpaHcTBo. HyJsem sTtoro npoctpancTBa 6yaer
HYJIeBOH omeparTop, onpejensieMblii paBeHCTBOM

Ox=-§ VXEE:

Bosee Toro, sta COBOKYIHOCTb ONepaTopoB GyJeT JIHHEHHBIM
HOPMUPOBAHHbIM TIPOCTPAHCTBOM. B camMoM zene, A KaxKa0ro
oneparopa A onpejeneHa Hopma 3Toro oneparopa |A|—
HEeOTpHLATeJbHOe YHCIO, paBHOE s?p !tle]], U OCTaeTcs JHIIb
x| <
NPOBEPUTH BLINOJHEHHE aKCHOM“HL)pMI:I
ITposepum, Hanpumep, BHIOJIHHMOCTb AKCHOMBI TPEYTOJIb-

HHKa. Hmeem
|A<+B|= }i&&l”m + B) x| =

= sup [l Ax+Bxll< sup {| Ax]l+1 Bxl} <

< sup HAxll+ Sup HBxll—HAII-}-HBII,

hxl<1 fxh <1

TaK 4YTO aKCHOMa TpeyroJibHHKa JJi1 HOPM OKAa3hiBaeTCs BHI-
TIOJTHEHHOH.
Hrak, COBOKYNHOCTb BCeX JIHHEHHBIX ONEpaTopoB, JAeH=

cteylomux u3 E B E, ecTb JuHeiiHOe HOPMHPOBAaHHOE MpO-
cTpaHcTBo. Byaem ero o6osHauath cuMmBosiom (E — E).
Moxuno nokasats ([38]), uto ecau E— noanoe npocmpat-
CIMeo, MmO NPOCMPaHcmeo Aulelinsix onepamopos (E — E)
maxoice noAHoe.
MmeHHO, mycTh HMeeM INOCJEN0BAaTeJbHOCTh ONEpaTopoB

- Angrmo'

(A} = (E— E) u R
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T. e. mocJenoBareabHoCcTh {4,} onepaTopoB byHnameHTaIbHA,
Torna cymectsyer onepatop A = lim A, Takoi#i, utO

|4 —A] =z

DTy CXOAUMOCTb 110 HOPME B IPOCTPAHCTBE ONEpPaTOPOB Ha3H-
BaIOT PABHOMEPHOU cx00uMOCMbI0 NOCTENOBATEbHOCTH Onepa-
TOPOB. ]
Ilyete E — nuHefiHoe npocTpaHCTBO. PaccMOTpUM MHO-
*)ecTBO (£ — E) BceX MUHEHHbIX ONepaTopoB, ONpeleseHHbIX
Ha E ¢ obnacToio 3HaueHHH, pacnosioXeHHOH B TOM Ke Ipo-
CTpaHCTBe. Kak ™Mbl nokasanu, 3TH onepaTtopnl o0pasyior
JTHHeHHOe NPOCTPAHCTBO.

OnpenenuM npousBefileHHE ONepaTopoB A B u3s (E — E)

bopuyof (AB) x = A (B3).

Jlerko Bugerb, uto AB cHoBa aHHelHHHA onepatop. B camom
IeJe,

(AB) (xy + %) = A (B (x, + Xg)) = A (Bx; + Bxy) =
= A(Bxy) + A (Bxy) = (AB)x, + (AB) x,,
(AB) (Ax) = A (B (Ax)) = A (ABx) = AA (Bx) = A (AB) x.

ITo unaykuuu onpeaenserca npousBefeHue a060ro yucaa
oneparopoB. B wactHocti, AA = A% A?A = A® u 1. A..
HerpynHo nposepurp, 4TO

(AB) C = A (BC),
(A +B)C = AC 4 BC,
C(A +B)=CA 4 CB.

Hanee, cymecmye'r eMHHYHBI!l onepaTop I, onpenememmﬁ
PaBEHCTBOM

n—->co

Ix=x VxesE

u Takof, utro Al = IA = A paa moboro oneparopa A.
Onpenenenue Hazosem rosrvyom R MmHONCeCmEo
SMEMEHMO8 X, Y, 2, . .. C OBYMA ONEPAYUAMU, HA3DI6ACMHLMU
CAONCEHULM 1L YMHONCEHUEM, KOMOPble 3anUCHIBaI0MCA COOmaent-
CMGEHHO KaK Ccymma u npousselerue, U YO0BACMBOPAIOUUX
CACOYIOWUM YCAOBUAM:
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41) Omrocumeabro croxcenus R—abenesa epynna.
2) Y mHuoocenue accoyuamusHo; (xy) z = x (y2).
3) daa aobuix xy, 2 R

(x +9 z=xz +ye,
z(x 4y =2x 42y

Kospno R Ha3HBaeTCA KOMMYymAQmueHuoiM, €CH B HeM
TOXJECTBEHHO

(Quompubymusetocme),

Xy = yx.

Takum o6pasom, Muosxcecmso (E — E) aunednsix onepa-
mopos obpasyem Koo ¢ eduruyed I. (MHOXeCTBO Y€THHIX
yHCeJ C OOHYHBIMH ONEpalHAMH CJIOXKEeHHA H YMHOXKeHHA
o0pasyer KOJbLUO 6e3 eIHHHIILL)

Kosblo onepaTopoB HEKOMMYTATHBHO, TaK Kak, Boobiie
rosopH, ' :

AB =+ BA,

YTO BHAHO XOTA Okl HA NMpUMepe MATPHUHBIX ONeEpaTopOB,

§ 12. O6paTHnie omepaToph

BakHbiM NOHATHEM ABJAETCS TOHATHE 00pamrozo onepa-
mopa. CorjacHo ofLieMy OnpeleJeHHI0 OGpaTHOTO 3/JEMEHTa
KoJbLla C elHHHIeH, onepatop B HasniBaercsa .esoim obpam-
HoiM IJIA JIUHEHHOro oneparopa A, eciaH

BA = 1.

Touno Tak e onepatop C Ha3BIBaeTCa npasuim obpamroim
A1s oneparopa A, ecau

AC = |.

Ecnu onepatop A umeer JeBnift o6patuuii B u npapmiit 06-
patEbiii C, TO OHH paBHHI:

B = B (AC) = (BA) C = C.

B stom cnyuae roeopaT, uto onepartop A uMeer obpaTHHIH
oneparop A~', Takum obpasom, eciu A~! cyuecTyer, TO

AAT = A4 =1,
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C nouaTHeM 00paTHOro oneparopa CBA3aHH BOINPOCH O Cyiie-
. CTBOBAaHHH H eJHHCTBEHHOCTH pellleHHS ONepaTOpHHX ypaBHe-
HUH BHJA

Ax = [, (D

rie [ — H3BECTHBIH 3JeMeHT npocTpaHcTBa E, X == HCKOMHIA
S/IEMEHT TOTO XK€ NPOCTPAHCTBA,

K ypaBHenuam Buja (1) oTHocaTCs JuHeHHHe aarebpau-
YeCKHe CHCTeMBl, JHHeliHhe AuddepeHlHaNbHBE, JTHHEHHKIE
HHTErpaJbHble U IpyTHe JHHeHHHhe ypaBHEeHHA.

- PaccMoTpuM ypaBHeHHe (1) M NpeamnosioxHM, uTO onepa-
Top A umeer obGpatHnii A™'. HenocpeacrBennoil noAcTaHoB-
Kol y0exzIaeMcsi B TOM, UYTO

x = A7} (2)

ecTb peineHHe ypasHenus (1). Herpyano nokasarb, 4TO 5T0
pellieHHe eJHHCTBEeHHO.

PaccmoTpum Ba JHHEHHHX OrpaHHUYEHHHIX omeparopa A
¥ B, orofpaxkamomux JaHHeAHOe HOpMHPOBAaHHOE INpPOCTpaH-
ctBo E B cefs. Torna umeer cMmbicsi npousBefieHde AB omne-
patopoB. Ilokaxkem, 4TO

IABl<|| Al B]. | 3)
HefictBuTtesnbno, aaa Joboro x = E
| ABx|| << Al Bxll<<| AN B Il (4)
CaenoBarenbHo,
|ABll= sup | ABx| <]l Al Bl

YTO H JOKa3blBaeT yTBepXKIEHHe.
*  HMeer MecTO BaxkHas 1Jia AajibHEHRIIEro Teopema.
"Teopewma 3.3. Ilycmb aunelinsil ocpanudetnsil one-
pamop A omobpaxcaem banaxoeo npocmparcmso E g cebs
ulAl< g<ql. Tozda onepamop I + A, 2e I — eduruu-
Hotll onepamop, umeem obpammueiil AuHelNoll O2paAHUUCHHbLL
onepamop. '
HokasaTteabcTBoO. B npocrpaHcTBe onepatopos
(E — E) paccMoTpuM psl |

[—A+B—Bt. (A 4.e 6
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Tax xak [A*| <[AF u, Boobue, | A" < HAH“, TO AJA Ya-
CTHUHBIX CyMM S, pafa (5) GyleM umerb

I Snep— Spll =l (— yH1 AT 4 (— Dyet2 k2
cor (=1t At <[ AP 4
FAPF2 4 oos AP < gt
4 g2 - oos J-gntr,  (6)

[To ycnosuio 0 <G ¢ <i 1, H, 3HauuT, BeJHUYMHA B NpaBoO#
yacTH (6) CTpeMUTCA K HYJIO NPH 1 — oo AJ4 Jwoboro p > 0.
IToaToMy nocsenosarebHOCTh {S,} 9acTHYHBIX cyMM psaza (D)
CXOAHTCA B ceGe, 2 3HAUHT, B CHJIY NOJHOTH TNPOCTPAHCTBA
OnepaTopoB, OHA CXOAMTCA K HEKOTOpOoMY npezeny. TakHM
obpazoM, psn (D) CXORMTES.

ITycte onepatop S — cymma 3toro pspaa. HMmeem

S+ A)=lim S, (I + A) =

n-» w

= lim [([— A+ A —es + (— DAY (I + A)] =

n->w

=lim[/—A+4L2—AB+ .. (=1 A" -

F+A— B4 e (=1 A =
= lim [/ 4 (— 1)* Ar+l=1,

n->w

AHaJIOTHUHO HAaXOAHM, H4TO
(I14+A)S=lim(I+A)S,=1L

n-»w

CnenoBaresnbno, S = (I J- A).

HseecTHo, 4TO ecau JHHeHHBIH onepatop B umeer ofpar-
Huift B!, To oneparop B! Takxe suHeeH. ITosTomy onepa-
Top S = (I 4- A)™ nuHelinbifi, KaK oO6paTHbifi JIHHEAHOMY.
Kpome Toro, oH orpaHuueH, Tak Kak

usuggnAnuéiq”mf‘:}f

fi=0

4 M. JI. Kpacaos
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Hrak, onepatop (I 4 A)™ — nuHeliHbIA OrpaHHYeHHHIA -
onepartop. Ilpu sToMm

U+ AP =T — A4 A=A ees (=P At een (F)

§ 13. puaoxenHe x JHHeAHBIM HHTErpajJbHLIM
YPaBHEHHAM

1. YpaBuenne ®dpearonbma. PaccCMOTpuM HHTErpaibHoe
ypaBHeHHe ®pearonbMa 2-ro poja

b
o) =M {KE)o@E)ds+[ () -

C HeNpepHBHLIM B NpaMoyroibHuKe Q la << i, s << b} anpom
K s)vf()=C la, bl : .

TTonoxum

b -
Ap = [ K (¢ 5) 9(s)ds.

- Torma ypasHenue (1) MOXHO 3anucaTb B BHJE

\ ¢ = Ao +f
HJH

(I —AA) @ = 1. @

Bocnonb3opaBmuch TeopeModi 3.3, mosaydaeM, 4TO eCJHU
AMIIA| <1, To ypaBHeHue (1) HMeeT eIUHCTBEHHOe pelle-
HHe, KOTOpOe ONpeeaferci paBeHCTBOM

¢=—rA)f =+ A+ RA[ 4 oo + A A[F o0 (3

Pax B npaBofi wactu paBeHCTBa (3) HaswIBAOT pAdoM
Heiimana.

H3yqum noppoGuee s1o pemenue. Ilycre M = max [K; (£, 8)]- -
‘ a<!, s< '
Kak ussecrno (cm. crp. 91), JA|<< M (b—a), Tak uroO

ycaoBue |A|||A| <& 1 unu, gro 10 xke, |A| << 1/ A| Gyner
3aBefloMO BbIMoNnHeHo, ecau |A| << VM (b — a). Bynem
CUMTaTh, YTO A YAOBJIETBOPSET STOMY YCJOBHIWO. BHIACHHM,
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UTO MPEACTABJAIOT B PaCCMaTpUBAEMOM Clydae CTeleHH olle-
partopa A. HmeeMm

b b
A”i-—:A(Af)mjK(t, s){JK(s, ) f (1) d'c}ds-:-_.

b/ b
==j(j1<<t, K, r)ds)f(v)dr.

ITonoxuMm
b

[Kt.9K(s 7 ds =Kyt v

a

dynkuusa K, (£, T) HasHBaeTCa NOBMOPHLIM AJPOM UJH 8MO-
poii umepayuedii agpa K (f, s) (cuuraem K (¢, s) = K (¢, 9)).
Hrak,

Af = f K (t, 0 f(9) d,
a
HJIH, MeHAs 00O03HAueHHe MepeMEeHHOH HHTerpHpOBaHHS,
A = [ Ka(t, 99 ds
Hanee, “

b b
A% = A (A%) = j K(t, s)(j K, (s, 'c)‘f('c) dt)ds =z

b/ b
=j(j1<(f, $) Ks (s, f)ds)f('c)d'r=

A—
—

K3(t» S)f (S) dS,

R ey, o

rae
b :
Ki(t, )= [K(t,9) Ko (s, 1) ds

~— Tpetbl HTepauua aznpa K (f, s).
4#
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Boo6uie, .
Arf = j Ku(t, 9)f(s)ds,

rae K, (¢, s) = n-9 urepauua aapa K (t s), onpeneaseMas
(popmy.noﬁ .

Ka(t,s) = j K (¢, ©) Kna (v, 8) dr ()

Papenctso AP = A"A? = APA", umeioliee MecTO IJIA Ome-
paTopos, Aaer
b

3 .
Kawo () = [ Ko (t, DK(5, )dv= [ K, (¢, D) K, (5, 9)d7. (5)

OTMeTHM, 4TO BCe UTepHpOBaHHBIEe (IIOBTOPHLIE) Afipa HeEmpe-
peiBHOro sapa K (¢, s) HenpepuBHH B Q.

C noMollb10 HTEPHPOBAHHKIX f/lep pellleHHe HHTerpaJbHOro
ypaBHeHHsa (1) moxeT OhITb 3amuCaHO TaK:

o) =FO) + [ K (t; 9f () ds+22 [ Ky(t, 8)F(s)ds +

b .
e FA [ Kot ) Fs) s+ v o e, (6)

rae pAA, cTOAWMA B npasolt yactd, npu |A| <3 I/M (b — a)
CXOLHTCS PaBHOMEPHO.

Ilpeo6pasyemM BHipaxeHHe. AJ15 pelICHHA HHTerpaJibHOro
ypaBHeHHA. PaccMOTpHM pAaf

Ki(t, )+ AKy(t, 8)+ eoe XKt ) 00 (D)
DTOT pAA PaBHOMEPHO CXOAMTCA MpH @ <</, §<< b, ecan

1

B camom nene, *
b
|Ke(l, )| << ) K D) || K(x, 5)| dv << M? (b— a),

a
b

IKs(, )1 << [ 1K ¢, )] Ka (v, 5)| dv o< M (p— a)?

a
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#, Booluie,
| Koty << M" (b —a)"™.

OTCIO}I;I
K )< AT M b—a) T = Mg,
rae )
g=IMM(b—a)<]1.

Takum ofpasom, useHH psana (7) mo aGcoJIOTHOM BeJH-
YHHEe HE NMPEBOCXOAAT YJEHOB CXOAALIErocf HHCJOBOTO PAAA

Zqﬂ 0<g<<l),

OTKYAa H CJAELYeT paBHOMEpHas cxollumocrb psana (7) O60-
sHayHM CyMMYy 3toro psapa R (¢, s; A):

R, s N=K(t ) +MKo(t, )+ 2« + VKot )+ +++(8)

dyuguusa R (¢, s; A) ecTb HenpepniBHAA (PYHKLUHA apTyMeH-
TOB {, S U aHaJuTHYecKasa GyHKUHA A pH |A | < I/M (b — a).
YMmeaH o6e yactu (8) Ha f (S) H HHTErPHPYA pAJ NOUJIEHHO,
MOy YHM

b b
[RE s Mfds=[K(t 9f(s)ds+

b b
+A [ Kalt, 9f () ds+ ++e + 27 [ Koty 9F(5)ds -+

CpaBHuBas 5TO BHpa)keHHe ¢ BHpaxeHueM (6) aJasa pe-
IIeHHA HHTerpaJbHOro ypaBHeHHA (1), MoXeM HamHcCaTb

o)=FO)+A[R(t s Nids. (9

dyHKuuA R (f, s; A) HA3LIBACTCA pA3PEUAIOUUM AOPOM
HJH pedoabsenmod adpa K (i, s).

®opmyaa (9) BepHa TOJNBKO AJA 3HaUYeHHH mapamerpa A,
JOCTATOYHO MaJIKX [0 abCoJIIoTHOH BeJHYHHE, TakK KakK
pan (8), Boobuie roBops, HE CXOAHTCA MNpPH JIOOHX 3Haye-
HHAX A (MOC/]eHEee HMEeT MeCTO A ypaBHeHH# BosbTeppa,
cM. HHxke cTp. 111).



102 TUHEWHBIE OTIEPATOPBI U UHTEIPAJIbLHEIE YPABHEHUS [TJ: 11}

CymecTByloT, OJHAaKO, fiipa, OTIHYHLIE OT sjpa Bousb-:
Teppa, AJs KOTOpHIX opmysa (9) naeT peuieHHe HHTErpalbs
HOTO ypaBHeHHs NpHU aobom 3HaueHnH A. Takos cayuait saipa,
OpMO2OHANbHO20 camoMy cebe, T. €. TaKOro, JJsi KOTOPOTO
K, (¢, s) = 0. B stoM cayyae BCce OCTaJbHbIE NOBTOpPHHE
sipa TaKxe PaBHHl YYJIO H paspeliamouiee siApo obpamaercs
B ¢pyukuuwo K (¢, s). Ilycrs, nanpumep, K (£, s) = sin £ cos s,
0<<t, s<<m. Toraa

t

K, (, s)==Jsinz‘cosrsin~ccossd1 =

0
. sin2 ¢ |t=xn
= sin / coss- 3 =0

Vi s.

1=0

SlcHo, uro Bce K, (¢, s) (p > 2) 1aKKe paBHBHI HYJIO TOXLe-
CTBEHHO M, B cujay (8),

Rt s N =K(9).

Boo6me, nBa sapa K (¢, s) u & (¢, s) Ha3bIBAIOTCA 0pMO0-
HQAbHbIMU, €CJIH OHHM YJOBJETBOPAIOT IBYM YCJIOBHUSAM:

b b
[Kt, 2@ dv=0, [Z(t VK@ s)dr=0
VY (¢ 5) Q.

ﬂapa Ha3bIBAlOTCA nOﬂyopmoeoua/Zbemu €CJIH BHIOJIHSIETCS
OJHO H3 3THX YCJIOBHH

YnpaxHeHus 1° Ilokasars, 4TO $AApO

o
K(t, s) = E ay sin nf cos ns, 0<<t, s<<2n,

n:l

rae psax Z | an]| cxoaurcs, oproroHasbHO camoMy ceGe.
n=1

P |

2°. Tlokasatb, uro mas saapa K (¢,8) = Z ap sinntsin(n--1)s
n=1

- na orpeske [0, ] pesonbBenta R (£, s; A) €CTb MHOrOUYJIEH OTHOCHTENBHO A

cTerneHu p — 1.

ITpumepsn. 1. C noMombio pe3oJbBEHTbl DEIIHTb HHTErpajibHOE
ypaBHeHHe

1 :
o) =A[tods+i0). (1)
0 ‘
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Pemenue B xannoMm caywae K (4, s) = is; a=0; b = |;

M= max IK(t s)| = 1.
0<t, s

ITocaenosareqibHO HAXOAUM

K,(, s) =K (¢, s)=ts,
1

Ky (t, s) =Jt'l:1:$dt =—%S—,

0
1 1
ts -
Ks(t, S)——Jt’t —B-tSdT—Ez—,
0

Coraacuo (8)

n
R(tss M=tk bk oo b b5 s =g n (A<

B cuay dopmyast (9)
3tsf (s)

o) =F(O +1 j ©)

U3 popmynst (9') BugHo, uto pemeHHe ypaBHEeHHS (1{ CYIIECTBYeT H €XHH-
CTBEHHO TNpH BceX 3HaueHHAX A == 3. YcioBue |A| <3 obecneunBaer
CXOZMMOCTb psija (8) Anf pe3oJbBeHTH H TapaHTHpPyeT CYILeCTBOBAHHe
peutenusi (1’) npu V¥ A, | A| <@ 3. Ho pemrenne, Kak Mbl BHIHM, CYLIeCTBYeT
B ropasfo Ooabinedi 061acTH H3MEHEHHS A
2. B KBaHTOBOMeXaHHYECKOH TEOPHH paccesiHus Ha nmoteHuHanae V (r),

rie V (r) — 0 npu r — oo, npuXoAHTCS HCKaTb pellienne ypaBHeHus [lpe-
JHHTEpa -

VY (r) — V (F) ¥ (F) + k2 () =0.

Hckomas ¢dyHkuus P (r) npeAcraBisiercss B BUAE CYNEPNO3HLHH Najaouiei
NJOCKOH BOJHBL P, () ¢ BOJHOBHIM BeKTOPOM R, H paccesiHHOH BOJIHBI.
3neco k® = k§ = 2mE/A®, E — KuHeTHYECKas SHEPTHS YACTHI TNajawo-
ero nyyka, 'h — nocrosnnas [lnanka, fi = A/2n, r {x,, X3, X3} — pa-
LHYC-BEKTOD HacTHUBL.
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C nomompbio pynxuun puna (cm. nuxke § 31) sapauy paccesinns MOXHO
npeobpasoBaTh K HHTerpa.anomy ypaBHEHHIO
ik]|r—r'|

— i(k ;f)_____ m € ’ Y, -
\p(r)_e ’ QJTﬁz !r___rrl V(r)‘p(r )dr’

rae e (Bos 7) _ papaomas Bosna; dr’ = dx| dx; dxj. Pewenne storo
WHTErPaJIbHOTO YPaBHEHHS MOJKHO 3anucaTh B BHje psjga Hefimana. Ilpu
STOM yKe neppas HTepauus JaeT OUY€Hb BaXKHEI pe3yJbTaT, H3BECTHHIR
Kak 6oproscrkoe npubauscerue:

m ok ’lr——r I

n (R, r’) ’
S lf’ |V(r)e a’r’.

\p(r)Nel (kOir)__

Pe3zonwBenta R (¢, s; A) ynoBaeTBopsier Q)yHKuHOHaJIbeIM
ypaBHEHUSIM

, |
Rit,ss W=K(t, )+* [K(t, )Rz, s Ndv, (10)

_ b ,
R, s W=K(ts)+A| K@ 9R(E, v Ndr.  (11)

Uto6H J0Ka3aTh, HaNnpuMep, nepeoe, 3ameHuM B hopmyae (8),
onpenensole pe3osbBeHTy, ¢ Ha T:

R(z, s A) =
=K (1, ) +My(1,8) + o0 A TK, (z, ) F -+ ¢ (12)

YMHOXKHUM 06e yacTh (12) Ha K (¢, t)n HpOHHTerpreM n v
oT a Jo b:

JK(I‘, TR(T, s A)drzjK(t, T)K(T; §dr -+
b
+7\'.[K(t’T)K2(T,S)dT+ oo

b .
+ A [ Kt ) Ka(r, 9)ds+.0e (13)

Huterpanst B npasofi wactn (13) paBHH COOTBETCTBEHHO
Ko(ts), Koty $)y ooy Knua (4, 8)y ooy M, sHatuty (13)
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MOXKHO Tiepenucarb TakK:

b
[Kt, DRz, s Mdr=
=Ky (t, )+ Mo (8, )+ oo F A Kpa (2, )+

YMHOxkaA o6e yacTH NocaeJHero paBeHcTBa Ha A u jJob6aBasas
K o6euM uactaMm K (f, s), npHIeM K paBEHCTBY

b .
Kt 9+M| K, DR (1, s ) dr=
=K(4 9+ MKt )+ oee A K (b )+

HJIN

., |
K(t, 9+ K¢t, DR @, s W dr =Rt s ).

CnpaBelJuBoCTh (PYHKUMOHAJAbHOTO ypaBHeHus (11) ycra-
HaBJIHBAETCH aHAaJOTHYHO *).

YnpaxnuenHe. [lepecrasnasa nepemennnie £ H s B siape K (¢, 9),
‘noayuuM BooGuwe apyroe sixpo K (s, £), conpskeHHOe (BOIO3HOE) € SAAPOM

K (¢, s). Tlokasarb, uTO pesosbBeHTa COIO3HOTO SApa ecth R (s, #; A),
ec/in pe3osbBeHTa HCXOZHoro sapa K (4, s) 6ema R (¢, s;

IIpuBeneM ellle OAHO BaXKHOE CBOMCTBO pPe30JIbBEHTHI
R (¢, s; A). Byanem paccmatpuBath R (£, s; A) KaK sapo u npH-
MEHHM K HeH mNpolecc NOCTPOEHUS HTEPHPOBAHHLIX SAEP.
ITonyunM nocjenoBaTesbHOCTh (PyHKUUH

Rl(t7 S; 7“) ER(t’ S 2")9‘ Rﬂ(ta S }“)HU’ Rn(t, S, }“)5 tes

*) ®yHKUHOHAJBHOE YpaBHEHHE JAJS Pe30JbBEHTH BHBOAHTCH OyK-
BaJIbHO B JiBe CTPOUKH, €CJIH BOCIIOJIb30BaThCS NPeACTaBJCHHEM PE30JIbBLHT-
HOTO omepaTopa B BHJAE psAAa no crenensaM oneparopa A. Mmenno, BBoad,

oneparop

b
Ri=[R(t, s [ ds,
) a
6yaeM HMeTb

R=A+ M 228 . A A -, =
B Sy RN VIV ER Y R L

Orciona ,
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Oty GYHKIUHH ONpeAesAaoTCcsa OfHA 3a APYroH H3 PeKyppeHT-
HBIX COOTHOILEHHH

Ry(f, s M) = _fR(t, T, MR, (7, s M) dr. (14)
Hcnonbsysn HpeﬂCTaBJIe}:He PE30JbBEHTH
R(t, s M) =K, s)+AK, (£, s) +
+VKs(t, )4 HNTK (G )+ ()

H YYHTBIBasA, 4TO PAl B npaBoii yactH (8) cxoauTcs abCoMIOTHO
H 'paBHOMEPHO B ob6sactTH Qla<<{, s< b}l nasa |A|<q
< 1/M(b —-a), MOJIYYHM, HCTIOJIb3 YA (popmy.ny (5) na ctp. 100,

Ry(t, 5 )= jR(t T, A)R(-c 5 A)dt = jK(t 9K (7, s)dv +
2 {1t 9K 9+ K ) Ko 1 de

yy j (Ks (£, ©) K (r, 5)+ Ko (f, 1) Ks (T, 8) +

+ K¢ ) Ks(r, s)ldv+...=
=Ky (8, ) + 20K;5 (8, 5) + 3K (¢, 8) + ...
CpaBHuBas mpaByio yacTb (8) ¢ mpaBOM 4YacTbiO MOCJAENHErO

pPaBeHCTBA, HMeeM

Ry(t, s y=RE5D

AHanoruyHo moJyuyaem, 41O

1 @R
Ryt s &) =55 555

H, BooO1e,

. 1 "R (L, s; A)
R,(f, s M) = (n—1)! a}f"’l .
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CrnenoBarenbHo, pasjoxeHHe GYHKIHH R (f, s; A - 1) B pAR
Teiinopa mo creneHsM A HMeeT BHJ

Rit, s A +p)=
=R(t, s W+t s W+ A TR s p) e (15)

Ilpn p = 0, yuuthBas, uro R (¢, s, 0) = K (¢, s), nonyuaem
KaK pa3 pasnoxeHHe (8) pe3osbBeHTH: R (£, s; A).

Takum o6pasoM, ecau paccmampusams R (t s; W) npu
onpedescHHOM SHA4YEHUU | KaK A0p0 YypasHeHus dipeaaoxzbma,
Xw c:oo)meemcmeyrou;uﬂ paspewaoujum sdpom 6ydem R (i, s;

+ ).

Hetpynno Buzets, yto cootHoumenHs (10), (11) aBasworcs

YACTHHIMH CJIYy4asiMH OOLIEro cpyHKuHOHanbuoro COOTHOLIEHH A

b
=R, s W+ [RE wwR@ s A+ p)dr, (16)

KoTropoe BuBoauTcA H3 (15) anasoruyuno (10).

Ilonaras p = 0, nonygum ¢popmyay (10); 3ameHuB p Ha A
H A Ha —A, monyuuM ¢opmyay (11).

(I)opmy.ny (16) MoxkHO 3anucaThb B HEeCKOJbKO 60/ee CHM-
METPHYHON ¢opMe, €CJH 3aMEHHUTb L Ha A U A Ha Aj — A:

R(t, s; A)—R(t, s, M) =
b -
=M—M[R(t, 5 MR @ s, M) dr. (17)
[Toraras A; = A -4 AA, fpopmy.ne (17) npumanguM BHJA

. A t,
R (¢, s; A+ AX;L R, s ?&) JR(I‘ T,M) R (7, s,x-f—Ak)dm

[Mepexons k npegeay npu AA — 0, mosyyum HHTErpo-gud-
¢depeHuHaIbHOE ypaBHEHHE

b
OR (¢, s; A
.5(_6‘%*1 = J'R(t, T; A) R (7, s; A)dr, (18)

KOTOpoe BMecTe ¢ ycaoBHeM R (£, s; 0) = K (£, s) onpenenser
[ €30/IbBEHTY,
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Dopmyan (1) ¥ (9) MoxkHO paccMaTpHUBaTh KaK OGpaTHbe
OoJHa OTHOCHTeJqbHO Apyro#i. B camoM nene, 6yneM B coor-
HoweHHH (9) paccMaTpuBaTh GYHKIHMIO @ ({) Kak JaHHYIO,
a [ (f) — KaKk HEH3BeCTHYI0 M 3alHilieM €ro B HEeCKOJbKO
Goaee ofmeM BHAE:

b - .
fy=p[RE s MFGds+o@.  (19)

| 2
D10 ectb ypaBHeHHe ®pearoanMa ¢ saapoM R (£, s; 1). Ero
pesoJbBEHTOH, KaK [0KasaHo Bhlille, apasercd R (¢, s;A -+ p),
H JJIf1 3HAaYeHH S napaMeTrpa p = —AoHa MPHHHUMAET 3HayeHHe
R (¢, 5;0) = K (¢, s). Takam o6pasom, ¢opmyJa, aawomasn
pemenne ypaBHeHHs (9), coBnajaer ¢ ypaBHeHueM (1). ‘
PesoabBenta R (i, s; A), Onpele/ieHHas KaK CymMma ps-
npa (8), ABaseTca aHaJHTHUECKOH QyHKuHeH A B prre|x|<
< I/M (b — a) xomnnekcHo# A-miockoctd., C apyroit cro-
pOHH, pe3oJsibBeHTa Dpearonbma, OCTPOeHHasA B § 3, sAB-
asgerca MepoMopduoi ¢QyHKUHEA A BO BCefl MJOCKOCTH A.
MoxHO nokasaTb, YTO 06€ 3TH Pe30JIbLBEHTH TOXKIECTBEHHO
COBMAJAOT AN 3HAYeHHH NapamMerpa A, NOCTAaTOYHO MaJIbIX
o MOAY/JIIO. '
Takum o6pasoM, pesoaveernma Ppedeosema asasemcs mepo-
MOpGHOIM npodorsiceruem pesosvsenmsl (8) Ha 8Cl0 KoMnieKc-
Hyto A-naockocme. [Ipu 3ToM aas pesonbBeHTH Ppenronabma
ocraloTcsi B cuje ¢yHKUHOHaAbHBIEe ypaBHenus (10), (11). -
ViMes B BHAY 5TO NPOJOJIKEHHE Pe30sbBeHTH (8), 3aMeTHM
cJaeayolee. . ’
Kak yxe oTMeyanoch (cM. § 3), ecniH A — peryJsipHoe,
TO OJHOPOJHOE HHTerpajbHoe ypaBHeHHe Dpexarospma

o(ty=h | K(t,5) 9 (s) ds (20)

HMeeT ToJbKO TpHBHajbHoe pemenue @ (f) = 0. Ilostomy,
ytoO:t ypaBHeHHe (20) uMes0o HeTpHBHAJMbHOE pelteHHe (pyH-
JaMeHTalbHYI0 GYHKIHIO), Hano, YToOL NPH HEKOTOPOM 3Ha-
YeHHH A = A, He CYIIECTBOBAJMO OrpaHHYEHHOro |06paTHOro
onepatopa (I — AA)™Y, u, sHayutT, A = A, JOJIXKHO OHITH
NOJIOCOM pe30JbBeHTH R (Z, s; A).

ITokaxxeM, 06paTHO, YTO BCAKOMY NOAIOCY PESONLEEHMbL OM-~
éedaem no Kpadned mepe o0Ha (PYHOAMEHMAALHAR PYHKYUS,
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Je#cTBHTeNBHO, TYCTh A = A, €CThb MOJIOC N-T0 NOpsAJKa
pe3oJbBeHTH R (£, s; A). 3anuluem JIOpaHOBCKO® pasJloxKexnHe
R (f, s; A) B OKPeCTHOCTH A = Ay:

. C.n(, s) C_ni (2, 8)
RE s = o o T

R ~1“ Lot 9+
+ Ci(t, 5) (3\--%) + e (Ca, 89)s=0) (21)
ITonoxuM A — A, = h 4 B 06e yacTH GYHKHUOHAJBHOTO YypaB-

Henus (10) BMecTo pesonbBeHTH R (f, s; A) MOACTABHM €€ pas-
Joxenue (21). Bynem umers

C.n(t,8) y C_nu(t, ) C.1 (1, s)
e s

+Co(t S)—l-Cl(t SYh4 104 = |
=K, 3)+(M+h)j]((t [ 4]

INpupapuuBas Ko3pduuHeHT NpH A~ " B 06eHX 4acTsIX MOC/e]-
HEero paBeHCTBA, MOJYYHM COOTHOLICHHE

&
Conlt, =1 | K (t, VC_n (3, ) d, (22)

KoTopoe o3Hayaet, uyto C_, (Z, s;) €CTb HEHYJIeBOe pelleHHe
oaHoponHoro ypaBHeHHs (20), oTBeyaloliee XapaKTepucTHye-
CKOMY HHCAY A, NpH J1060M AONYCTHMOM 3Hauy€HHH S; nepe-
MeHHOH s, a << s << b. Tak, B NpHBEJEHHOM BHIIIE NpHMepe
~ (cm. cTp. 103) Mpt uMmenn R (¢, s; A) = 34s/(3 — A). 3nechb
A = 3 — npocrofi mnoaioc pesonbBeHTH (n = 1). CornacHo
JIOKa3aHHOMY NPEJJIOKEHHIO, QYHKIUHA ¢ (f) = —3is4, 55 ==
= const, 6yaer pelueHueM ypaBHEHHs

1
() = 36[ tsq (s) ds,

B 4eM MOXHO YGeNHTbCS HenocpeACTBeHHOH npoBepKof,
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Ynpaxuense. [lonrbsysace QyHKUHOHaAbHBM ypaBHeHHeM (11),
NOKa3aTh, (UTO ecH A = Ay €CTb NOJIOC n-T0 TNOPAAKA pe30JbBEHTH
R (¢, s; 7&) 10 Pyukuns C_p (¢, §), ¢{; = const, sABJAseTcH pelicHHeM
COI03HOTO OJHOPOLHOTO YPaBHEHHS

b
z(s)=xojK(1, s) z (%) dr.

2. YpaBHeHue Boabteppa. PaccMOTpPHM HHTerpasbHoOe
ypaBHeHHe BoJabreppa 2-ro poza

o) =7 K(t, ) 9 () ds+[ (1) (23)

Ero MOXHO paccMaTpPHUBaTb KaK YaCTHHIA Caydail ypaBHeHHs
®dpearosibMa ¢ «TPEYroJIbHLIMY SIAPOM 3{3’ (¢, s), omnpenense-
MbIM CJEeAYIOIHM 00pa3oM: ‘

K (¢, s) npu s <</,

'%p(t S)"{ 0 npus>t,

IMosToMy K ypaBHeHH!I0 (23) NpHJI0XKHMa BCS PasBHTasl BHILIe
TeopHda. OnHAaKO, YUHTbIBasA CreuHPHKY fapa, Ml NMOJydYaeM
JJ1s1 HTepHPOBaHHMIX Afep c1efyloliHe BupaxeHHs (K (£, §) =

= K (¢, 9)):

Ky (¢, s)= J K (¢, DK (3, )dv , ,(24)

H, Boobiue,
t |
Ka(t, 9= [ K(t, 1) Kooa (5, 5) . (25)

Bynem npeanonaratb, uro aapo K (¢, s) HenpepHIBHO B 3aMK-~
HYTOM TpeyroJbHHKe A, orpaHH4YeHHOM INpfAMBIMH § = @,
s=1 t=20b, b>a, Hq'rof(t)eCa,b]

paCCMOTpHM dopMasbHBIH Pl

K(t, 8)+ MKy (t, )+ 1K (t, )+ oo+ +
AR (F ) oo (26)

IMMycts M = max | K (¢, s)| B ykasaHHOM TpeyrosbHHKE A,
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Toraa 6yaeM HMeTb
- 3

Ka(t, < | 1K (4 [ K (5, 9| dv < M2 (),

§

|Ks (2, 8)| < lK(t T)HK2(1: s)|d1<:_M_§_%.':_s)_3.

S
H, BooOlle,

Mn(f —_— s)n--l

IK (t S)l n___l)! ¢

Orciona BHAHO, 4TO PR (26) cXoAuTCAd paBHOMepPHO NpH JIO-
60M 3HAYeHHH napame"rpa A H cymMa ero ecTb HenpepbiBHas
(pyﬂxmm L, s.

OGo3naunm CymMMy psna (26) yepe3 R (I, s; A):

R(#, s; A)= .
=K (t,8)+AKs(t, 8)+ +++ +A'K, (¢, 8)+ -+ (28)

dyukuusa R (4, s; A) ectb Uenad yHKUHS NapaMeTpa A.
Ee TakXXe HasblBalOT paspellaloiiuM fSIPOM HJH pe30JbBEH-
Tofi ana aapa K (¢, s).

Kak u B cayvae ypaBHeHHsi PpearonbMa, mnosyuaem
Gopmy.ry

(27)

oW =F(®+A[R(t, s MF(s)ds, (29)

-

JIAIOILYIO pelleHHe ypaBHeHuA (23) Aas /M060# HenpepbIBHOMH
byukuuu f (f) 1 npu a060M 3HaUeHHH Tapamerpa A. IT0
pelieHHe @ (f) ectb HenpepbiBHas QyHKIHS aprymeHra f.

PesoabBenTa ypaBHeHusi Boabreppa (23), Kak H camo
aapo K (¢, 8), onpeneneda ans a < i < b u gaa s < L.
Has oﬁmnoc*m ¢dopMyJbl nosaraor o66i4HO, uTO R (£, §; A)=0
npu s > 1.

3ameTuM, YTO HOBTOpHBIE sApa, a TaK:ke pe3oJqbBeHTa
He 3aBHCAT OT HUXKHEro npejaesa a.

Ynpaxuenne [lokaxure, uro pesoinBenta R (, s;A) ypap-
Hendsi Boabreppa (23) y,zxomemopxer (YHKIHOHANBLHOMY YPaBHEHHIO

R, s ) =K(t, s)+KJK(t YR (5, s A)dr.
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Ypasnerue (23) ¢ Henpepoisrnoim sdpom K (i, s) u npasod
wacmoio [ (f) umeem eOuncmasenroe HenpepoisHoe peuterue @ ().
B camom pene, ecau OBl CYLIECTBOBAJIO JBAa TaKHX pelle-
HHA @; () U ¢ (£), TO HX pasHOCT Py (£) = P2 (f) — @i (f)
Y ADBJIETBOP AiJ1a OB OAHOPOLHOMY HHTErpajbHOMY YpaBHEHHIO

PO =LKt 9p(s)ds, 30)

HJH, Kopoue,

¥ () = AAY.

Ho ypasuenue (30) umeer equncTBeHHOe pemenue ¥ (f) = 0.

He#icrButenbHo, nycte N = max |y, (f)|. Jlerko BuzeTs,
agt<h

uTo ecau VP, (f{) — peitenue ypaBHeHus (30), T. e, ¢, () =
= AAY, (£), TO OYHKLLH S
‘Pl (t) =7\'A\Po7 'lIJ2 (t) =kA1P1. LY ) ‘pn (t)=;"Alpn Iy v 3 ¢
TOXIECTBEHHBI ¢ QyHKUHEH P, (f). [IpoBoas OLEHKY, aHaJo-
THYHYIO (27), HaxoauM
NM (t — a)"
| ()| < 2HE =2

OTKYAa caenyer, uto P, ({) — 0 npu n — oo ana Viela, b 1.
Tak kak ll),, (8) = ¢, ({) ana moboro n, TO, CJAENOBATEJbHO,
Yo (£) = 0 na la, bl.

[Ip umep. C nOMOWbIO Pe30NBBEHTH DELIHTL WHTErPajbHOe ypas-
HeHHe

wm=d+fd4¢mw-

Pemenue B nannom ciysae K (¢, s) = -5, b = 1. ITonw3ysce
¢opmynoii (25), nocaeROBaTENbHO HaXoAuM

t
K, (¢, s) = J'e‘."fe"‘~s dv = et ~S (f —5),

S

t
-~ t — §)2
K; (¢, s)= J“'et"Te""s (t—98)dr = et"s( 31 ) )
S

et—~s (f — s)n-—l
(n—nt

Ky (t, s) =
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- PesonbBerta R (¢, s 1) onpe}xe.nmcn Kax cyuma"p;w;a

R (¢, s; l)—~e"‘+e"st 4 gf—s (1-2-15)"_{_.”

s +et_s.._(i:—i§)_n._+ te e =e2 (t"s).
n .

Hcnoabaya d¢opmyny (29), nomyuaem
t
¢ty =r¢'+ j e (1=8)8 g5 — ¢¥,
0

3amedaHue Hurerpanvubie ypaBHenus BosabTeppa
BO3HHUKAIOT B TeX 3ajayax (QH3HKH, B KOTOPBIX CYyLIeCTBYET
IPEANOYTHTENbHOE HaNpaBJjieHHe HU3MeHEeHUs He3aBHCHMOH
nepeMeHHol (HampuUMep, BpPeMEHH, SHEPTHH H T. 1.).
Onepatop Boabteppa :

{ t
Ap(ty=[K(t, )9 (s)ds

XapakKTepeH TeM, 4TO 3HaueHue pynkuuu A¢ (f) B Jioboi
MOMEHT { onpejaenseTcs 3HayeHUSAMH (PYHKUHH ¢ (f) TOJBKO
NpH 3HAYeHHAX S<<f, T. €. 3TOT ONEepPaTop YYUTHIBAET
«TIPEABICTOPHIO» Mporecca. |

EcrecTBeHHO, 4TO M pelleHHe

t
m(t>=f(t>+kJR(t, s; MF(s) ds

ypaBHeHm Boabreppa (23) B KaK/Iblil MOMEHT BpeMeHH ¢
onpefesieTcs B&IHUYNHON BHeIUHero BozjaelcTBus [ (f) TOJBKO
B NIpeJIUeCTBYIOIHE MOMEHTHI § << /.

Hnsa ypaBHeHusi BosbTeppa 2-ro poja XapakTepHa BO3-
MOXXHOCTb NPOROJIKEHHUS DelleHHS: MOKHO JIOCTPOHThL pellle-
HHe CHayaJja Ha HeKOTOPOM OTpe3Ke @ < ! < a,;, Jd ¢ > a3
3anucath ypaBHeHHe (23) B BHJE

t a;
() =?»I K, s)o(s)ds+ [?9 f K, S)cp(S)ds—l—f(i)] ’

Tl B KBaJPATHBIX CKOGKAX CTOMT yXe H3BeCTHas cpyHKLmﬁ,
H 3aTeM pelllaTh €0 JaJiblie,
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Has ypaBHenus ®pejronabpMa

b
cp(t)nxjw, ) @ (s)ds + F(£)

TaKOe NMOCTPOeHHe pelleHus Ha 4acTd oTpeska [a, bl HEeBO3-
MG KHO.

Mbl yCTaHOBHJIH OHO3HA4YHYIO pa3spelIHMOCTh ypaBHEHHS
Bo.rlb'reppa (23) B npennoJoxeHnuH, yto aapo K (£, s) H cBo-
6onHBIA usieH f (f) HempepHIBHEL, DTH YyCJOBHS MOXHO 3Ha-
YHTQMBLHO OCJabuth. MiMenHo, 6yaem npeanoJarath, 4TO SApO
K (f, s) unTerpupyercs ¢ KBajpaTOM IO NpPSMOYFOJBbHHKY
Qla<t s<bl 1e

b b
HIK(t, §)[Pdtds =B < + oo (31)

(Takoe #aApo 6yneM HashBaThb Lg-;zapom) [Ipennonoxum
takxe, 4to [ (AL, la, b).

PaCCY)KlIEHHHMH aHaJIOTHYHBIMH MpHBEJEHHLIM BHIilIE, IO-
Jy4yaeM CJEAYIOILYIO TeopeMy.

Teopema 3.4. Humeeparonoe ypasnerue Boaemeppa
2-20 poda

4
o) =A[K(t, yo@ds+f(), ast<b, (32)

y komopoeo a0po K (i, s)eL, (Q), a pynrkyun f ()<L, [a, b],
umeem eduncmeennoe *) pewerue ¢ ()L, la, b
d1o pellleHHe omnpeaenasierca GopMyJioi

f
o()=F ) +r Rt s M) ds,

rie pesoabBeHTa R (f, s; A) ecTb Lenas GpyHKUHS napaMeTpa A
W OnpefensieTcsi, KaK CymMMa psija, COCTaBJIeHHOTO H3 HTepH-
pPOBaHHBIX flep: ~

R(t, s, )= MKpi(l, o) (33)

*) EZHHCTBEHHOCTb NOHHMaeTcs B cMuicie MeTpHku Ly [a, b): aBe
PYHKUHH CYHTAIOTCH MOMOeCmeeHHOMY, €CAR OHH OTJHYaKTCs APYr OT
Apyra JHOIb HA MHOMXECTBA Mephl HYJb.



$ 13] NPUJIOKEHHUE K UHTETPAJbHBIM YPABHEHUSM 115

npHueM psj B NpaBofl 4acTH (33) CXOAHUTCA NOYTH BCioay B Q.
Takum o6pasoM, nmerpa.nbnoe ypaBHenHe Bouabreppa

fp<t)=--le<(t, $) @ (s)ds + f (£)

¢ aapoM K (¢, sy=L, (Q) 01HO3HAYHO pa3peLIuMo NpH J60M
cBOGOTHOM UJEHE f (L, la, b)] 023 a0bouix sravenuil
napamempa A.

CooTBeTcTBYyIOHICE OJ.IHOPOJIHOE HHTerpa.anoe ypaBHeHHe

qa(t)-—-aJK(t $) @ (s) ds

HMeeT NnpH 2/000M A TOJBLKO TPHBHA/BHOE pelleHHe, TaK YTO
HHTerpasbHOe ypaBHeHHe Bosbreppa ¢ L,-anpoM He umeem
XapaKmepucmusecKux ducea.

CymecTBYIOT H IpyrHe fifpa, BOBCe He Hmeromne XapakTe-
pnc*r;mecxnx yHcesJ. IJTO BBHITeKaeT H3 TeopeMul Jlajecko

491)

( Teopema 3.5. Ilyeme K (¢, s) — gppedeorsmoso 5épo
u K, (1, s) — eco umepuposarnroie adpa. [ra moeo, umobol
adpo K (¢, S) He umeno xapaxmepucmudecKux duces, Heooxo-
dumo u Oocmamouno, 4mobbt

A= [K,(t, hdt=0 (1=3,4,..)).
a

ConceM HHaue OGCTOMT JeJO, €CJIH AONYCKaTh HJH HeHH=
TerpHpyeMble pellleHHsi, HJIH fifipa ¢ HeHHTerpHpyemo# oco-
GenHocTbl0. Hanpumep, ofHopoaHoe ypaBHeHHe

¢
= [ 26

HMeeT HemnpephiBHOe pelieHHe ¢ ({) = {* (@ > 0), oTBeuaro-
llee 3HAYEHHIO NMapaMeTpa A = . |

YenopuMcs H B 9TOM CJiyyae OTJHYHBIE OT HYJA pellle-
" HHA @ () OTHOPOJAHOrO ypaBHEHHs HA3bIBaTb COGCTBEHHLIMH
GYHKIHAMH, a COOTBETCTBYIOWIHE 3HAYeHHs Napamerpa A —
XapaKTepHCTHYCCKHMH 3HAYeHHSAMH.

KoneuHo, B caydae cyliecTBOBaHHsS NPH KaKOM-HHOY/Ib
A HeTpHBHaJBHHX pelleHHH ¢, (f) OAHOPOJAHOrO ypaBHEHHSA
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/

THNa Bosibieppa ¢ HEHHTETPHPYEMbIM 1POM COOTEETCTBYIOLIEE
HEOJHOPOMHOE YPaBHEHHE yXKe He MOXeT HMETb TOJbKO ORHO
peliieHHe: ecJiH BooOlle Takoe pellleHHe ¢ (f) CYLLeCTBYeT, To,
npu6aBJss K Hemy Jnobue ¢, (f) (¢, = const), onaTe no-
JYYHM pelieHHe HeOJHOPOAHOTrO YpaBHEHHS.

B Bonpocax eAMHCTBEHHOCTH pelleHHs HHTerpaJbHOro
YPaBHEHHS] CYLIECTBEHHYI0 pOJib HIpaer KJjacc ¢yHKIHE,
B KOTOPOM HILETCA pelieHHe (KJacC CYMMHpPYeMBIX QyHKUHI,
KBaJpaTHYHO CYMMHpPYeMBbIX, HeNpepHBHHX H T. 1.).

Tak, ecau sapo K (4, s) ypasHenus Boabreppa orpaHu-.
YeHo, KOorjaa ! MeHseTcsi B HEKOTOPOM KOHEYHOM HHTepBane
(a, b): '

| K (¢, s)] << M = const Vie (a, b),

H cBOGOAHEI uAeH [ (f) cyMmupyeM *) B uHTepBasae (a, b), 10
ypaBHeHHe BoJsbreppa npH jgi060M 3Ha4eHHH A HMeeT B HH-
TepBajie (a, b) elHHCTBEHHOe CyMMHpyeMoe pellieHHe ¢ (f).
OnHaKO €CJH OTKa3aThCs OT TPeGOBaHHSA CYMMHPYeMOCTH
peliieHH s, TO TeOpeMa €IHHCTBEHHOCTH TlepecTaeT ObITh BepHOH
B TOM CMEHC/Ie, YTO ypaBHeHHe MOKeT HMETb, Hapfay C CyM-
MHP YeMBIM pEI.IIeHHeM ellle H HeCyMMHpyeMble pelieHHs.

I1. C. ¥Ypricon (142]) nocrpousn ussliHHE NpHMEPH HH-
TerpajbHHX ypaBHeHHH (CM. HHXe npHMepH 1 H 2), KoTOpHIe, .
HapfAAy ¢ CyMMHDYEMBbIM, HMEIOT H HeCyMMHpyeMble pellleHH  :
Jaxe B TOM cJyvae, kxorga sagpo K (¢, s) u (pyﬂxuuﬁ f(t)
HEeNMpepHBHH.

byneMm cuurath Aas npoctotel f(f) = 0 u paccmo*rpnw
HHTEerpajbHOe ypaBHeHHe

S -

B

4

i ‘ :
cp(t)=6[1<(t, 5) 9(s) ds, (34):

3

rie K (¢, s) — HenpepbiBHasg (QyHKUHS.

*) ®ynxgusg x (f), HeoTpHLATEAbHASA ;Ja pHTepBane (a, b), HaswBaeTcH
CYRMUDYEMOL Ha STOM RHTEDBaJje, eClB j x (1) dt xoneuen; QyHKURA X (t)
NPOH3BOABHOIO 3HaKa 6yjer cyymapyeuoaa Ha (a, b) TorAa H mag’bxo Tor,na, g;
KOrga cyMMHpyeMa ¢yuxuus | x (f)], T. €. Xorja MHTErpan J Jx (] dt

aMeeT xoaeqnoe sHavenne. Muprerpajin nNOHEMAWTCH B czmc::e Jleﬁera. ;
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Kak 6bl10 1OKasaHO Bbilie, B KJjacce HenpephBHHIX
(1, crenoBaTeNIbHO, CYMMHDYeMbIX) cpynxunﬁ 3TO ypaBHEHHe
MMeET eHHCTBeHHOe pelleHHe ¢ (f) =

[Tpumepsn. 1. Ilycts O <s<t<l

sel/t' =1 0 << s<<tel-l/P
K({, s)=1 {, tel -8 < s <, (35)
0, s> 1.

B xBagpate Q{0 < ¢, s <1} saapo K ({, s) orpanHnueHo,
TakK Kak '

0O K(,s) <it<

Bonee Toro, oHo HenpepelBHO pH 0 < s < £. ¥YpaBHenue (34)
B 3TOM CJyyae HMeeT OuYeBHJHOe cyMMpremoe pellieHHe
@ () = 0 H, B CHIy CKa3aHHOrO BHIle, JApPYTHX CYMMHpYe-
MBIX pelleHHH 3TO ypaBHEHHE He HMeerT.

C apyro#t CTOPOHH, HENOCPEACTBEHHOH MPOBepKO# y6ex-
flaeMcsl, 4TO ypaBHeHHe (34) HMeeT GeCKOHEYHOe MHOXECTBO
HecymmupyeMuix B (0, 1) pewmeHu#i BHja

,‘P(f)z'T

C — npousBoJBHas NOCTOAHHadA, ! =% 0).
B camoMm gene, yuyuTeiBass BeipakeHHe (35) nna sapa
K (¢, s), HaxoauM
te 1-1/¢2 ¢

t
[k 9p@ds=" [ it Tdst [ 44—
o

‘e 11/t

=Ct—Ctine" =L

Takum o6pasom, noaydaeM C/t = C/t ({4 0), 1. e. ¢ (f) =
= C/{ ecTb pelieHHe, HecyMmmupyemoe B (0, 1), ypaBHeHus (34).
2. Nyets 0 < s <t < a(a>0— moboe, B 4aCTHOCTH,

a = -4090),

2 - is?
K(t, S)::-?Fm'

Qyuxuusa K (¢, s) naxe aHaJATHYHA BCIOAY, 32 HCKJAIOUEHHEM

(36)
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(0, 0). Onnako ypaBHenHe (34) ¢ saapom (36) nomyckaer He-
CyMMHpyeMble pelleHHs. B caMoM fene, ypaBHeHHe

P(O)=- jts+sgw<s)ds — XS @

HMEET CyMMHpYyeMoe pellleHHe, TaK KaK (YyHKIHuA

. 2 arctge
f(t) R 2

' orpaHHuYeHa H HelpephiBHA BCIONY, KpoMe TOukKH I = 0,
OyHKIHA

0, t=0,

PO= vt >0 o9

rae P (f) — peluenHe ypaBHeHHA (37), OyAeT yxKe HECYMMH-
pyeMbiM B (0, a) pemeHneM ypaBHeHHs (34) ¢ sanpom (36).
Hedcreutensto, aaa ¢ > 0 mmeeM

t
(Kt o) ds=
0

0

t ¢ »
> [ amsv @ ds+ = Ojtefrsgds- (39)

B cuany ypaBHeHHs (37) mepBoe cjaraeMoe B NpPaBOM YacTH
(39) ectb

‘p(t)+ 2 arctgt .

Bropoe caaraeMoe paert

jtds (1 ot s—t
fre a\ed gtS) s=0

2 1 |
= - arctg — (¢ > 0),
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Takum o6pasom,

¢ .
Jxma?@m=
."“'ll)(t)-l‘ 2 arctgt + nia»amtg‘;l‘{=

*¢(t)+ — (arctg £ -+ arctg —- ) -
| =\P(t)+—é—=cp(t),

a 3T0 M O3HauaeT, 4To QYHKUHA ¢ ({), onpejensieMass paBeH-
ctBoM (38), ecTh HecyMMHpyeMoe pelleHHe ypaBHEHHS (34)
c sinpom (36).
HaterpanbHoe ypaBHeHHe
¥, (f) - .
e)=2 | Kt, 9o@ds+f),

) bo(t)

rie Py (f), ¥4 (f) — HempepuiBHEe ¢(yHkunH Ha [—b, b], kaxkngas w3
KOTOPHIX N0 aGCOMIIOTHOH BeJIHYHHE MeHblle b, MOXer GbiTs paccmaTpH-
BaeMO KaK OCOOblil c/yuafi ypaBHEeHHs d)penro.nbma, B KOTODOM spoO
K (¢, s) nns Bcex 3HaueHHH s BHe HHTepBaJa (P, VP,) paBHO Hymo. Korzaa
abcomoTHbie 3HaueHHs [Py | H |Py| He mpeBocxoasT | ¢, pesonnBenTa
TAKOTO YPaBHEHHs NMpEJICTaBJsieT Leaylo GYHKUMIO OT A, KaK H B ciyuae

ypaBHeHHsi BoabTeppa. JlocTaTOYHO CPaBHHTb 3TO YpaBHEHHE C BCIOMO-
raTe/bHLIM MaXODHDYIOIIHM ypaBHEHHEM BHAA

£
®(f) =N+ J M® (s) ds.
—[t1

KOTOpOe HMEET CBOHM pellleHHeM ynkumio Ne M |1,

§ 14. Teopemm ®Ppenproabma anst obumero cayyas
ypaBHeHHsI <I>pe11ro.ubma

Mbl yCTaHOBHJH, YTO HHTErpajibHOE YypaBHEHHE

b ' .
e)=A[K({, So@ds+f®) (1)

HJH, KOpOve, -
| - =Moo+ |
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c HpOHSBOJIbeIM HelpepHBHHM B Q{a <, s < b} axpom
K (t, s) u f (f)e&C la, b] umeer enuncTBeHHOE HerpephBHOe
pewenue @ (1), onpege.rmemoe dopmyaohn '

wm=NWHJMtamww | )

Aaa BceX A TakuxX, w10 |A < 1]A|. 3necs R (I, s; A) —
pe3oJibBEeHTa s/ipa K (t s).

JIlna ypasHenuit ®pearogbMa ¢ BHIPOXKJEHHBIM® SIPOM
ObliM noKa3aHbl (cM. § 4) Tpu ¢yHJaMeHTaJbHBIE TEOPEME
®penrosabMa, Kacamouuecs pa3peliHMOCTH TaKHX YPaBHEHHH.
IlonbiTaeMcsl pacnpoCTpaHHTb 3TH TeopeMbl Ha CJAy4aH Ipo-
H3BOJbHOIO HENPEepHIBHOTO fAJ]pa.

B cuny Tteopemn Beifiepiirpacca BCAKOe HeNnpepuBHOE
B Q anpo K (f, s) MOXHO TNpEeACTABHTb B BHJE

K(t’ §) = KB (¢, 8) + Kz(t: s),

-

rjpe
n

Ka(t 9= 3 & (1) by(9

P

— BHIpOXKJEHHOE f1po, a aapo K, ({, s) no Hopme C Mmoxer.
OHITb CKOMIb yrofHO Ma/biM. ITosTomy ypaBHenue (1) MoXxHO
3anucartb Tak: :

¢ =ATo+ASp+f, @,
b b S
e To=[K,(t )¢(s)ds, Sp= [ Ke(t, $)g(s)ds.

IlycTb p — NpOHU3BOJIbHOE TOJIOXKHTEJbHOE YHCJIO. Buﬁeﬁ-%
pem onepatop S Tak, utobH || S || <@ 1/p. Torna ana Bcex A
TaKHX, YTO }M <3 p, OyneM umetb |A|||S||<d1 H ypaBHeHHe

V(&) =ASY) +g()

Gyner oaHo3HauHo paspeimumo B C la, b] npu mobo#t dpyHk-
uun g (f)eC la, bl, npnqu

¢m—gm+xﬁm1sMg@m @)

rae R, (¢, s; A) — pesonbBenta fapa K (2, s).
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[Nepenumem ypaBHeHHe (3) B BHJe
¢ = AS¢ + F,
rie :

b
F)y=FO+[Kalt 9o () ds.

Cuutan F (f) usBecTHOH, ¢ noMowbio GopMyJanl (4) npHXOIHM
K ypaBHEHHIO, 5KBHBAJEHTHOMY HCXOLHOMY:

. . B
o) =F®)+M[R(t, s; MF(9)ds,
HJIH

' b
o()=FO+A [ Rt s MF()ds+

b b ) .
+4 ] [K,, &9 +r Rt T MK 9 dr] 9()ds. ()

ITepBoie fBa caaraeMbix NpaBoi YacTH (5) — H3BeCTHHE QyHK«
nud. [anee, ¢

b n
IRI ¢ © MK, (x dv=[Rit, © V)Y (1) b () dt =
a a Re=1
n b . ‘
=Y o) [ Rt & W () dr=
k==1 a .

= ;1 Ak (t’ ?") bk O“):

TaK 4YTO AAPO ypaBHeHHs (5) — BHIPOXKIEHHOE,

Takum o6pa3oM, .r06oe unmeeparvHoe YypasHenue Pped-
2046Ma 2-20 poda ¢ HenpepuisHHIM A0pPOM _Moxcem Obimb c8e0eHO
K ypasreruro ¢ eopoxclennoim adpom. Iloab3yach aTHM, MOXKHO
nokasatbh ([20]), yto Teopembl PpejroJbma, YCTAHOBJEHHbIE
B cBoe Bpems (cM. §4) naa ypaBHeHHH C BLIPOXX ICHH bIM
pOM, HMEIOT MeCTO JJs1 HHTerpaJbHHIX ypaBHeHHH Ppen-
rojbMa 2-ro poja ¢ NPOH3BOJbHBIM HelpepPbLBHBIM AIPOM,
a takxe L,-anpom.
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YuuTeiBad euie pesyabTathl § 3, chopMyaHpyeM OKOHYa-
TeJbHO 4YeThipe TeopeMb Ppearoabma.

Teopema 3.6. Ecau 3na4denue A ne asasemcs xapasc—-
MmepucmusecKum, mo Kax OaHHOe UHMe2panrbHoe YpPasHeHue,
Max U CONPANCERHOE C HUM O0OHOZHAUHO PA3PeLumbl nPU MOGOM
ceobodnom urene | (£). Coomsememsyrowue 00KOPOOHbBIE Ypas-
HeHUSA UMEOm NpuU 3Mmom mMOAbKO MPUBUAAbHbIE DetieHUs.

Teopewma 3.7. Ecau snauenue h xapaxmepucmudecroe,
mo O0OHOPOOHOe URMeePANbHOe YPasHeHue, MAxK e Kax u
CONPANCEHHOE C HUM OOHOPOOHOE YpasHerue, umeem Hempu-
BuUaAbHbIE pelierus. Jucao AUHEUHO HE3ABUCUMBIX pelierull
O0HOPOOH020 UHME2PANbHO20 YPASHEHUS KOHEYHO U  PasHo
YUCAY AUHEIHO HE3A8UCUMBLY petierull oauopoanoeo conpaicen-
HO20 YpasHerUs.

Teopema 3.8. [aa moeo qmo6b¢ HEOOHOPOOHOE UH-
meepasvtoe YypasHerue ObLa0 paspewiumo, Heobxodumo u Oo-
CMmamouno, 4mobet e2o c80600wnbilt uaer f (f) Ooia opmocorare
KO 6CeM peluerusam Ccoomsemcmsyrowes0 00HOpoOHo20 conps-
HEHHO20 YPABHEHUS.

Teopewma 3.9, Ypasuenue Ppedcoroma umeem He
60.12e CHEMHO020 MROXCECMBA XAPAKMEep UCMULeCKUX YUcen, KOMNO-
pble MO2YMm Ceyuiamoca moavko Ha OeCKoOHewHoCmU.

N3 teopem ®PpearosbpMa BHITEKaeT TAK HA3bIBaeMas a J b-
TepHaTHBa Ppeproabma:

JIubo HeoOHOpOOHOe YpasHeHue paspewumo npu aw0boil
npagod yacmu, aubo coomsememsayrouiee 00KOPOOHOe YpasHerue
uMeem HeMpPUBUANbHbIE DeUleHUs,

IlepBuiii cayvyail anbTepHaTHBBI HMEET MeCTO INpPH HeXa-
PAKTEPHCTHYECKOM 3HAYeHHH A, BTOPOH — ecAH A fBJAsAETcA
XapaKTepPUCTHUECKHM YHCJIOM.

ITpuBeneM TeopeMy, NAlOUIYIO OLUEHKY MOTPEIIHOCTH pelle-
HHs, KOTOpas NoJy4aercsd NpH 3aMeHe AaHHOro saapa Ha 6Ju3-
Koe K HeMy JApyroe siipO, B YaCTHOCTH Ha BBHIPOXK/EHHOE.

Teopema 3.10. [Ilycmos Oanol 0sa unmezparbHbiX
YpasHeHus

| o |
o) =FO+r[ K, 9@ ds, (6)

b
O =h®+r][Ket, 99() ds, (7)
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u nycms Ry (£, s; M) — pemgbeeﬂma ypasrenus (7) ¢ adpom
K, (2, s). Hycmb dange, UMEIOM Mecmo HepaseHcmea

j}}((t s)-Ko(t Hlds<e Viels bl (8
IF—h )] <n, (%)
j;po ¢, s; M)|ds< M. (10)

Tozda, ecau 6oLNOAHEHO Ycaosue
elAd MM <L, (11)

mo ypagrenue (6) umeem eduncmsenroe peuenue @ (f) u pas-

HOCMb MeXc0Yy amum peiuenuem u pelieruem ¢ () ypasHe-
nus (7T) yOosiemeopsiem oyenke

90— o) < LACELIIES 4 +1a1 80, (12

ede N = sup |f()]
a<t<b

Hdokaszareabcrtso. Ilpeanonaras cymecTsoBaHne
OF pAHHYEHHOTO. pelleHds ypaBHeHHsa (6), oGo3Hauum

o= sup |9 ()]

a<t<h

H pacCMOTPHM HHTErpaJibHO€ ypaBHEHHE

b
o(ty=7| Ko(t, s)o(s)ds+F (),

b .
rae F(O)=F@) +M[ (K(, $)—Ko(t, ) @(s)ds. Torza s

cu1y ¢opMyJan (2)
b
o()=F )+ [Ry(t, s WF (s)ds,
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Hanee,

WUHQWU)+MJNKV DKot 9|l 9(9)|ds <
QN'*_!‘%‘]CO&

H, CJel0BaTeJabHO,

b
19O I<IFOI+IM[ IR 5; M|F (9)]ds <
SN+ |hce + M MN+([A]ce)  (13)
nns Beex tela, bl Tlostomy H ¢, = sup |¢ (f)| me mpesoc-

oI

XOIUT BeJIHUMHBI, CcTOosAWeH cnpaBa B (13), T. e.
Co<N(1+[A M)+ [A[(1+]A] M)ce,

OTKyJa

N +[AM)
[—(+[AIMA][e’

Co << (14)

npHYeM NOC/JAeHHA nepexofl 3aKOHEH, €CJH BHIIOJHEHO YCJIOo-
sue (11):

M4 1A M)e < 1.

Hrak, npu BrinonHenuu ycaosHs (11) Bce pelleHHs ¢ (9
ypaBHeHHA (6) orpaHHueHBl A/ J000H orpaHHueHHOH f (f).
DTO IMOKA3bIBAET, YTO A He ABASAEMCA XAPAKMEpPUCMUYECKUM
qucaom a0pa K (t S) U ypaBHeHHe (6) HMeeT eduHcmeerHOe
peulerue.

B camom gnene, ecau Obl A 6110 xapax*repncmqecxnm
YUCJIOM, TO, NpHOaB/afAf K pelleHHI0 HEeOJHOPOJHOro ypasHe-
uus (6) coﬁcmeﬁﬂym dyukuuo aapa K (¢, s), Mpl cHOBa OBl
IOJIYUHJIH pelleHHe YpaBHEHHS (6) ITockoabKy coOGCTBEeHHAA
GyHKUMA Ompefienisercsd ¢ TOYHOCTbIO 0 NOCTOSAHHOTO MHO-
JKHUTeAsA, €€ MOXKHO B3SITh TAKOH, 4TOOR MAKCHMYM €€ MOAyJsd
6L GoabIe 0GOTO Hanepel 3aJldHHOrO YHCJa H, 3HAUHT,
A1 ypaBHeHHA (6), MOXKHO Oblvio Obl HaHTH pelleHHe, CKOJb
yronuo 6osblloe 1o aGcoIOTHOA BesJHYHHE. DTO MPOTHBOpE-
UHT I0KA3aHHOH BLILIE OTPAHHYEHHOCTH BCEX pEIIeHHH ypaB-
“Henus (6).
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Hoxkaxem Tenepb oneHky (12). Buuuras mousnenno ypas-
HenHne (7) u3 (6), monyuum

b
o ) — o) =A [IK (t, )—Ko(t, 9+ Koty 9]¢ (s)ds—

b .
—A [ Kolts 90 ds+FO)—F (0,

W/IH
b | .
o) —ah) =M [ Kot, )19 () — & ()ds+ F () —Fy (0,

TToaoxum |
eh—oB=%®, FO—Ff )=H(
Torna nocaepnee COOTHOIIIEHHE npﬁmeT BHJL
b
o) =4[ Ko (t, )%(s)ds+ H(),
OTKYZa
b ,

¢O=H@O+A[ Rt s M H(s)ds,

TaK YHTO
b
[ O1<IHOI+1M [ IR s ] |H©)]ds. (15)

Ho
|[HO|=]|F{@)—fi()]|=

b
mlxjm(:, 9—Ko(t, o) ds+F(O)—F (h)] <

< |A|coe + 1. (16)
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H3 (15), ucnoabsya ouenku (16), (10) u (14), noayuaem

YO =let)—o@)]<
<|Mee +n+ M (Mae+YM= .
=n(l +|M M) Fce|r|(+][AM)<

| [AL(L+ IA] M2 e
<0 +M M+ T rarams

TeopeMa no0Ka3aHa. .

Ha sTo#t TeopeMe OCHOBAH MeTOJI TPHOTHIKEHHOT O pelleHHs
HHTerpaJbHbBIX ypaBHeHHH (PpeAroJpMa C IOMOIbI0 3aMEHH
angpa K (f, s) GAH3KHM K HeMy BBIPOXKJEHHBIM SIJIPOM.

Onupasicb Ha TeopeMy 3.3, HeTPY/JHO NOKa3aTh, YTO eC/JH
onepatop A HMeeT oGpaTHBIH, TO OJH3KHH K HEMy onepaTop
TaKxe OOpaTHM. :

Teopema 3.11. Iycme onepamop A=(E — E), 2oe
E — banaxoso npocmparcmso, umeem obpamusiii A7, u nycmeo
«gosmywyarouiuiy onepamop AAe(E — E) makos, umo

A A4 < 1.
Toz0a onepamop B = A - AA umeem obpamnoiii B,
npusem

a_ - 184] )
157 = A7 < vy oy raay 147 F

B camoMm jpene,
A+AA= A 4+ ATAA).

Tak xak 1o ycaosHio || A"1AA || < 1, To oneparop [ 4- A7IAA
HMeeT OOpaTHBIH

(A AL = i (— 1y (A1 A4,

JIerko IpOBEpHTD, uTO oneparop (I 4 A1AA)'A! ecrtp
onepatop, obpatubii oneparopy A (I 4 A1AA) = A -+
+ AA = B, 1. e. onepatop B umeer oGpaTHHIi ‘

Bl= (/4 AA4)1 A,
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Haaee,
| Bt— A" =] (I + ATAA) T AT — A <<

sl

<IAN I+ AT — 1< A7) Y | AT AA P =

n=1
| A-1AA |
I — A7 AA]

- | AA | -

YTO 3aBepliIaeT J0KAa3aTeJbCTBO TEOPEMBI.
C noMoIIbI0 3TOH TeopeMbl NPH pellleHHH JHHeAHBIX ypaB-

HEHUH .
Bp =] (18)

MHOTJA yhaercsl H306eKaTh YTOMMTENbHHIX BHIKJIAJOK, CBSA3aH-
HBIX C HaxOxJAeHHeM onepatopa B~!, ecau usaBecten ofpar-
Hblfl onepatop A~! aas «6nu3Koro» JuHeHHOro oneparopa A
Onepatop A nomkeH ObITH TakKuM, 4TOObl pasHocTh AA =
= B — A ynosaerBopssa COOTHOIIEHHIO

IAA =] B—A|<|| A"

Hasuuue o6pathoro onepatopa A~! obecrneuuBaer paspeluu-
MOCTb ypaBHEHHS

Ag =f (19)
(a BMecTe C TeM H paspemHMOCTb HCXOAHOro ypaBHeHus (18)).
Ilyets ¢ = A~'f — pemenne ypasuenus (19). Torna ans

OTKJIOHEHHA
¢—o@=(B1—A)f
¢ yueroM (17) noayuaem

lo—el<iBr—a 1< AL 1y (20)

§ 15. HHTerpaabHbie ypaBHeHHAl C AJPOM, HMEIOUIMM
c1a0yi0 0CO0eHHOCTb

1°. BecbMa 4acTO BCTPeUAlOTCH MHTErpajibHbe ypaBHEHHUS
Boabteppa ¢ siapom BHAa

__H({, 9
K, S)'_(f._s)“’
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rne H (¢, s) — HEKOTOpasA HenpepuBHas bynxkuua. K sucay
TAaKHX YpaBHEHHH OTHOCUTCR, HaNpHMEP, ypaBHeuune Abens

(cM. BBeleHHE)
H

9(s) (s)
. *5 A ds=F (1

(p (f) — uckoMas ynKuUHSA).
PaccMoTpuM HHTErpajbHOE ypaBHeHHe Bo.ub'reppa 2-ro

poma ¢ ﬂleOM Buga (1):

R

(t —s)*

Ilpn o > 1/2 KBanpaT TaKoro suLpa He sABJAdeTCH nmerpm

pYyeMBIM, HO TEM He MeHee ypaBHeHHe (2) MoxkeT OHTb pelieHo.

B camom Jene, nocaeloBaTe/]bHHE HTEpHUPOBAHHHE SfApa

K, (1, s), HaunHasi C HEKOTOpPOrO HOMepa #, HE TOALKO SIB-

Af0TC L,-AiipaMu, HO Aaxe OrpaHudeHbl. IlokaxeMm 3To.
CoraacHo ¢opmyse (24) § 13

H(, <) H(z, )
K,(t, )= jl(t-—t)“('t = d.

¢ (s) ds—f—f(f) (@<<t<ch, s<), (2)

Croenaem NOACTaHOBKY
T=184({—39) 2
Torna
K,(t, s)=
1

=(— S)I_Qaj' Hit, s+ (t— S)(:] H:)S;‘ (t—s)z, s] dz (3)

un, xopoue, K, (¢, §) = (t — s)I"%F, (¢, s), tne F, (¢, s) —
OorpaHuueHHas ¢yHKUHA, TaK Kak HHTerpaj B npaBoﬁ ya-
¢t (3) cxommres mpu o << 1.
[NocnenoBareqbHO HAXOAUM
Ks(t, s)=(t—spP—3aF,(t, s),
K, (¢, s)=(—sP—F, (¢ s),

Ki(t, s)=({t—s)""1="=F,(t, s),.

4)
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rne Fg, Fy, « .., F,— HeKOTOpEHIE orpaameuum YHKIIHH,
U3 dopmya (4) BH}IHO uto Bce appa K, (¢, 8), K, z‘ Sy s oo
orpaHuuensl, ecau n (1 — o) — 1 90. -

C apyrofi cTopoHbl, ypaBHEHHE

qa(t)=xff<<t,s)q>1s)ds+f(t> )

BCErfa MOXeT OBbIThb npnneﬂeao K aaanornqnomy YPaBHEHHIO
c aapoM K, (¢, s) unu K, (¢, s), K, (¢, 5), . . . myTeM KOMIIO-
3HIHH (CBepTHBaHHH) oﬁeux yacTen ypasuenna ¢ GyHKHHeRA

AK (2, 8):
A.jK(t; s) @ (s)ds =

. 4 5 t .

=M [K(, s){jK(s, r)cp(r)dr}ds+xj1<(t, 7 (s) ds,
HJTH '

MK, ) p(s)ds =

t t |
= j Kot o) ds + 4 [ Kt 9)f(s)ds. ()
B caxy ypaBHeHH#sa (2)

ij(f 990 ds= 9 (h— 1,

TaK 4To (5) NpHHHMAaeT BHX

mf(t)wof&(t. ) () ds + fald), - (6)

rie

hO=FO+4 | K(t, () ds.

b M. JI. Kpacaos
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IlocnenoBatesibHO nonydyaeMm

o () =12 [ Ky (2, 5) 9 () ds + fu (B,

rne

4
fs()=F®)+ A [ Kt 9)fa(s)ds,

BT I

B pesy/IbTaTe KOHEYHOro YHCJIA 1UATOB M NPHAEM K ypaB-
HEH HI0 Bonb'reppa c OrpanuyeHHHM saapoM K, (¢, s) ¥ npaBo#
yacTeio f, (f), pelluB KOTOpOE, MOJYYHM pellleHHe HCXOLHOro
ypaBHenus (2). AxasoruysHoe npeoGpa3oBaHHe NIPHMEHHMO
TaKxe K MHTErpajJbHbIM YpPAaBHEHHSIM NEepBOro poja, B 4acT-
HOCTH K HHTErpajJbHOMY ypaBHeHHio Abess

t

Q) 4o '

U3 Qopmy sl (3), NPHMEHHTENBHO K ypaBHeHHI0 (7), cpasy
nonyvaemM (H = 1, @ = 1/2)
t

Kyt s)= f [z (1 -—z)]‘“I/2 dz =,
Q 0

ITostoMy KoMno3unHs ypaBHeHHsa (7) C ero sfpoM Jaer

t t

5@(3)0!3 = fo.)_. ds,

OTKYJd MOJNYYaeM HM3YMHTEJLHO NpOCTOe pellleHHe ypaBHe-

uusa (7):

o) = L) gs ®

Ecnu npeanosoxurs, uto GyHKOHA f(t) auddepennupyema,
TO, NpOBeAss MHTErpHpoBaHue no .yactaM B (8), a 3areM
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npoaudrpepeHINpoBaB no.queHHoe BbIpaXKeHHe, HaALeM

_ O f ()
o)=L+ & zSV"“S . ©)
B wactHoctH, npu f (0) = 0
: | |
| ’
o ()=~ -it%ds. | (10)

Coorromenus (7) u (10) MoXKHO paccMaTpuBaTh Kak GOpMYJIHI
ofpallenusi, aHajJoruyHble ¢opmynam obpamenusa Pypeoe.
W Te ¥ Apyrde nocayKuJH HCTOYHHKOM MHOTOYHCJIEHHBIX
dopmya obpalleHus A5 OnpeliesieHHbIX HHTerpasoB. OcHOBOH
BCeX TaKHX ¢OpMYJ CJHAYKHUT TO, 4YTO JJIsi HHTErpaJbHBIX
ypaBHeHHH 1-ro poma dopmyaa pemenuﬁ caMa HMeeT BHJ
HHTEerpajbHOro ypaBHeHus 1-ro poxa.
O6o6uennoe ypaBHeHHe Abess

t

§ ozds=[)  O0<a< (D

TaKXe JIeTKO pellaercss IpPH IOMOLIY KOMIIO3HIHH C SApOM
(f — s)=L,

Ynpaxuenne [lokasars, 4r0 pemenneM ypaBHeHHs (11)
ABAgeTcs QyHKUHSA

__smamd f(s)
o) =L ju o

2°. Kak ¥ B cayvyae HHTErpajbHOro ypaBHeHHs Boub-
Teppa (2), BMECTO HMHTerpaJbHOrO ypaBHeHMsA Ppearonbma

b
o) =] K(t, ) 9©ds+F() (12)

MOXHO pacCMaTPHBaThb aHAJOrHYHOe ypaBHEHHE C HTEpHpO-
BaHHBIM SJpOM

b
@) =A"[ K.(t, ) 9(s)ds+ [ (8), (13)

5*
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rae

b
o) =Faa (O A [ K () s (5) ds

(n=2,3,...; [L®O=Ff@).

STOT npHeM MO3BOJAET YCTPaHATb HEKOTOphle OCOOEHHOCTH
AJlpa, Tak KakK HTepHpOBaHHble fA]pa, KakK IpaBujo, Oosee:
rJIajkye, yeM ucxofHoe saapo. Tak, ecau agpo K (f, s) ypas-
Henusa (12) umeer BHA

K, s)= HE, s) (14)

|t —s|*

(0 <a <1, H— orpanuueHHas GyHKUHA), |

TO HTepupoBaHHOe Anpo K, (£, s) MMeeT TaKyio Xe CTPYK-
TYpY, HO YHCJIO & 3aMeHsTeTcs pH 5ToM uucaoMm 1 — n (1 — a),
KOTOpO€ OTPHLATEIbHO NPH AOCTATOYHO GOJBILNOM f, TaK UTO
aada takux n aapo K, (f, s) orpaHAu€eHO.
HeficTBUTENIbHO, NYCTh

K, g=0E9 1 g g— Halls)
|t —s|*

|t —s|%

O<<oy, o<1}

Toraa B pesy/brare cBepThiBaHHsi (Komnosuuuu) K ¢ L no-
JAy4aeMm

Hl (t’ T) Hﬁ (Ts S)Q
t—r|% g —5|%

b b
aSK(t’T)L(TFS)drz;SI ,

OTKYyJa

b |
<C[|t—1[*|v—s[dv. (15)

b |
[ K, )Lz, 5)dv

IToncranoBka t— s = (f{ — s) 2 npeob6pasyer HHTerpaa B Ipa-
Boli yactH (15) x BuAy
- b—s

i—s ‘
[t—s[ o [ | 1—2 ™2 ¢z,
a—S . .

Dot

]
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4YTO NPHBOILHT K OLI€HKE

b
K@, )L, 9drf<

Cy
, €CJH a,— 1 >0,
< “_sfarf—as—l - al‘:]j 2 > (16) ,
Cs, ecau a; + a,—1 <0,

rae C,, C,— nocrosiHHble. ([lns n-MepHBIX . HHTErpajioB
cnpaBeJJIHB aHAJOrHYHBIH pe3y/bTaT, TOJAbKO B oueHKax (16)
BMECTO &y -Gy — | Hajgo NOCTaBMTb &y - &, — A.)
Orciona cnenyer, uto aapo K, (4, ) (; = a, = a) UMeer
ocobeHnocTe nopagka 20— 1 =1—2 (1 — a), ecau 3ro
YHCJA0 MONOXKHTENBHO; | K (4, ) — ocobeHHOCTL mNOpAAKA
1—3(1—a) v T A ¥ OpH 1 JOCTATOYHO GOJBILIOM YHCJIO
I — n (1 — &) Gyaer oTpuuaTebHbIM, TaK uTO AApo K, (£, 3)
6yner yXKe OrpaHHueHHOH QyHkuHed. ~ A

Ynpaxuenne [lokasars, uro ecm Ay ecTs XapakTepHCTHIC«
ckoe yncao axpa K (£, s), To Aj GyAeT xapaKTepHCTHYECKHM YHCIOM f1pa

K, (1, s). -

Ilnsi uHTerpanbHblx ypaBHeHu#i ®PpenrosbMa ¢ Aaapamy,
HMEIOWMMH  c1abyio OCOOEHHOCTb, CIpaBe[J/IMBBl TEOPEMH
®penrosbMa, npuBeeHHnle B § 14.

- § 16. XapakTep peHieHHS HHTerpaabHOro ypaBHEeHMS

Kak ormeuajoch BHILE (CM § 8), ecau HCKaTh pelleHHe
ypaBHeHHH

b
e()=A[K(, 90 ds+f() W

¢ HenpephBHEM siapoM K (f, s) u cBoGonHbiM uieHOM [ (f)
B npoctpaHctBe L, [a, bl, To 310 pelnenue ¢ (f) 6yner ne-
00XOHMO HEMPEPHBHBIM, _

Ilyctb Teneps sinpo K (£, s) MOXKeT UMeThb JHMHHH pa3phIBa,
a ¢pyukuus f (f) HenpephisHa. Torna y peenns @ (f) MoryTt
OKa3aThCA pa3pHIBH, ecaM JiuHUA [ paspuBa Axpa K (4, s)
COIIEPKHT OTPE3KH, napajnenbHble ocu OUs.

Hycn, Hanpumep, JHHHUS pa3pbiBa ! CONEPKUT OTPE30K
npamoi £ = {, (puc. 10). B ypapuennu (1) uHTerpupoBanue
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BeJleTCA 10 §, T. €. 10 BepTHKaJbHLIM OTPE3KaM, U NpH nepe-
xone or ¢ == 1 < I, K OJU3KOMY 3HaueHHIO [ = {, > {,
HHTETpaJ MOXET TMOJYYHTh KOHEUHOE IpHpalleHHe, YTO
O3HA4YaeT pa3pblB pelIeHHUS.

d |
b

14
:
|
{
'
1

i
1
!

Puc. 10,

-

Iycts snpo K (¢, s) ypaBHeHus (1) He TOJAbBKO HHTErpH-
pYeMO ¢ KBajpaToM, HO H YJAOBJerBopsier ycjoBHio (A)
(cm. [201): «

b ~ S
[Kt, s)ds<A4  (A>0— const), (A)

Torna cnpaBeanuBa

-Teopewma 3.12. Ecau c0600nuii uren [ (£) ypasHe-
Hus (1) ocepanuuen, a camo ypasHernue paspewsumo, mo awboe
€20 peweHue 02PaHUYEHO.

B camom gnene, ecaum [ (f) — orpannuenHas Ha la, b]
dyukuus, 10 f (f) 3aBegoMo npunHamaexut L, [a, b]. Ho
Torga W pemeHHe @ (f) ypaBHeHud - (1) npHHALJIEKHT
L, la, bl. Oas storo pewenus B cuay (1) umeem

: (2)

b
lo®I<IFO]+IM] | Kt o) ds

IlepBoe cnaraeMoe npaBoffl 4acTdH (2) orpaHHYeHO MO YCJIO-
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BUIO; OrPAHHYEHHOCTb BTOPOTO CJaraeMoro cJeiyer H3 Hepa-
BeHcTBa DByHSKOBCKOrO: :

<

b
[kt 99 ds

b ) 12 (6 1/2
g(jKZ(t,s)ds) (j!;vz(s)ds) <V Aol

Takum obpasoMm, ¢ ({) — orpannueHHas QyHKUHS.

Bynem roBoputh, uto Anpo K (£, S) HenpepwisHo 8 yeaoM,
ecad AJs Bcakoro & > 0 cymectByer 8 > 0 Takoe, 4To gas
Jo6uix £, f, Takux, 4TO |, — #;| < O, uMeem

b
J[K(t% S)'—K(tl, S)ld8<8.

YKaxeM TMpocThle, HO BaxHbIE CJAYyYaH, KOTAa SApo
K (¢, s) HenmpepblBHO B LEJOM:

1) agpo K (f, s) HempepblBHO 1O COBOKYIHOCTH mepe-
MEeHHbIX f, § B 3aMKHYTOM KBanpate Qia< {, s <b} (4,
3HAYHT, PAaBHOMEPHO HENpPEpPHIBHO);

2) aapo K (4, s), ypoBaeTBopsiomee ycjaoBuio (A), pas-
PBHIBHO B KBajpaTe @ BIOJb KOHEUHOI'O YHCJ/A JMHHH § =
= 1, ({), He colepKalHUX KYCKOB NpPAMBIX, NapaJjenbHbIX
ocd Os (y, ({) — HenpepbiBHBIE (GYHKUHH).

JlonyckaeTcsi TakXe HaJHyue KOHEYHOIo 4YHcJa H30JIH-
poBaHHHIX ToueK pa3pbiBa y saapa K (f, .s).

Teopewma 3.13. Ecau csoboduoui unren [ (f) ypaste-
Hus (1) Henpepowen na ompeske la, bl, a sdpo K (¢, s) we-
NPEPLIBHO 8 YeaoM, MmO ;zroéoe pewerue @ (f) ypasnenus (1)
Henpepoiso Ha ompeske la,

B camoMm nene, q)yaxuuﬂ f(z‘) HenpepLiBHAsA Ha OTpe3ke
la, b1, orpannuena na nem. B cuay Teopemnl 3.12 pemenue
¢ (z‘) ypaBHeHHst (1) TaKxke OrpaHUYEHO:

lo(t)|<M Viela, bl
BosbMeM gio6oe & > 0. Tak Kak [ (f) HenpepbiBHa Ha la, b1,

Ha#igercss 8, > 0 Takoe, uTo mnpu |{f, — {;| < 8, Gynem
HMETb

”(tz)mf(tﬂ | < &/2,
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B cuny HenpepHlBHOCTH B mesom siipe K (¢, s) nas BuOpaH-
Horo & > O Haifiercs Takoe O, > 0, uro npu |£, — 4] <&,

b ~
1Kt )= K (b 91 d5< gz

Torpa npu | {, — ¢,| < 6 = min {8;, 8,}
o) —o ()] < '

| b - : |
<|Ft)— Ft) |+ 1A [ 1K (ta 99— K (11, 9) || @ () | ds <,

YTO ¥ 03HAYaeT HeNmpephuBHOCTD pelenus ¢ () ypasHenus (1),
PaccMoTpuM ypaBHeHne co cJaaboil 0COGEHHOCTBIO

(t)—ij(t 990 ds+1() @
rjae

K (¢, s)=%(f:sﬂ- O<a<l). (4)

MoxHOo nokas3aTb, 4TO

1) ecnu cBoGonHLIH useH f (f) ypaBHeHHs (3) orpaHuueH,
10 mo6oe pelieHHe ¢ (f) 3TOro ypaBHEHHSA OIPaHHYEHO;

2) eciH CBOGOAHHH uJieH ypaBHeﬂnﬂ (3) u ¢yHKuHa -
H (¢, s) nenpepruiBH Ha [a, bl u B Q {a < {, s < b} coort-
BETCTBEHHO, TO .moﬁoe pellleHHe @ (t) 3TOTO ypaBHEHHs He-
HpeprBHO Ha la,



rMTABA IV

' HHTETPAJIBHBIE MPEOBPA30BAHHS
| W MHTEFPAJIBHBIE YPABHEHHS

IMycrs yukuusa [ (f) sanana B AHTEpBaJe (a, b), KOHEYHOM
Al GecKoHeYHOM. HumezparbHbim npeoépasoeaﬂuem PyHK-
yuu [ (f) HasnBaerca GYHKUHUSA

b
Fo)=[K(, of (#)dt,

rae K (f, ®) — dukcupoBaHras AJs JaHHOro npeoGpasoBa-
HUSl (QYHKUHMSA, Ha3biBaeMasi A0poMm npeobpasoearus.

Meron unTErpasbHBIX npeo6pas3oBaHHMl COCTOHT B Iepe-
(GopMyJHPOBAaHHH 3afaud uepe3 npeolpa3oBaHHYIO (YHK-
uuio. Ilpyu 3TOM MBI CTpeMHMCS K TOMY, YTOOH B 3TOH HOBOH
¢dopMe 3anauy peliuTh Obl10 nerge. IIpUMeHuTeNbHO K HHTer-
paJbHOMY YpaBHEHHIO MH MmoJiydaeM, BoobLie, HHTErpaJjbHoe
ypaBHeHHe Aaa npeobpasoBaHHOi GyRKHHH. Ecau 3To ypaB-
HEHHe OKa3biBaeTcs 0oJiee NPOCTHIM, Y€M IepBOHAyYaJbHOE,
TO MBl MOXEM IOJIYUHTb HUHTErpajibHOE MpeACTaBJeHHE I
HCXONHOH HeH3BecTHOH (QYHKUHH. IDTOT METOA OCOGEHHO
Xopolll, KOorja HHTerpaJbHO€ ypaBHEHHE I10C/€ HHTerpaJb-
HO[O Tipeo6pa30BaHMsA CBOAUTCA K ajre6pauuecKoMy Yypas-
HEeHHIO.

§ 17. Hpeoﬁpasonaﬂne dyppe -

 HsBecTHO, uTO ecaH ¢byuguns [ (f) ynosiersopsier ycio-
BHIO Ilupux.ne Ha MoGOM KOHEYHOM OTpeske ocu ¢  abco-
JIOTHO MHTErpMpyema Ha Bcedl YHCJOBOH OCH, T. €.

o0 '
[ 1r0tat <+ oo,
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TO JJs Hee CIPaBelTHBO DPaBEHCTBO
-+ ~+w
fy=~ [ do | fmcoso(t—md. (1)
0 —C

IIpy 3TOM BO BCAKOH TOUKE &, ABAAIOMENACA TOYKOH pas3pbiBa
I-ro pona ¢ynkuuu [ (f), 3HaueHHe HHTErpaja B NpaBoff

yactu (1) 6yner pasHO —;- lf ((, —0) 4 f (£, -+ O) 1.
®opmyay (1) HasbBawOT urmezparproll gopmyroti dypee,
a CTOAIMA B €€ MNpaBoH YaCTH HHTErpall — URMESpasom
Dypoee. Ot dopMyasl (1) HerpyaHO nepedTH K KOMIJIEKCHOH
¢opme uHTerpana Pypoe
1 I T |
[() == J elot dw I f(r) elotdr, (2)

-0

ITycte ¢ynkuus f (f) ynosaerBopsieT chHOpMYJHPOBAHHHIM -
BHIIIE YCJAOBHAM. PyHKHHA
+ i
| .
F = —iof 3
©) =5 | fOeodt ©

-+
(mm F(m)z_]./l_%.s F(9) e""’fdt)

HasbiBaeTcs npeobpasoeanuem Pypoe oGyHKUHH [ () HAM
cnekmpanbrotl (yHKyuer.
B cuny ¢opMmyan (2) umeem

“+ o
f(t)=.71§-_;- S F (@) et de @)

‘ o
(COOTBGTCTBGHHO f(t)-:-V—Ig—_-.- S F () e—iot dm). |
11

D10 TaK HasbiBaeMoe obpamuoe npeobpasosarue Dypee.

Baxnyio ponp B npuMeHeHuu mnpeobpasoBaHus Pypbe
K DEIIeHHIO HHTerpajbHHX ypaBHEHHMHl HIpaeT Te€opeMa
O CBEPTKE. ’
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1lycrs Fj (0) u F, (0) — npeobGpa3oBanus dypre pyHK-
uuft f, (5 1 f; (9). Toma

Fy(0) Fa(0)= = j ity emiotdt j’fg@e—fw%da-—
. i +w 400
=5 | | hinh@e o wrvarag,

npHYeM ABOHHON HHTErpaj B NpaBOf yacTH cXOguTca abco-
JioTHO. CllesjaeM 3aMeHY nepeMeHHo#l f - & = T, TaK 4TO
E=1— Toma OyneM HMETb

~+m
Fy(0) Fy (@) =35 j fl(f){j fa(rwt)e-mdfc}dt——‘

+oof 400
= 7E7E ) e“"“{f fl(f)fs(r———f)df}d'r- ©)

—0

(B cuny Teopemnt @y6HHHM nepeMeHa MOpsfKa HHTErPHpOBa-
HUA 3aKOHHa.)
DyHKUHUSA

4o .
p@= | h O fur—z)ds

Ha3blBAETCH (C8epmKOLL q:tynxmm fi(®) u f, () u obosua-
yaetrcsa f; % f,.
®opmyaa (5) mMoxer ObITH 3allHCaHa Tenepb TakK:

-+

V2:n; I P(t)e—toTdr = VQn F, (@) Fy (o),

OTKYAa BHMJIHO, 4YTO npeobpasosarue Dypve ceepmru (PYHK-

yuil fy () u fy (f) pasno ymuomentomy Ha V' 2n npoussede-
ruro npeobpaszosanull Dypee ceepMbIBACMbIX DYHKYUIL:

F (k) =VIRFLF
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rae cuMmBoJoM & g oGo3Havaercss npeafpasoBaHue Pypne
dyakuun g (f). | '

Onepauusi CBEPTKH KOMMyTaTHBHa: [y J; = fo % fy.
B camom pnene, mpou3Boas 3aMeHY NEpeMEHHOH T — f = 2,
roJiyyaem

+o —o
fixfo= [ ROhG—ndt=— [ f,(f,(t-—2)dz=
-0 . . -0

+w
= [ h@ha—2dz=f*f

PaccMoTpHM HHTerpasbHoe ypaBHeHHe PpearonesMa Ha
OCH (—o9 < ¢ < -}-00) ¢ AAPOM, B3aBHUCHALIHM OT Pa3HOCTH
apryMeHTOB: : ‘

~+
o) =k | K(t—9)o()ds+ () ©)

(ypasrenue muna ceepmku), 3Rech OOLIYHO IpHMEHAETCS
ipeoGpasosanue Qypre (B OPEANONOKEHHH; YTO BCE Yda-
CTBYIol#e GYHKIHH abCOIOTHO HHTErpHpYeMbl Ha BCEH OCH).

dopMasipHOE pElIeHHE MOXKET GHITh MOJYUYEHO CJIEAYIOUHM
o6pasoM. [lpumensis K o6euM uactsam (6) mpeoGpa3oBaHue
Dypbe M HCNOAB3YS TEOpeMY O CBepTKe QYHKUMHA, NOJYYHM

D@=AV2KX(@P@+F@), ~ @

- rae © (o), X (@), F(w)— npeo6pasoanusa Pypre ¢GyHK-
uui @ (f), K (f) u [ ({) cooTBeTCTBEHHO.
U3 (7) uHaxomum

| —_ Fflo
D0} 1 —AV2n ¥ (w)

(1 —AV2n X (0) # 0 Ha ocH ),
H peileHne @ (f) ypaBHenusa (6) mosyuaercs B BHIE

_ 1 F (w)
) V‘é‘fé‘S [— AV 3= % (0)

00

el do, 8)

Ecmn 1 — AV 2n ¥ (w) uMeeT HYJH NPH BELIECTBEHHOM O,
TO ypaBHeHHe (6), Boo6Lie roBops, He HMeeT abCoJIOTHO
HHTErpUpYEMOro Ha BCe# OCH { pellleHHd,
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M3 (8) moayuaem

[o0}

‘ —_— -—....1_.._ , F (o) — io —
2O—=10=75 | [T — F@] e

b+ < I

.~

-}to
— FOX (@) ot 9
A j AV (@) & do. ()

Ilycrh R~ (¢, A) — o6paTHoe npeoGpa3oBanue Pypre GYHKUHH

K (w)
1—AV2aX (o)

Y

Torpa unTerpan B mpasoit wactu (9)

4o
1 X (0) :
— \ YV 2n F e iot
Von 5. " (m),l_sznx(m) eetdo

ecTb cBepTKa GyHkuuit f (£) 4 R (£, A) u dopmyaa (9) Moxer
OHITL TepenucaHa B BHAE o

K +o :
o)=f(t)+r [ R(t—s, Mf()ds.  (10)

dt1o — apyroe ¢dopManpHoe peueHue ypaBHeHus (6).
- Ilpocrefiiune ycnoBHsI, NMPH KOTOPHIX NpPHUBEXEHHbLIEC BhI-
KJaJK¥ 3aKoHHBI, JaloTca caepywouelt Teopemot (cm. [401).
Teopema 4.1, IHycme [ () = L, (—o0, +0o0), a
K (t) abcoatomHo - unmeepupyema Ha eced ocu t, u nycme
1 — AV 2 X (@) 5= 0043 scex . Tozda gopmyra (8) daem
peuieriue © (f) & L, (—oo, --00) ypasterus (6), u npumom
edurcmeeHHoe (B cMbicae L,, Tak 4To BCAKOE ApPYroe peiueHue
3 L, coBnagaer ¢ ¢ (/) mo4tH AJ1A Bcex f{).
- Ecan K ()L, (—oo, -00), TO 3T0 XK€ BEpHO H JJIA
K (®) u & (o) 1 dopmyaa (10) axsuBanentTHa (8). -
IMMpumep. Ilycts

iy =e 1], K(ti={et’t<°"

0, £>0,



Torxa
L e |
Fl@) =—= | e lt1-tog
) == |
A —c . o
{ 0 4o 7
_ (1—a) f p—(1Hi0) ¢
= —= e dt di | =
Von S + 5 | .
—o
1 [eu-toi)-: =0~ —(tie)t |t=4w
| ;VZ_._I; '
n 14w’
1 ¢ 1 -
Hanee, X (0) =—— j Pl .- .
» _ (0) = Van ) Vin 1—lo
Coruacio (p()pmy.ne (8) pemenuem @ (f) & L, (—oo, +0o0) Gyzxer
Q) = 5=
V |
+ —_— o '
v V 2 1 V3
¥V T ¥ e I &'t
O I A T i) (1 —%—iw 2
l—iw '
._m’ : —Q0

!
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HYCTb, Hanpumep, 0<h<l IIM BLIYHC/CHHS TOCJACAHEr0 HHTErpaia
npu ¢ > 0 paccmoTpuM 3amkHyThit KoHTYp I' (pmc. 11), cocraBieHHbI

Puc. 11,

H3 OTpe3ka [—R, R] neficTBHTEJbHOH OCH ® H nonyokpyxuoctd Cg,
OMHpaloWeics Ha 3TOT OTPE3OK' M Jlexallel B BepXHed nonyn.nocxocm
KOMIJIEKCHOH 2-RJIOCKOCTH (2 = @ + it).
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Tlpu nocrarouno GosrbioM R Brytpn xontypa I .nexmr ocofag ToUKa -
2 = | NOALIHTErpaJibHOH (PYHKLHH

el' {2z

e =—Trma—r=ip °

Hcnoansysa Teopemy Koum o BHYeTax, HMeeM

] ¢ Wl 1’5'4 : il ;
n 5(1+id))(l—7»—i(0) do+—- | g@)dz=2iTes g (2).
-R | CR

B cuny nemmu JKopaaua j g (2) dz - 0 npu R - oo. [lepexons B nocsien-
. C g

R
_ HeM paBeHCTBe K npejeny npu R -» oo, HafizieM

+oo

l e[(ﬂt . d — 2 -e—t .
(1-|—uo)(l— o) 0TI
-0 f

Takum o6pa3oM,

— :
7w € (t=0).

Pacc»aannBaa koutyp I'*, cocTaBJIeHnmﬁ u3 orpeska [—R, R]
OCH ® H HHXHEA NOJYOKDYXKHOCTH CR, aHaNIOTHYHO ‘HaXOANM

o |
q)(t)=2_ e LA P Y1)

TakuM 06Gpa3oM, ennuc'rsennoe L,-pelllenne @ (f) uHTErpajsibHOrO ypagp-
nenns (6) npu gaHHOM CBOGOAHOM wWJieHe f (t) H anpe K (t) onpejensiercs
Q)opMnyaMH .

(

2 - ,
5 L t>0,

¢ (f) =, 9 |
Ty e(l—M t’ t < 0.

\

Mol npuBesr npocrefiiue  yCJOBHSA, IpH  KOTOPLIX
HHTErpajbHoe  ypaBHeHHe (6) HMeeT eNUHCTBEHHOe pe-
IIeHHe B Kjacce QYHKUHA @ (f)&L 4 (—oo, --00), OnHako He
HCKJIIOYEHO, YTO ypapHeHHe (6) MoXeT HMeTb H ApyTHe pelle-
HHfA, He nanaAJIe)KamneL (—o0; +00). Ecin cyiecrByioT
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JBa peiwneHus ypaBHEHHA (6), TO HX pa3HOCTh AOJIKHA YJOB-
JIETBOPATL OJHOPOAHOMY YpaBHEHHIO
+o |
e()=n | K(t—9)o@E)ds, —oo<it<-oo. (1)

— 0

910 ypaBHeHHe ¢opMaJbHO YHAOBJETBOpfAETCA (YHKIHEH
9 ({) = e#, e a TakoBO, 4YTO

+o .
A [ K@eadt=1 (12)

(ecsim 3TOT MHTErpaJ CXoautcf).. MoXHO MoKas3aTb, 4TO NpH
ONPEJEIEHHBX YCAOBHAX GYHKUMM STOTO BHAA ABJAIOTCA
€IUHCTBEHHBIMH pEILEeHUSAMHU o,uHopo,uHoro ypaBHenus (11).
HMmenno, nyete 0 < c<e¢; u ealtl K (f) abcomoTHO
MHTErpHpYEMO Ha BCeH ocH f, a (QyHKuUMA

e~ 14l (f) & L, (—o0, +o00).

Torna, ecan ¢ (f) ynoBaerBopsier ypaBHeHHO (11), TO
OHa HMeeT BHJ

mm-§2m4M4W BN (E)
p....
rie @, npoGeraer Bce Hyau ¢yHkuun 1 —2AV 2n X (o),
AN KOTOprX | Ime, | <c, C,, ,— NocTogHHBE KO3}~
GHUHEHTH H g — KPaTHOCTb HYJA Q.

PaccMoTpHM onfiTh HHTETpa/bHOE YpaBHEHHE

@ (f) =elt] 4 et frsm(s)ds. (14)

OHO JIeTKo NPHBOAHTCA K AH(epeHUHaJbHOMY YpaBHEHHIO,
Ilycto
400

ww-jrw@w

tTak 4910 ¢’ (f) = —e—t@ (f). Torma ana & > 0 —’ (f)
= g—2t -}—?np (f), Tak wuro :

-

.
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Has t<0 q: (t)——:l—l—hp(t), TaK UT®
¢(t)==-———+Ce"“
Tak Kak P (§) B ‘Touke ¥ = 0 Henp'epum{a, TO

' i |

IMosToMy OKoOHHaTENbHO
[ 2
T4

o et +Chel-Nt,  £>0,
.q) (t) =1 '2 Co | ©
: - '(—J+ CL) etm 1 £ <0,

-

Tamm o6pa30M pemem;e ypaanenna (14) conpepxur tmeH
¢ nponsso.nbnon nocTosiHHOK. PYHKUHA SR

9o (f) = o1

SIBASIETCA pemenueu @nmpmaoro ypanneﬂua
q;(t)-—x jet-—S<p(s)ds o (15)

OTBEYdIo UM Hymo [0 j-=-—t (1 —A) cpynxumi ,_

1—AV“‘2n x(m):.eii—

® -

~— [®
_ Vnpaxnenune. [Ilokasars, aTo AnA jaiobot pynkuur f (f) =
e L, (—o0, +oo) ypaBHEeHHE _
N .
e()=A [ & “""(P(S)-68+f(f). BRI A

gMeeT peménne
. " 1 + :
- —-—\s-—tl 1-2
MG f(t)-l-vl__% JRCE A

IMokasatb, 410 npH A 5> 0 coa:mercmylomee ozmopozmoe ypaaaenae
HMeeT pellenue

‘(t).-.Ce‘ Vl—?l.__l_ce—t ¥Fi-2a, |



146 - MHTETPAJIbHBIE NPEOBPA3OBAHUSA [TV 1V

[Ipeo6GpasoBanuHe Pypbe MoxKeT OHITb NMPHMEHEHO H K pe-
IIEHHI0 HHTerpaqbHBHIX ypaBHeHH#H 1-ro poaa

+@ ~
[ Kt—9 0@ ds=f@). (16)

3nech f (f) — u3BecTHdn, @ (f) — HckoMmasi (QYHKUHUA.

HehictBys ¢dopManbHO, NpHMEeHHM K o6euM uactam (16)
npeoGpasoBanne Pypbe M, HCHOJIB3Ys TEOPEMy O CBepTKe
GYHKUHE, NOJYYHM

% QnW(m)CI)(m)—.z-F(m), (17)
OTKyJa
. ) +m :j’i
1 A
¢ (f) = o ;(fg)~ el do. (18)

— 0

Uro6m ¢ynkuua ¢ (f), onperensiemasa paBeHcTBoM (18),
IeHCTBHUTENIBHO OblIa pelleHHeM YypaBHeHHs (16), K ({o)
JIOJIXKHO YJIOBJIETBOPATb ONPEAEJEHHbIM YCJIOBHSIM.
Umenno, nycms [ (f) & L, (—oo0, +00), a K (f) abeo-
MOMHO uHmezpupyema Ha scetd ocu t. Ymobst cyujecmsoearo
pewuenue @ (f) ypasuenus (16), npurnadsesawee L, (—oo,

-+ 00),He00x00UMO U JocmamouHo, wmobo: m nputadaexca-
A0 LZ (‘—001 +00)' |

§ 18. IlpeoGpasosanue Jlanaaca

Dynkyueli-opucunarom HasbBaeTcA Ji06as KOMIJIEKCHO-
3HayHad yHKUHMA [ ({) JAeHCTBHTeJBHOrO0 aprymenta I,
YAOBJIETBOPAIOLLAA YCJIOBHAM:

1) f(f) nHTerpHpyemMa Ha J0GOM KOHEUHOM HHTepBaJe
ocH { (JOKaJbHO HHTErpHpyema),

2) Haa Bcex orpunatesvhbix { [ () = 0.

3) [ (f) ¢ pocroM f Bo3pacTaeT ([0 MOIYJIO) He ObICTpee
noka3are/IbHOH (YHKIHH, T. €. CYLIeCTBYIOT TaKHE€ NOCTOAH-
Hoie M > 0 ¥ s, 9410 0191 Bcex

1F ()< Mes, | M)

Ecau cymectByer 4HCI0 S = §j, AJA KOTOPOTO BhINOJ-
HAeTca HepaBeHCTBO (1), To oHo 6yAeT BLINOJHATLCH H IJ4
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BCceX GOJBIIHX GHCEJ $ > si. HHXKHAA TrpaHb S BCEX YH-
ceJl S, MJI KOTOPHIX BBHINOJIHAETCA HepaBeHcTBO (1),

s, =infs

HasbiBaeTcA nokasamesem pocma GyHruuu [ (f).

B nanbHedllleM Mbl, KakK npaBH/o, 6ylaeM paccMaTpHBaTh
HenpephbiBHble (PYHKLUHH-OPHTHHAJBI,

Hsobpameruem ¢pynxyuu [ (f) nmo Jlanaacy HasbiBaercd
dyHkuua F (p) KoMniekcHo#l nepemeHHoll p = s + (o, omnpe-
JejisieMass paBeHCTBOM

+oo
F (p) = d[i(f)e""dts - )

To, uro F(p) ectb H3oGpamenHe QyHKUHH [ (f), Gynem
o603Ha4aTh TaK:
(&) = F (p).

dyukuua F (p) onpeneneHa B NOJYIJIOCKOCTH Re p = s>,
KOMILJIEKCHOH TMepeMeHHOR p = s - (0 H ABJAETCA B 3TOH
NOJYNJIOCKOCTH aHaJHTHUECKOH (PYyHKUHEH OT p.

B npunoxenuax npeobpaszoBaHus Jlannaca K HHTerpanib-
HBIM YpaBHeHHAM O60JIBIIYIO POJIb HTPaeT TeopeMa O CBEpTKe
(TeopeMa yMHOXKEHHSA).

Ananoruuydo § 17, ecan ¢yukuuu [ () u @ (¥) onpezxe—
JeHH 1y BceXx [, —oo < f < 400, TO ceepmkod 3ITHX
¢yHKUHH Ha3bpiBaeTcd HoBas (yHKuHa oT f, o0o3HavaeMas
CHMBOJIOM [% @ H omnpeaenseMasi paBeHCTBOM

~}-00
fro= [ fmot—rd, (3)
€CJIH HH’i‘erpaJI =(3) CYIIECTBYET.

OCHOBHEE CBOHCTBA CBEepPTKH
1. Onepauns CBEPTKH KOMMYTaTHBHA:
* [*o=0x[

2. Ina ¢yukuuii-opurusanoB [ (f) u ¢ (f) ornep auus
CBEPTLH BCeria BHINOJHHMA' H

%= ff('r)w(f--'r)d’r-—-—If('r)cp(f—-r)dr. @)
J J
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HeHCTBHTENbHO, TIPOH3BEAGHHEe (YHKUHMH-ODHTHHAJIOB
f(t) 9 (t — 1), KaK GYHKUHA OT T, ABJAAETCH (PHHHTHOM
¢yHKuHell, T. €. obpallaeTcs B HY/Jb BHe HEKOTOPOro KOHey-
HOTO HHTepBana (B 1aHHOM cJsy4ae BHe HHTepBaJa 0 <« 1 < ).
Has CIJHHHTHI:IX ¢hyHKUHA onepauHsd CBEePTKH BHINOJHHUMA,
H MB noaydaeM ¢opmyay (4).

3. CBepTRa (pyHKUHH-ODHTHHAJOB €CTb CHOBa (YHKUHSA-
OpHIHHAJI.

TeopeMa o ¢B e PTKe (TeopeMa YMHOXKEHHS).
Ecau f(f)=F (p) H @ (f) =D (p), mo ceepmra f * ¢ umeem
usobpaxcenue F (p)-© (p)

t

f*tp*—:Jf(r)m(t-r)dr—-:—-‘-F(p)-@(p), G

m. e. NepemroIcerue uaoﬁpaoweﬂud PABROCUNBHO ceepmwea-

- RUK opueuﬂa./zoe

B camoM nese, cBepTKa ABYX QYHKUHHA-OPHTHHAJIOB €CThb

CHOBA cpyHKn:Hﬂ OpHTHHAJ.
t

PaccMoTpuM H3o6paxenue HHTerpa.naJ f() o (t— 1) du |

t + i :
Jf(f)fp(f"—T)dTr"‘— _[e‘_m {Jf(ﬂ@(f'—T)dT} dat. (6)
0

CnpaBa cTOHT nsyxpambm HHTErpas, paCHPOCTpaHeHHHﬁ
Ha ceKTop S mJjockoctH (£, 1) (puc. 12). Mensasn OPAJ0K -
HHTErDHPOBAHHA H nNojaraa { — 1 = z, no.nyth

J~f(r)cp(t—r)d~c-.-='-. d[fmm je-pfq;(z_r)dzm

o

) = Jf‘l.‘)d’l:’ bI “"zclp(z)dz‘-—.-

oo
~ Je PYf (1) du je P (2)dz=F (p)- @ (p),

yto H TpeboBaJoCh J0Ka3arhb.
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PaccMoTpum HHTerpajinbHoe ypasHeHue Bosbreppa 2-ro
poia THIA CBEPTKH:

.t
P (f)=A J K (t—5) @ (s)ds + f (). G

[MpeanosoxumM, yro pyHkuus K (f) a [ (¥ Henpfep&amﬂ
np ¢ >0 u sABAAOTCE QYHKUHAMH-opHIHHaMaMH. IlycTs

LU =
|1 (£)] << Moe™ . é

Kak 6bu10 - 10Ka3aHo paHee, ‘
HHTErpajbHoe ypasHeHHe (7) N
HMEET eIMHCTBEHHO HenpephiB- | f—— =
HOe pelleHue npH JaioboM 3Ha- S
YeHHH A. y— —
Ilns pemenus ¢ (f) ypas- =
Heuus (7) npu { >0 "HeTpyato 0 | ¢
NOJYYHTb OULEHKY: Puc. 12.°

()| << Mge™,  rae 8>maxis, S

Takum obpasom, pemenne ¢ () ypaBHeHHs (7) ecTb TaKke
(YHKUHA-OPHTHHA.

Myers ¢()=2@(p), KH=X (), [O=Fp).

[lpumenss x obeuM uactsiM (7) npeoGpasoBanHe Jlamsaca
H TOJb3YysICh TEOPEMOH YMHOXeHHs, OyleM HMEThb

® (p) =¥ (p) ® (p) + F (9),

®(p) — __f )

OTKyJa

®yukuua O (p) 6yaeT aHAJIHTHYECKOH B MOJYIJIOCKOCTH
Re p = s > s;, Tak yto 3HameHaTe,b B (9) He MOxKeT HMETb
‘KOPHEeH B YKa3aHHOH HOJIYIJIOCKOCTH. HCI’IOJIbSyH dopmyay
ofpaiienns npeoGpasoBauus Jlamnaca ([16]), HaxoauM pe-
lieHHe ¢ (f{) HHTerpajbHOro ypaBHeHHs (7):

s--£o ‘
| » F ,
=57 | Torgar® d (> (10

Senf 03
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(HHTerpa.n Gepercs BAOJb JIIOGOM HPHMOH Rep = s > 83
M NOHHMMAaeTCs B CMBIC/IE€ TJIABHOTO - 3HAUEHHS).

Ha npakTuke jpjsa OThicKaHHs opuruHana ¢ (f) no ero
n3obpaxenuio @ (p) He Bcerna uenecoo6pasHo HCNOJAb30BATh
dopmyay ob6pamenus (10). Hacro GuiBaer Jjerue HalTH OpH-
rHHajJ, HCNOJb3ysl JpYyrue TeopeMbl onepaunonnoro HCYHC-
JIeHUs . :

IIpume p. PeliuTh HHTErpanbHOE YypaBHEeHHE

~ ¢
(p(t)=t+6[sfn(t—s)cp(s)da R (1)
PewenHe. I'chn-.; ¢ () =® (p). Kax mssectro,
' " .1 '
t=—p?, smt—,——-p—z—_l—_—,l.

IMpumenss x 0GeHM YacTsaM (11) npeoGpasosanne Jlanaaca, nepel'meM or
ypasHeHHs (l1) x ypaBHeHHIO B npocTpaHCTBeé H306paXKeHHA

O ()= =+ O 0.

Pemas 910 nociaepHee, Haiaem ;

(D (p) pg p4 * -

Opurunan (p(t) aa @ (p) Gyger pemeHHeM ypasrenus (11):

fp(t)—t+3l

"3amevaHnue. Bupaxenuio (9) Ma.(bynxnnn D (p)
MOXKHO TNpPHIaTh BHA : |

X (p) | |
O(p)=F(p)+r 5L F (o), (12

HJIH

O (p) =F (o) + A% (p, W F ()

rjpe

__ X
‘%(p’ }")_' l——MLf’(p) *

Pewenne (12) nerko nepesectu Ha3aj B NPOCTPAHCTBO OPHIHU-
HAJIOB, mocje uyero GyneM HMEThb

o) =[ () + MR (t, N*[ (), 13).
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HIH t
cpm=f(t>+xd[ze(f-—s; M) (s) ds,

rae R (f, A) — pe3onbBeHTa ypaBHeHHs (7).
YKasaHHH MeTOA pellleHHsi ypaBHeHHS (7) MPHJIOXHM
K CHCT€MaM HMHTerpa/jbHbIX ypaBHeHHH BosabpTeppa BHAa

| o
o) =F()+1 ) JKzf(t"‘-S)(p(s)dS (14)

=1

i=1, 2, ..., n),

rae K;; (f), f; (f) — u3BecTHble HempepbiBHHE (PYHKIIHH-OpPH-
THHAJIHL. |

IMpumensa k obeuM uactam (14) npeobpasoBanue Jlan-
Jaca, TNOJYYHM CHCTeMY

D, ()= Fi () + 1 5 () D () (15)
i=1,2 ..., n).

{
D10 cHCTeMa JHHEHHBIX ajqre6paHuYecKHX YpaBHEHHH OTHOCH-
tenbHo D, (p).

[ycrs {@, (p), . . ., @, (p)} ecTb pelieHHe cHcTeMul (15).
Torna cucrema dyukusit {@, (£), . . ., @, ()}, rre @; (f) =
= O, (p), 6Gyner pelleHHEM CHCTEMB HHTerpajbHHX YpasB-
HeHu#i (14).

IIpeobpasoBanue Jlansnaca MoxeT OHITH MPHMEHEHO K pe-
LIEHHIO HeJHHEeHHBIX HHTEerpajibHBIX YpaBHEHHH BHAA

¢
q><t>=a0jq»(r)q»(t-—-r)dr-f—f(t). o (18)

Mycrs ¢ () = © (p), (f) = F (p). Ilpumenas x oGeum
yactam (16) npeoGpaszoBaHHe Jlamiaca H HCHOJB3YS TEOpeMy
YMHOXEHHSA, MOJYy4HM

 (p) =MD (p) + F (p),

—_] % | —4AF
1) (P) — Vz}\' (p)

—— OMNepaTopHbie pelIeHHs ypaBHEHHH, (16).

OTKYyJa




-
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ITpumep. Pemuts ypabHenne

1 A
v =5 fo@et—ndit 4 sme
0 .
I'Iepexozis% B ppocrpancfrm nsoﬁéamnuﬁ, npHIeM K ypanuenmo
. op=ge ©) +5 e
_CI{(P)"—‘—-V—?——_’-_—(VP’*{-I-.—P) /

U3 yenosua @ (p) - © npe Rep —» —l—oo«::nuﬁnpaeu

® (p) = 7—’___.._-—‘——-'(1/ T

PelnenHeM -HHTerpaiibHOTO ypaBHeHHs1 GyJer tp @O=J,(0 — 6ecce.nena
dynkunsa l-ro nopsiaka. : ..

I'Ipn pelleHUH HEeKOTOPHIX BHJOB nmerpa.nbnux ypaBHe-
HHH OKa3hlBaeTcsl MOJIe3HOH oéoﬁmennaﬂ 'reopema YMHOXe-
BHA (Teopema ddpoca)..

Teopema 4.2%*). Ilycme dano uso6pamceut¢e F (p) =
=[()u ararumuneckue cpymcquu G(p)ug (p) maxue, 4mo

Gpye ™ =g,y (D)
moeda | o B |
\ o e
Fluol-Gpy= [fmet, oae.  (18)
JlefictuTensHo, H3o6paenue mpasofl wactH (18)
+ - +o L (o :
oj fv) g, T)‘dTr‘-*"! fﬂt{ﬂ[f(")g(ﬁ T)dv }df=

+

6[ F(v)dv 5[ g(, _«c)e-"‘ dt (19)

*) Tounte yc.nomm 'reopemal HnpHBeAeHH B- KHHre A, M. Sd)poca H
A. M. JlannneBckoro ¥OmepaunonHoe HCUHC/ICHHE B KOHTypHHe HHTe-
rpaan», JHTBY, Xapexos, 1937.
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(npeanoJsiaraeM, 4YTO MOXKHO H3MEHHTh MOPANOK HHTErpPHPOBa-
HHus). BHyTpeHHH# HHTerpaa B npaBo# dactd (19) ecTb H306-
paxenune g ({, 1). CiaenoBaTeNbHO, HCNONBL3YSl COOTHOLUEHHE
(17), MoxHO HanHcaThb

-0 oo
[ 1@gl nar=0() [1@e " di=60)Flg(,

YTO H TpebGoBaJoCh MOKa3aTh.
Ecau, B gacTHOCTH, npuHATL ¢ (p) = p, To 6yAeM HMeETb

g, )=e""G(p)

H 1o Teoﬁeme 3ana3jbiBanusa g (¢, 1) = g ({ — 7). Popmyaa
(18) npuHHMaeT BHA

Leo . t |
F (p) G (p) = Jf(*r)g(f—-'c)d'r=6[f(r)g(f-—-'f)dr (20)

(rak Kak npu 1>! g (! —1)= 0 B cHaY CcBOHiCTBa BYHK-
OHHA-OPHTHHAJOB), T. €. COBMajaeT ¢ OOLIYHOH TeopeMoii
YMHOXXEHHS. *

Ecin G(p) =1V p, g(p) =V p, To, Kak MOXKHO

nmokasate ([16]),
'ti

NS I T
g T)_'VEE é . (21)
IlostoMmy, ecan usBectHo, 4to @ (f) == @ (p), To Mo Teopeme
SPppoca HaXOAHM OpHTHHAJ IJ4 (DE/V; )
| — +o0 12
o(p) . 1 Ty
SV qup(r)e  dr, (22)
Ecan G (p) =1/p, q (p) = lUp, TO
- gt; ©=J,2 V), o (23)

rae Jo (2) — GeccemeBa (yHKUHMSA HYJEBOro MOpsAKa.
Iostomy, ecan ¢ (f) = @ (p), To no Teopeme Ddpoca

20(3)= [emnevRe e
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Mpumepn. 1. Pemurs HHTerpalibHOe YypaBHEHHE .

L, Tt e o , -
Vln_t I e Yop@r)di=et (t>0). - (2B)
0 : , .

Peme H ne. Ilycty @ (t) = @ (p). Tlpumenss npeoﬁpasonanue A
Jlannaca k o6GenM uacram (25), TOJMTY4HM, ucnoabsya q)opmy.uy (22)

‘ ®WVp) _ 1
Ve Pt
* TaK 4TO : .
Q@ __ 1
P41
OTKYAa , |
<D(p)=7fr—l-r_'—cost.

Qyukuusa ¢ (f) = cos { ecTb pelleHHe .ypaBHenuh (25).
2. PewHTh HHTErpa/jbHOE ypaBHEHHE - . |

, +oo0 o
o) = tet 42 jlo(fz VR o) dr. ©(26)

P emenune [lyers ¢ (£) = D (p). HpuMemm K oGenM yacTsam (26)
npeoGpasosanue Jlanjaaca u ylm'rbmaa TEOpEMY Bq)poca, HanneM ,

1< I -
3amensas p Ha 1/p, nomyunm ) ,
| |
‘ 2
| °(5) = (p+1)2+2”d’(”’ IR
M3 (27) n (28) naxonum
1 1 2 p

PO =—F T "I B>

Orciona

o) =5t (=2

3amMeuanue. Iloabsysace TeM, 4TO

— - 1
tan(Q Vt)%:.' pn+l

e—llp‘ (ﬂ=0, 1, 2v veds
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H NpHMeHsAs TeopeMy ppoca, MOXKHO pelsaTb HHTErpaJbHHE
ypaBHEHHs, SAPO KOTOPHIX COIEPKHT GeccesieBb (GYHKIHH
J4(2) 1-ro pona mopsiika Bblllleé HYJEBOro.

Pemenue HHTETrpoO- AHQ)(pepeHunanb-
HBlX YpPaBHEeHHH#H .

Jurelnoim unmeepo-oupgepenyuarvhoin ypasHeruem Ha-
3bIBaeTCs ypaBHeHHe BHJa

6™ O+ a e O+ - +a, o) +
Pt '
+ Y [Knlt, 99™ )ds=F(t). (29)

m=0 0~

3aecb ag (8), .« a0, f (), Kp(t,s)(m=1,2,... 1) —
H3BeCTHHE GYHKIUHH, @ (f) — HCKOMas (QYHKUHA.

ITpu peleHHH HHTerpo-AHdpepeHHaJbHBIX YpaBHeHUH
(29) ans MckoMolt (PYHKIHH (p (f) craBaTca Haya/JbHBIE YC-
JIOBHS:

¢O)=q0 ¢ (0)=qo, ..., "V (0)=ei" ™. (30)

[Tycrs B (29) kKosdduuueHTH a, (f) — nocrosHHbe (B =
=1,2,...,n), u nyers K, (¢, ) =K, ({ —5) (m=
=1,2,..., 0, 1. e. BCe K,, 3aBUCAT JUIIL OT Pa3HOCTH
apTyMeHTOB {—s.

He napymas o6uwHocTH, MOXHO cuuTaTth @, = l. Torzaa
ypaBHeHHe (29) 6yaer HMeTb BHJ

e\ () + a1 () + .. —l— a9 (%) +
4 ZojK (t—s) @7 (s) ds=F(#). (31)
m=00

Ilycts, nanee, dynkuuu f(f) u K, (f) cyTs HenpepoiBHHE
(GYHKUHH-ODHTHHAML, H NYCTb

fO)=F@p), K,@)=Xa(p (m=1, 2,...1).

Torna, Xak MoxkHO mnokasaTb, GyHKuUuA @ (f) 6yAeT Takxke
¢yHKuMei-opuruHanoM. I[lycTh

P (t)=D(p).
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HpHMEHHM K oﬁenM qac:mM (31) npaoépasonaune Jlanaaca.
Kax wussecrso -([161),

- Q® (f) = pD (p) — pF gy — -+ - — L

IMo TeopeMe yMHOXKeHHS

J K (t—=5) '™ (s) ds == K. (p) (P o) —
'-—p'" Lo e — ™) m=1,2,..., I

Ho:-n'omy ypaBHeﬁHe (31) mepefiner B CJICI(YK)IILCE

@(p)[ +a1p"—f+ oo ta, + 2 KPP 1= A,
| | @32

rae A (p) — HeKompaa u3BecTHasA GYHRUHS oT p _
Pentas (32), Haxopum @ (p) — oneparopnoe pelueHHe
sanaun (30)—(31). Haxonsi opurusan gas @ (p), nomyuum

peieH”e ¢ (f) uurerpo-guddepenyuansHoro ypapuenus (31),
yAoBJETBOpSIOIIee HadaJabHBIM yciaoBHsaM (30).

MMpumep.. Pewurb wunrerpo-andrpepenHanbuoe ypanuersue
' t - ’

PO+ () +2 J"e’"’ =51 g (5) ds = e, . (33)

| 90 =g 0) = |
Pemernne Tlycts ¢ (/)= (p) Toma, YUATEIBas HauanbHbIO
ycinosua (34), OyaeM HMeTb

" (1) = p*®@ (p):

ITpumenas k obenm uyactam (33) npeoGpasoBanue Jlannaca, momyuHM

| g PN
wm@)+m<p),+2.p_2 O (p) =——5»

OTKYZHA A
A l ) ’
DP)= —-s-
| 2 p(p— 1)?
Opurananom ansa ol ¢yukuun G6yaer pyHKuus
(t) =fet —et | 1.

Sra nocNefHAN ABIACTCA DeLICHHEeM HHTerpo- gmmepenuuanbuero ypas«
HeHHA (33), ynonnemopmom.uu HavyanbHEIM YycaoBHAM (34). i
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3amevanne Ecau yrruur Kp (f — sy JOCTaToYHO TIaajKue,
TO MOXKHO IIOHH3HTb NMOPSROK NMPOH3BOJHHX HCKOMOH (PyHRUHH, BXOASAMHAX
noj 3HAKOM HHTerpaja, MyTeM HHTETPHPOBAHHS IO YaCTAM. -

HHuTterpanpHbie ypaBHEHHs BHIa
+o :
eW=FO+ | Kt—9)oEds. (@>0), (35
: ¢

BO3HHKalOIIHEe B psfe 3alay QHU3HKH, TaKkKe MOXKHO penarh
¢ NoMoULbIO npeobpa3oBanusa Jlanjgaca. YCTaHOBUM IpeaBa-
PUTEJbHO TEOPEMY O CBEpPTKEe I/ BHIpaxKeHWH

+oo :
[ Kit—s)q(s) ds. (36)

¢

.D;hﬂ npeo6pasoBaHus Pypbe

+m ,
9’{[ g(t—s)% () ds} =136 (@) ¥ (), (87)

P +

rae G (0), ¥ (0) — npeodpaaoaaﬂuﬂ Dypoe GyHRUMHA g (?)
H ¥ ({) COOTBETCTBEHHO.
Monoxum g (f) = K_(¢), . e.

0, >0,

(t)"‘[K(t) £ <0,
, L t>6’
p=e0={"0" 20

Torna (37) nepenumercd Tak:

(4o . V
7\ Ke—sroa-vEr 000 o

UTo6Hu nepelTH OT npeo6paaoBaHHﬂ dypre K npeobpasoba-
HHI0 Jlamgaca, 3aMeTHM, 4TO

: ' _93 (p) = V2—55F+ (— ip)g,-'

31ech U B fajapHellleM HHIeKCH & U & o3HauawT, uro Oe-
percss H3o6paxkeHue GYHKUHH COOTBETCTBeHHO Nno dPypne
HJaH 1o Jlamnjgacy.
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CnenoBatesbHo, cooTHolneHHe (38) naer

+oo
?{j K(i—-s)tp(s)ds}==
i |

AV 2K _(— ip)g O, (— ip)g) =
=V 2aX_(— ip)g P (). (39)

Bripasum Teneps V 20K _ (—ip)gr uepea npeoﬁpasosanue
Jlanjaca:

£

0 4o
VoK _(—ip)g = | K(t) e=pt dt= | K(—Dertdt.
. —00 0
| (40)
Hrak,
. oo : A
95{] K(t——s)tp(S)dS}=-%"(—p)®g(p),
¢
rae
~+o0
H(—p)= | K(—tertdt. (4)

0

[lpuMenss tenepp npeoGpasoBaHue Jlanjaca K oGeHM Ya-
craM (35), noJayuHM .

@ (p) =F (p) + H (—p) © (p) (42)
(MHIeKC Z omnylleH) HJH |
____F P
)= K (=p+D) (43
DyHKIUA |
LT F )
@ (i) _ O J‘ 1 — Wp(_ P) ePt dp (44)%
P—ico

6yleT 4acTHHIM pelleHHeM ypaBHeHHS (35),
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Uto6nl petenne (42) uau (44) uMeno CMEIC], HEOGXOAHMO,
yTOGbl 06JIaCTH aHAJMTHUYHOCTH J (—p) u F (p) nepexpm-
BaJINCh.

[Ipumep. Pemnrs ypaBHeHne

» | - 4o S
Q) =t + j =5 (s) ds. | (35°)
. t .
3pecb f(f)y =e7t, K (f) = et. Tloatomy

. 1
| F(p)=_ﬁ_-|-_'l—" Rep>—1,

1

et Rep< 1.

Xi—p= [ ettar=
. 0 , |
Oneparopuoe ypaBHeHHe (42) npHHHMaeT B STOM CJydae BHA

®() = ——+ 5~ O )

p
_ OTRyZIa
4
| O =555y
ChepobarenbHo,
i y+ioo
y—ico '

[Npumenss 'reopeuy Komu o Buqe'rax, HaXOJHM

—1 4+ 274, >0,
q> i _{ + o0
27, —-1<y<0.
HerpynsHo npoBepATh, 4YTO peINCHHEM YpaBHEHHS (35') aBnsieTcs
byukuus L pZ
() =C+ 21, '
rae q)o (f) = C — pemenne COOTBETCTBYIOWIEr0 ORHOPOAHOIO ypauenns
oo
o) = J S (s)ds. -
e
3amernm, 10’ _ ypaBHenHe (35’) ceonuTca K ArddepenuuanbHOMY ypaB-
HeHHIo

@ (f) =—2e—t,

- OTKyZa cpasy noJiydaeM
@ (t) =2t 4 C.
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§ 19. Ipeobpasopanue Mumnna

ITycts dyukuns f (f) onpenenena an TOJIOKHTENbHHX #
H YJOBJIETBOPSIET YCJOBHIO

mewmﬂ<+m

Mpu HajnexameM BHIOOpe yHCiIa O.
‘ Hpeo6pa306auuem Mearuna oynxuuu [ (f) HasblBaeTcs
(pyﬂxuuﬁ

+ o
F= | fyt=1dt  (s=o0+ ). (1)
0 .
®opMysa obpanteHus npee‘épasoﬁaaﬂua‘ MennuHA HMeeT BHL
' o}
|
f)=—5r | Flol=ds (>0), @
Gf0 o «

TA€ MHTErpas 6epercsa BAOADL NpAMOA Res = o, napannennbs
HOH MHHMOF OCH IIJIOCKOCTH S, H TIOHHMaeTCsl B CMBICJIE IJIaB-
HOTO0 3HaueHHd.

Hnea 1BOACTBEHHOCTH, Bblpax(aemaa dopmyaamu (1),
(2), Bcrpeqae'rm yKe B 3HaMEHHTOM MeMmyape Pumana o npo-
cTeiXx yHucaax. Crporo npoBeleHa oHa Oblia MeJsiMHOM, H
dopmyanl . (1), (2) HasnBawr gopsyramu oﬁpaugeuun
Mearuna.

YactHplfl c1yuafi X XOpOIIO H3BECTEH:

oo
()= 6[ e—tts-141,

{ c4ioo
et = | T(9t=ds (c>0),
R X
rae I' (s) — ramma-pyHKuua OSiisepa. ,
Ilpeo6pasoBanue MennuHa TeCHo CBSi3aHO ¢ npeo6paso-
BaausamMu @ypee u Jlansnaca, u MHOTHE TeOpeMbl, OTHOCALIHECS
K npeo6pa3oBaHHi0 MeJIHHA, MOTYT GOBITb IOJIyUEHH H3
COOTBETCTBYIOIHX TeopeM AJNA Inpeobpa3oBaHuii Pypre H
Jlanjaca nyrem 3aMeHH NepeMeHHBIX, ‘
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[Mycrs dyukmus @ (£) onpenesneHa Ha BceH ocH I # HH-
Terpasn .

O(p)= [ p(tyert dt
-—a0

CXOIMTCS XOTHl 6B Ha ofHoM npsmoil Rep = o. DyHKuHIO
® (p) Has3bBalOT JeycmopoHHum npeobpasosaruesm Jlanraca
dyskuan @ (¢).

Ecau o6o3nauutek uyepes O (p) ﬂB}’CTOpOHHee npeo6paso-
BanHe Jlanjaca ¢yHKuuH @ (f) =f(e—*), To GyaeM HMeTb

«}-o0 +oo

Op)= | e@ertdt = [ fleerdi=

- 0 du “+m
=— | fw S-= [ f@u—'du=Fp)
+o 0 '
— npeofpasoBanne Messnuna ¢yukuuu [ (f).
910 COOTHOLIEHHE 103BOJIAET BHBOAHTL (POpMYJIBL mpe-
o6pa3oBaHud Mesauna u3 ¢opMyJ1 npeo6pasoBaHug Jlansaca.
dopmysra ceepmxu 1y npeobpasoBaHHs MeysuHa umeer
caenyomuit sux ([401):

+o . '
M{Jf\(t)«p(%).-f?-}ufr(s)@(s). )
0

Orciona BHIAHO, 49TO npeo6pasoBanue MessauHa yaoGHO INpH-
MEHATh INPH pelieHHH HHTErpajbHBIX ypaBHEHHH BHZAA

-0
(p(x)=r(x>+jf<(~;‘—)¢<t>—‘-‘§- >0, @

B camoM zene, nycts dyHkuuu ¢ (x), f (x) u K (x) nonycxam
npeo6pa3zoBaHHe MeJJuHa H NYCTh

eX)—@(s), f(X)—=F(s), K(x)— Hs),

[pHYeM 06/1aCTH aHATHTHIHOCTH F (s) u X(s) umeior o6uiyio
nosocy 0; < Res = ¢ < 0,

Ilpumenss k oBeuM uacTsiM ypaBHeHHS (4) npeo6pasoBa-
HUe MeJIJIHHa H HCNOJIB3Y S GOPMYyJy CBEpPTKH (3), nonyunn

DE=FO+H()DE),

6 M. J. Kpacmos
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OTKyZa

O =1 KO+

1o — oneparopHoe pemeHHe ypasHenus (4). Ilo dopmyae
obpauieHus (2) nosyyaeM pelleHHe ¢ (X) 9TOTO ypaBHEHHSA:

| O-io F()
0
v =5y | w7
g—1lw

B kauecTBe npHmepa paCCMOTPHM HHTETpaJbHOe YypaBHEHHE
i dt ’
e =e>+ o [ eFol) 5  (@>0. (5)
0

Hmeem
+eo

Mie—} = _[ e~ %xs—ldx =
0
-}
=S J e~z 1dz =
0

M{%- e—‘}—--—-l‘(s) K (8), Res> 0, -

TaK 4TO 06JacTH aHajuTHyHOCTH F (s) u X (s) cosmapator.
OnepaTtopHoe ypaBHEHHE, OTBeqalom,ee ypaBHeHHIO (), 6yaer
HMeTb BHJ

—E—S& = F(s), Res> 0,

O ="y —T(D ),

OTKYZa
I (s)

a’ [l-—;—l‘(s)] .

[To ¢opmyne obpamenus (2) HaXoAuMm

D (s) =

. §+ico
I T (s) ds »
= I— T @ °>0. O
o—ioo 2

Hna Boiuucsenus uHTerpaJsa (6) npumenum Tteopemy Komn
o Bhiuerax. [Ipu ax > 1 B KOHTYp HHTEIpHPOBaHHs BK/IOYAEM
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. NOMYOKPYKHOCTb, J€Xallylo B TNpaBofi MOJYIJIOCKOCTH,
‘B 3TOM Ci1yyae eIMHCTBEHHAsl OCOGEHHOCTh MOXbIHTErpaJb-
' HOH (pyHKuun HaXOAHUTCS B TOUKe § = 3, B KOTOPOi

1—-——1‘(3)._
" Torza
IR 9
@(x)xmpl ax>1,

rze P (3) — JorapHpmuuyeckas mnpoussoiHasa ['-bpyHruuu
B TOYKe § = 3.

P (3) = I;((:)) = g —17 (y—nocroannas Diinepa).

« Tlpu ax < 1 0COGEHHOCTH MOABIHTErpPaJbHON (QYHKUHH CYTb

 OTpHILlaTeJbHble KOPHH GYHKLUHH 1 —-—2—-1‘(3), TaK 4TO

Q(x)=—2 2 SI , ax<al,
dond () % ) (51,)

- tae Y (S,) — 3HaueHHs jgorapupMHueckKoi npoussognoin I’ (s)
. B TOUKax s =3¢, (k=1, 2, ...).
Urak,

( 4
B @’ ax > 1,

.....QZ sl , ax<l,
e (@x) * P (s,)

§ 20. Meton Bunepa—Xonga

P (x) =

.

Srtor Metox 6wl paspaboran npubausurespHo B 1931 r.
A/ pelleHHs HHTerpaJbHbIX YPaBHEHHH CNelHaJbHOro BHIA

| +o
(%) = (x) + A J K(x—y)@@)dy, —oo<x<i+ oo,

.. < (1)
HasblBaeMbIX ypasHenuamu muna Bunepa — Xonga.
6‘
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OrtiHuuTe/IbHAst OCOGEHHOCTH 3THX YpaBHEHHHA — sifpo
3aBHCHT OT Pa3HOCTH &PT'YMEHTOB, 4 HHTEpBaJ HHTErpHpOBa-
HHA Nosy6ecKoHeuHbIH. Takue ypaBHEHHA BO3HHKAIOT BCAKH M
- pa3, Korja Mbl HMe€eM JeJO C TpaHHYHBIMH 3ajauaMu, rie
FpaHHIEl ABJSIOTCA M0/1y6ECKOHEYHHIMH (HampHMep, 3afaua
0 AHPaKUUH BOJH Ha MNOJYIJOCKOCTH).

- B meroze Bunepa— Xonda npoH3BOAHTCA aHAJIHTHUYECKOE
NpoJO/IKEHHE npeoﬁpaaosanuﬁ dypbe no nepeMeHHol mnpe-
06pa30BaHHA C BEIECTBEHHOH OCH B KOMIIJIEKCHYIO IJIOCKOCTb.

PaccMoTpeM mpeo6pasoBanue Pypbe QyHKIHH f (x)

F(k)nm j f (%) eit* dx ) (2)
AJIST KOMILIEKCHHX R = 0 -+ iT.
Toraa '
i :
F (k)= T j [ (x)y e~ e % dx. 3)

BaxHbM ABJaseTcsa cjelylouee CBOACTBO MpeoGpa3oBaHUsA
Dypre. .

[Tycts abcomoTHO UHTErpHpYEMO pousBeaenHe f (x) el ~ 1,
rae b > 0 — duKcupoBaHHas nocrosHHasfA. B sTom cnyqae
npeoGpasopaHue CDypbe F (k) dyuxkuuu f (x) siBAseTCA aHa-
JutHueckofl ¢yHKuMed B nojoce Jt| < b KoMnsekcHo#
k-TIJIOCKOCTH. ﬁeﬁcramenbno,

o0 |
F (k)m?%z j fF(x)e e dx (3)

H MHTerpan (3) onpeneasawwui F (k), cxoaurca nput| < b
paBHOMepHO oTHocHTesnbHO R. CienoBareabHo, F (k) ananu-
THYHA BO BCAKOH BHYTpPEHHEMH TOUKe & MOJMOCH — b < v < b.
MoxHo yTBepxaarth, uto $yHkuus F (k) npu o — * oo
CTPEMHTCS K HYJ/I0 paBHOMEpHO 1o.7, |t} < b.
AnajoruuHo nokashiBaercs, 4ro ¢caH |f (x)] < Ae"‘*" ,
NnpH X — —-00, TO HYHKHHA -

] TR

Fo () = 7= Jf(x)e‘?-‘dx =0+ %)
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" gHaJMMTHYHA B MOJYIJIOCKOCTH T > T_; €l | f (x) | < Be*™
npu X ~> —00, TO QYHKIUA

0
_F_(k) = ﬁ; J f(x)et** dx

: aHaJIHTPI‘{Ha B NOJYIJIOCKOCTH T < T,. (3xaecs A4, B, 1_,

— JeHACTBUTE/bHBIE TOCTOSHHbBIE. )
Xapamepnon 0COGEHHOCTBIO JI06G0T0 pEeieHHs M0 METOAY -
Bunepa — Xoncpa ABJIAETCA pa3joxenHe QyHKUHH KOMILJIEKC-

' HOll mepeMeHHON Ha CyMMY IBYX cpyaxuuﬁ Crnpasennusa

Teopema 4.3. Ilycme F (k) — anarumuyeckan gynx-

yus k=04 it 6 norce 1. <T<T, u makas, 4mo
“IFe+ il <Clol=?, p>0, npu|o|—oo, npuien
- 8mo ftepaeeﬂcnwo BOHINOAHACMCA  DABHOMEPHO a/m ecex T 8

norce T + & <t<7T, — ¢ &>0. Toeda npu
T_<9<T<d<1‘+ ,
F(k)=F, () + F_(), 4)

20e ynxyus F,_ (k) anasumuuna 6 noayniaockocmu T > T_,

a ¢ynxyus F_ (k) anasrumuyna 6 noayniockocmu T < T,.

IIpu amom
- l +wt-ic F(t)
o= | T a
f-m+zc
, e F o ’ (5)
F) =g | =g
—co-}-id

B ocHoBe 3TOro mpeacTaB/IeHHS JEeXHT TeopeMa of HHTe-
rpajibHOM NpeACTaB/JdeHHH (PYHKUHH, aHAJIMTHUECKOH B He-

© KOTOpoM KoJbue. ®yHkuusa F (k), aHaJHTHYeCKasi B KOJIbLE

0 <r<|k—ky] <R < +o00, mnpexacraBiasiercs ¢ Io-

- MOILIbIO MHTErpanbHO# ¢GopMyJan Koim B BHAe CYMMH IBYX

MHTErpajoB, NPHYEM KOHTYPOM HHTEIDHPOBAHHA CJYXKHT
rpaHHila KoabUa aHaauTHuHocTH F (k). OAuH W3 HHTErpajos
6epercd No BHEIHeH OKpYXKHOCTH, APYTrOH — MO BHYTpPEHHEH
(a1 nojocH MM OTBeYaloT HHTErpaan no npaMeM (I) wu
(I1)) (puc. 13, a, 6).

dyHKUMSA, NpEeACTaB/JeHHAs HHTErpPaJjioM BJOJIbL BHEMWIHEH
OKD yKHOCTH, aHa/IKTHUHA BHYTPH 9TOH OKPYKHOCTH, a QYyHK-
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IIMS, NpPEACTaBJeHHAs HMHTErpajoM MO BHYTPEHHEH OKpYK-
HOCTH, aHaJHTHUHa BHe 3TOH oKpyxHocTH. [lepexons K cay-
yal0 MOJIOCH H TNOMellas LUEeHTP «KoJabla» B TOUKY & = --joo,
nojyyaeM TpeGyeMoe MpeACTaBJICHHE.

PaccMoTpHM Teneps gaxkmopusayuio - NPOU3BOJABHON PYHK-
uun @ (k), 1. e. npeAcrasjeHHe 3TOH GYHKUHH B BHIE Ipo-
H3BelEeHHSA

D (k) =@, (k) D_(k),

rae @, u @_ aHaMUTHYHE H HE MMEIOT HyJedl B BepXHeH H
HUKHEH' NMOJYMJIOCKOCTAX T > T_, T < T, COOTBETCTBEHHO.

A (k)
(2
T ()
- 7 7
——————————————————————— (/s
7.
a) 7
Puc. 13.

SlcHo, 4yTO Takoe mNpelcTaBieHHe SKBHBAJEHTHO pPasJo-
XKeHHI0 GYHKUHH

In® k)= Ind, (k) + InDO_ (k)

Ha CyMMY JABYX YHKUHH, Ka)Kias H3 KOTOPHIX aHAJHTHYHA
B COOTBETCTBYIOUIEH 06JacTH.

HMuorpa takoe mnpeacraBicHue yjaercst yrajartb, Hamnpu
Mep, ecaH :

D (k) = (RP— a2, a =0y 4 iag, a1 >0, az >0,
M Ha TJIOCKOCTH k CHeJaHbl COOTBETCTBYIOLIME Paspeshl, TO
MOXKHO B3ATH
O, () = (& + )

(aHaMMTHYHA ¥ He uMeeT HYJEH NpH T > —a,),
D_ (k) = (k— )"/

(aHa/mHMTHYHA ¥ He MMeEET HYJEH NpH T < a,).
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Takoe npexacraBieHHe, OUEBHAHO, He EAWHCTBEHHO, TaK
. . KaK MOXHO OJHOBpeMeHHO YMHOxHThb @, u pasgeauts O_
Ha J06Y10 1eayo GyHKUHIO, HE HMeILYIO HYjel.

[lpuBeneM TeopeMy, YCTAHABJMBAIOMIYI0 BO3MOXKHOCTD
daKTOpH3alHH 111 BecbMa IUHPOKOTrO KJjgacca @YHKUHH.

TeopeMma 4.4. Ecau ¢pynxyus In © (k) ydosremsopsem
yeaoguam meopemo 4.3 (3To O3HAuaeT, B YaCTHOCTH, 4TO
- ¢yuxkuua O (k) aHaJIHTHYHAZ H HE HMeeT HyJjeHl B moJjoce
<L T, —00 L0 <+00) u ODR)—0 npu o— +oo
"8 noaoce T_<tT< T, mo cywecmayem npedcmasierue
D (k) = D, (B) O_ (k), 20e O, (k) ud_ (k) anasumuunsee,
02PARUYERKble U He umerowue Hyreld ¢pywkyuu npu t© > T_,
T < T, COOMBEMCMBEHHO.

Ilna nokasatenbcTBa TeéopeMbl 4.4 npuMeHuM Teopemy 4.3
K ¢yHkuun F (k) = In @ (k). Hmeem ,

: 1 +oo-+io In® (t) O oo id In® (t)
n n
In © (k) = i I 'y di— 2m J % dt =
—c-}-ie o —o-id

="‘F+(k)+F~(k)-

3necb ¢, d — mo6Guie uyHCjIa, YAOBJETBODSIOUIHE YC/OBHSM.
. < c <1< d<t,. Hurerpan paa F, (k) cxoautcsa nus
Bcex k& B MOJYIJIOCKOCTH T > ¢. Tak KakK ¢ MOXHO BhIGpaTh
CKOJIb YrojHo GJH3KHM K T_, 10 F, (k) orpaHuueHa ¥ aHa-
JUTHYHA TpH T > T_. AHajoruudo, ¢yHkuua F_(k) aHa-
JHTHYHA M OTrpaHHyeHa npu T < T,. [lojaras

D, (R)=ef+®),  D_(k)y=el-5),
6yaeM HMeTb

In®, (k) + In®_ (k) = In D (k),
HJIH
DO (k) =0, (k) D_(k).

W3 ceoiictB F, (k) caenyer, uro ¢pynkuua @D, (k) aHa-
*THTHYHA, OrpaHHyYeHa H He uUMeeT HYJeH INpu T > 1_. AHa-
jJoruuno, ¢yHkuug @O_ (k) aHanHTHYHA, OrpaHHYEHa U He
HMeeT HyJed npH T < T,.

Takum o6pasoM, mnocrpouB ¢yHkuun @, (k) v O_(k),
ob/aanawomue TpebyeMbIMH CBOHCTBaMH, MBI JOKasaJH Teo-
pemy 4.4,
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- OrMeTuM, uTO Tpeﬁosannﬂ, HaK/jafikBaeMbie Ha (YHK-
uuio @O (k), MOXKHO CYHIECTBEHHO OCJAGHUTh.

PaccMOTPHM cHauaJjla OJHOPOJHOE HHTerpaJjibHOe ypaBHe-
Hue THnNa Bunepa — Xonda

+ _
q><x>--=off<<x--y)rp(y)dy,~ —co<x<itoo (6)

(TTonaraeM ana npocroTel A = 1, MOCKOJBKY 3TO 3Jech He-
CYLIECTBEHHO: MapaMeTp A MOXKHO CUMTaTh BXOASINHMM Kak
MHOXKHTeNb B Aapo K (x).)

Beenem ¢dyHrRuun @, (x) H @_ (x), NOJOKHB

{cp(x) npu x>0,
P (%) = npu x < 0;
0 npu x>0,
?-( ={q>(x) npn  x <0,
. Torpa ypaBHenue (6) sanuuiercsi Tak:
o
2@+ 00 = [ K(x—) o, () dy=

0
40

= [ Ke—po.pdy. (1

—_00

Tenepn MOXHO ¢, M @_ BbIPA3HTb uepes @, (X):

+ o - 3
P_(x) = f K(x—y)o.(y)dy mpn x<0,

0

4o | , : }. (8)
9. () = oj K(x—y) . (9)dy upn x>>0.

Ilycte &yskuus X (k), SIBASAIOMWASCH npeoGpasoBaHHeM
dypre Anpa K (x), aHaJHTHYHA B MoJoce

. <<Imk<nx,.
3T0 COOTBETCTBYET AaCHMITOTHYeCKOMY mnoBefieHHI0 K (x):
K (x) =< e**- npu x— + o0;
K (x) = e*™+ npH x — — oo,
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- MmB paccmarpuBaeM pelieHHsA ypasBHeHHs (6), KoTophie
"BenyT ces, KaK eh* mpH X — 0o (re p < 7.). YcJoBHe
“#T0 HeoOXOAHMO JJ5 CXOAHMOCTH HHTerpasa, BXOASILIEro
- B HHTerpaJjbHoe YypaBHeHHe. ACHMNTOTHYECKOE TIOBeIeHHE
Q. (X) IpH X ~» —0O MOXKHO YCTaHOBHTb HENOCPEeACTBEHHO
*H3 ypaBHeHHs (8):

o to +e
g (x) = J el*—¥ T, (y) dy = e*+ Gf e~¥ g, (y) dy.
- 0

OTCIOlla BHJHO, UTO HeOOGXOIHMO P < T, H @_(x) JOJKHa
:.-Bec'ru ce6s1 npu x — —oo, Kak e*%+, (O6osHauasi ygepes
D, (k) u ©_(k) npeobpasoBanusa Pypoe bynkuun - @, (x)
‘H Q. (x) COOTBETCTBEHHO, ’

sakaouaeM, uro @O, ananu-

"THYHQ B NOJYIJOCKOCTH

Imk=1t>n, a ©_ 6yzer

%5
. @aHaJIMTHYHA B MOJYMJIOCKO- ' ¥ '
ctH T < T,. % ‘,
3HauHT, CylilecTBYyer Io-
Joca p < T < 1, (pHc. 14), -
B KOTOPOH aHAJHTHYHH BCe /A

npeo6pasoBanus X (k), ©,, o

~@_. 3ror -pe3yiabTaT fB- : . -
JISeTCsl OCHOBHBLIM B METOJIe ' ”I ¢
Bunepa — Xonda.

[lpumensis npeo6paso- Puc. 14.
Banne ®Pypne K obeuM
qJacTAM ypaBHeHHS (7) M HCNOJB3YsA TEOpeMYy O CBepTKe,
NOJ1y4HM :

O, +O.=VEX () O,
WJIH |

o, (1 — VIR K () + D=0, )

®yukuus - | — Y 2n K (k) ananutHuHa B ToJoce
.<aImk <z,
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- Ilonbitaemcsi pasnoxuTh ee Ha MuoxHteqau ', u 1/T_
TaK, 4YTOOHI
(k)
| —V2nk ()= 7 (10)
- (k) :
STH MHOXHTEJIH HOJ/IKHB OHIThb aHAJHTHYHBI M OTJHYHH OT
HYJsl B NOJYILJIOCKOCTAX T > W H T < T, COOTBETCTBEHHO.
O6biuno ponosHUTENbHO Tpe6yloT, utobn I, u ' umenu
anrebpanueckii pocT, a He 3KCMNOHeHUHaJbHHHA. Bo3MmMoxk-
HOCTb TaKOro pasjoXKeHHs Oblja MokKa3aHa DBHHepom
Xondom.
B Kaxjoil faHHOH 3ajaue 3TO pas3/joxeHHe Ha MHOKHTENH
JOJIXKHO OBITH (aKTHUYECKH OCYLIECTBJEHO.
[IycTb Takoe pasjoxeHHe BHINOJHEHO. Toraa ypasHe-
HHe (9) MOXHO mepenucarh Tak:

O,T, = —®T_. (11)

JleBasi 4acTb 3TOTO COOTHOLUIEHHS AaHAJHUTHYHA B IOJYILJIO-
cKkocTH Im & = 1 > p, B TO BpeMs Kak npaBasl 4acTb aHa-
JHTHYHA B MOJYMJOCKOCTH T < T,. [IoCKOJbKY OHH HMeIOT
ofwyo 06/acTh aHAJHTHYHOCTH p < T < T,, B KOTOpDOH
OHH PaBHBI, TO MOXHO YTBepKjaTh, uto (—®_I' ) saBasercs
aHaJHTHYeCKUM npopoJikeHHeM @©,I', B HHXHIOIO noJay-
nmaockocts. CihepoBarensHo, ¢yHkuusa @©,I', aHaauTHyHa
BO BCeH MJIOCKOCTH KOMILIEKCHOH MEpeMeHHOH 2 H moTomy
apJasiercs uenon ¢yHkuueir P (k):

Q,I,=Pk),
OTKYyZa Pt
=1 @

Urobw Haiith Bup O, I',, Hajgo eme yyecth NMOBEACHHE 3TOH
(yHKUHMH NpH GOJMbIWHX | k|- YcJ0BHe HHTEIrPHPYEMOCTH
¢, (x) B Hauajne KOOpAMHAT TIPHBOAUT K ACHMITOTHKE

O, (k)=0 mnpu |k|— oo.

[Mycts T, (k) yxe BHOpaHa Tak, YTo uMeeT ajareGpaHuecKuii
pocT, T. €. Ipu GoabmiUX & BexeT ce6si, KakK NMoJauHOM. Toraa
P (k) 6yner npeacTaBasTh COGOH MOJHHOM CTENEHH MeHblieH,
yeM nopsmok pocra I', (k) (Tak Kak T—,P—g(-% JOJIXKHO CTpe-
+
MHTbCSL K HYJIO NpH | k| — 4-00). STUM onpeaeasieTcsi BUA
P (k).
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TakuMm o6pasom, yuutbiBas (11), Haxoxum

. ___P(r) _.__ P(r)
®+(k)—W’ (I)—(k)—_' P_(k) »
OoTKyZa no ¢opmynaaMm oOpalleHHsi NOoJydyaeM
+ootit | )

1 PR) ins

. q)+ (x) v V-éﬂ'—l .-m.‘:‘_ir F+ (k) é dkf ,‘l‘< T< T-H
: | +cotix p (k)
o.0==7 [ TEed pli<u
: —co}iT -

IDTUM 3aBepllaeTcs pellleHHe HHTerpaJibHOro ypaBHEHHSA
Bunepa — Xonda (6). 3amerum, uto @, (k) u @_ (k) onpe-
JEJIAIOTCA C TOYHOCTBIO JO HeKOTOpHIX nocrosiHHuX. Ilocaen-
HHE MOXKHO OTpEJIeUTb H3 (U3HYECKOTO CMBICJA 3aj]auyH
HJIH TOACTaHOBKOH peme}mﬂ B HCXOAHO€ HHTErpaJ’JibHOEC
ypaBHeHHe (6). .
ITpaMep. PaccMmorpum nmerpanbnoe ypaBHeHHe
~+oo

¢ (x) = J eF g (y) dy. (12)

3nech aapo K (x)'= e~ 1*!. Ero npeoGpasoBanme ®ypoe

: 2
* (k) = Vin(l+ ) °

TaK uT0 X (k) aHAAHTHYHO B MOJOCe |
—l<Imk<l. (t.=—1,17,=1)

Bupa}KeHne l—V2n.72' (k) B naHHOM c/yYae paBHO

k2 —1 r,
| —VER# (%) = FIT =T
B —1
INpencrasum - pyrkuHIo P B BHJE
B R |
R+i k—i"
ChiezoBarenbHo,
. A k2—1
=77 T-=f=.
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Pyuxiua I'_ aua.ﬁumqaa ngn Im 2> —1. Oyakuusa I'_ (&) aranuTHyHA
B He ofpaunaetcs B HyJb npu 1m &k <§ 1. Cymecrsyer nostoca 0 <¢Im &2 <i l,
B KoTopOi#t 06e dpyrkumn, I'_u I';, aHaIRTHIHN H OTAHYHL OT Hy/IA. Hueen
P(k) _ PR (k410
I, (k) B72—-1 °

®+ (k) =

Oyukuns P (k) KoaxKHA OHTH aHAJHTHYHOH BO BCeR kOHEYHOH MJIOCKOCTH
KOMIJIEKCHOR mepemenHoli &, a @, (k) - 0 npu | k| - -oo. H3 3ror0
. " yC/MIOBHS caeflyer, YTO B JaHHOM npuMepe P (k) momima paBHATHCA Mo-
crosnHol C. OHa He MOXKeT pacTH TaK OuCTpO, KakK &, n6oTorga @, (k) —» 1
_mpH | k| - co. Ona He MoxXeT H-yObIBaTh, TaK KaK OTCIOfA BHTEKaNO Ghl
cyuiecTBOBaHHe 0coGeHHOCTH y dyuxumn P (&) (nosoca MM TOUKH pa3ser-
B/IEHHsN) B KOHEYHOH YacTH KOMILIEKCHOH nJockoctd. Hrak, P (k) = C =

= const H 4, . -
T CkIi) C
o,m=571E, em=—35
Orciona \
c “+o+it b1 ,
= j e, 0<T<L,
: —iT

Tak Kak B 3TOM BhIpaXeHu# x> 0, T0, 3aMBIKafR KOHTYD HHTEIPHPOBAHHS
- NOJIYyOKDYXKHQCTBbIO, JieXallefi B HHXHER NOJYNJOCKOCTH, H HCHONb3YH
teopeMy Kown® o Bhyerax, HaxonuM > '

P, (x) = A (cos x + sin x), x>0 (13)
"TaxkuM ke cnocoGoM HaXOAHM . S '
Q_(x) = Aex, x<0,.

Hcxonn nenocpencm_erfno H3 'nnterpan'bnoro ypahﬁeﬂnﬂ, JIErKO YCTaHO-

BHTb, 4TO HpH x> 0 QyHKUHS @ = @, yHAOBJeTBOpseT AudpdepeHuHaDbe
HOMY YpaBHEHHIO ; S
. q), + P = 0' x> op
Ansi koroporn- (13) aBasierca  peileHHeM.

~

PaccMOTpHM Teneph HEORHOPOAHOE ypaBHeHHe Buuepa —
Xonda - -

e
w(x)f-=f(x)+7~6[ Kx—pemdy. ()

ITpumenss npeoGpasoBanne Pypre, NPHXOAUM K COOTHO-
IIeHHIO |

Oy (k) + O(0) = F, (0 + F.()) + VIRME (| O, (B). (19
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ﬂpezxcraamﬂ 1 -V 2n A X (k) B BHIe P"” Ek)) , Tepenuinem
paBeHCTBO (14) Ttak:
@,, +T_(O.—F_)—T_F, =0. (15)

{lepBble nBa CJ1araeMbx HMEIOT HYXHBIH BUA. TpeTobe caarae-
Mo@ TaKoro BHJa He uMeer. IlyeTh cymecTByeT nojoca, B Ko -
TOPO ’gl aHaJquTHYHHL U I'_u F,. Tor,aa MBI MOXeM NPHMEHHTH
pasJioxenHe 4):

[_F, =G, (#)+ G_k). (16)
Cootnomenue (15) nepenuiuercs mocjae 3Toro Tak:
O, —G,=—T_(®.—F)+G.=Pk). (17

JleBass vyacTh aHaJIUTHYHA B HEKOTOPOH MNOJYINIOCKOCTH
Im & > 1,, npaBas — B mnoJymiockoctH Im & < 1j. Cy-
IeCTBYET MOJOCAa AaHAJHTHYHOCTH, ofmas AJAs HHX, Tak
yro npaBas yactb (17) sBAsieTcsi aHAJUTHYECKHM IIPOROJI-
JKEeHHeM JIeBOH YacTH B HHXKHIOK TOJYNJIOCKOCTb., PYHK-
" mua P (k) Bui6upaercsi KakK ueJas (QYHKIMS, XapaKTep ee
- ompeRessieTcsl aCHMNTOTHYECKHM MOBeNeHHeM INpH | k| — oo
" OHOTO M3 ONpeReJAIIHX ee Bpra}KeHHﬁ Omnpenenu P (%),
HaXOIHM
P(k)+0 (k)
D, (k) = WOl

4 no ¢opMmyJie oépajg,enm HosydaeM @, (x).




TIABA V

BITOJIHE
HENPEPBLIBHbIE OINEPATOPbD!

TTonsiTHe BNOJIHE HENPEPLIBHOTO ONe€paTopa BO3HHKJIO MPH
H3YUeHHH HHTerpajbHHX ONepaTtopoB, KOTOPhIE H B HacTof-
ee BpeMs AABJAIOTCA HanboJ/1ee BaXXHBIMH [TPUMEpaMH BIOJIHe
HEeMpepPLIBHHIX ONEpaTopoB, 310 MNOHATHE OBUIO BBENEHO
H. TuavbeproM H 3areM paspabaTblBajJoChb €ro HIKOJIOH
(2. IImugrom, P. Puccom, I'. Beftnem u ap.).

dyHpaMeHTaNbHBIE HCCAEA0BaHUS 3THX MaTeMaTHKOB IIO-
Ka3aJH, YTO OCHOBHBIE KJaCCHUeCKHe CBOHCTBA HHTErpaJbHbIX
onepaTtopoB (HanpHMmep, TeopeMnl PpearosbMa) cBsizaHbl He
C HHTerpaJibHOM NPHPOAOH 3THX ONEpPaTOpPOB, a C HX NOJHOH
HeNnpepbIBHOCTLIO,

§ 21. KomnakTHOoCTh MHOXecTBa. KpuTepuii
KOMMNAKTHOCTH

Onpenenenune, Mnowecnso D, pacnosoxerroe
8 mempu4ecKom npocmparcmee X, HQA36I8QEMCA KOMNAKMHbIM,
€CAU BCAKAS. NOCAe008AMEAbHOCMb IACMEHMOo8 MHOxecmea D
colepacum cxo0ayocs noonocae0o6amensbHoCb.

Ecad mpefenbl yKa3aHHBIX NOCJEA0BaTEJbHOCTEH MpH-
Haajaexar D, To MHOXeCTBO D) Ha3bIBaeTCsl KOMNAKMHbIM
8 cebe;, ecJIU Xe 3TH Npejenbl NPUHAAAexKaT NpocTpaHcTBy X,
He NpHHajaeska, ObBITb MOXKeT, MHOXecTBY D, To D Hasu-
BaeTCH KOMNAKMHbIM 8 npocmparcmee X.

Ecau kaxpoe GecKoHeYHOE MOAMHOXKECTBO METPHUYECKOTO
npoctpaHcTBa X COAEPXKHT CXOASLLYIOCS K HEKOTOpOMY
3jeMeHTy u3 X MOC/JeROBaTeJbHOCTb, TO MPOCTPAHCTBO X
Ha3blBAeTCS KOMIAKTHBIM HJIH NPOCTO Komnaxkmom. SIcHo,
YTO KOMMAKT €CThb IOJHO€ METPHYECKOE INPOCTPaHCTRBO.

Hpumepw. 1. Iyete D =10, 1] < R B cuay
Teopemsl Boabliano — Befiepmrpacca (127 1) muoxectso D —
KoMmnakTHoe B cebe MHoxectBo. Hutepmaa (0, 1) xomnak-
TeH B R!, HO He KoMnakTeH B cebe.
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2. IMycts X = R (uucaoBas npsimas). [lpoctpancteo X
HEeKOMIIAKTHO: TNOCJIeAOBATEe/IbHOCTb HATypaJbHbIX uHcea |,
2, ..., n, ... He umeer npegena. OxHako B CHaY TeopeMbr
Bosbliano — Befieputpacca BcsiKoe OTpaHHYEHHOE MHOKe-
. ¢TBO B MpocTpaHcTBe R! KoMmakTHO.

Boo6ie, B n-MepHOM €BKJMAOBOM NPOCTPAHCTBE BCAKOE
orpaHHyeHHoe 6ECKOHeuHoe MHOXKECTBO KOMIIaKTHO.

KoMNakTHOCTL OrpaHHYeHHbIX MHOXKECTB €CTh XapakTe-
DHCTHUYECKOE CBOHCTBO KOHEYHOMEDHHX JHHEHHBIX HOPMH-
pOBaHHBIX NPOCTPAHCTB. HmenHo, aas Toro 4tro6bl MOAMpO-
- cTpaHcTBo L JMHEAHOro HOpPMHPOBaHHOPO MpoCTpaHcTBA E
OblJIO KOHEUHOMEpHBIM, HeoOXOoauMO M JAOCTAaTOYHO, YTOOHI
KaXxJoe OrpaHHUYeHHOe MHOXKECTBO 3JieMeHTOB H3 L 6blio
KOMMaKTHO. '

[IpuBeneM KpHTEPHHM KOMIAKTHOCTH MHOKECTB B HEKOTO-
pHIX (YHKUMOHAJBLHHIX MPOCTPaHCTBAX.

Kpurtepuii komnakTtHocTH B C la, bl

Onpenenenne. Mnowecmso D pyuxkyuii x (f) <
e C la, bl wHasvwaemcs pasHomepHO O2paHU4eHHbIM, ecau
cyujecmsyem nocmoannas M > 0 maxas, umo |x(f)|<<M
dan ecex x () & D npu mobou t< la, bl.

Munoaxcecrneo D ¢ynxyuid x () & C la, bl wnasweaemcs
PABHOCMENEHHO HenpepoisHbim, ecau 0as aoboeo & > 0 cyue-
cmeyem & > 0, 3aguciwee moabko om &, makoe, 4mo 04a
moboix ty u ty uz la, bl, yoosaremeopsaowux rnepaserncmsy
| t, — ¢, | < O, u 0aa moboii pynryuu u3 paccmampusaemoeo
MHOXNCECNBA UMeem MeCcmo COOMHOWeHUe

x(f)—x ()] <e.

Teopema (Apuena). Jaa mozo umobe. mHoxecmseo D
dyuxyuid x () = C la, bl Gouo xomnaxmuoim, reob6xodumo
u QocmamodHo, 4mobvt OHO GbLAO0 PABHOMEPHO 02PAHUHEHHbIM
U PABHOCIMENEHHO HEenpepouieHbIM.

MoxHo cpopMyJHPOBAaTh IMPOCTOE AOCTATOYHOE YCJOBHE
KOMIaKTHOCTH MHoxectBa D o¢yukuuii x (f) = C la, bl.

Ecau 0aa muomecmsea D ynkyuid x (1), Guqb(,bepeﬁqu-;
pyemoix Ha ompeske la, bl, cywecmsyom maxue nocmosrHble
My u M, umo 0aa ecex x (f) & D evinoanenvt Hepasencmea

|x(®)| << M,, |x (t)[ My Vtela, b
mo mruoxecmseo D xomnaxmuo ¢ C la, bl.
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B camoMm nene, ceMefictBo D paBHOMEDHO OTPaHHHYEHO MO
ycenopuio. IlpumeHss dopmyay JlarpaHxka, HmeeM

2 () —x(t) | =1% @1 —h]| < My |t —t],

OTKYJa CJELYET, UTo ceMelcTBo D p aBHOCTENEHHO HElpepHIBHO,
s TeopeMul Apuena caenyer, uro D KomnaktHo B C la, b].

YnpaxuneHnue. Byger an xomnaktiuM B C [0, 1] cemelicrso
¢ysknuit {in} n=1,2,...)°

Kputepu#i kKxomMmaxkxtHocTH B L, [a, b]

[Iyers x (¢) = L, la, bl. Tlpomoaxum dynkuuio x (f)
HyJeMm 3a npefean otpeska la, bl. Toraa aas mobero or-
peska [A, B uncioBo#t ocH HHTerpas o

B

Jiz@rd
A
MMeeT CMBIC/I.

Teopema 5.1 (M. Pucca). Jaa moco umober cemedl-
cmeo D ¢pynryuil x (f) = L, la, b 6str0 komnakmno, Heob-
xo0umo u Oocmamodto, 4mober amo cemeiicmeo 6viao PasHo-
MEPHO 02DAHUMEHHBIM NO HOPME UL PABHOMEPHO HENpEPHIBHOIM
8 cpedrem, m. e. wmobu

b .

D Jle@ P at< M

a

b
2) J1x(E+h—x@B)] dt <&,

a

npu 0 < h <96 (e) cpasy 0an ecex é)ymegua" cemeticmea.

§ 22. Bnoane aénpepunuue onepaTopel

Onpeneanenune. Jurneduoil onepamop A, onpe-
Oenetnmitli Ha AuHelHOM HOPpMUpOBaHHOM npocmparcmee E,,
CO BHAUEHUAMN 6 AUHEUKOM HOPMUDPOBARROM npocmpancmee E
HA3KIBARIMCS  BNOARE HENPEPLIBHbIM, ecau OH omobpascaem
6CAKOE .OeparuYeHHoe MHoxecmso npocmparcmsa E, 6 xom-
naKmuoe mHoxcecrnso npocmpavcmsa E,. :
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iHyéTb, Hanpumep, E, = E, = C [a, b] n
b
= J K (t, s) x(s) ds,
J .

rre K (4, s) — HenmpepniBHOe B KBajpate Q {a < {, s < b}
mnpo. [loxaxem, uto onepatop A BHOJHE HeNpepHIBEH,
[ycrs {Jx (f)} — orpaHHuyeHHoe MHOXecTBO GYHKUHA U3

E’[a

| x|=max|x ()| <m.
ai<h

- ~Torpa:
o 1) dyHxnuu

b
yity=[K(t, 9x(s)ds

raanomepﬂo orpaHuueHbl. [eilicTBuTenbHO, Vi < [a, b)

y ()] < Mm (b—a), rze Mt gale(t s) |.
. as
2) OyHRUHH ¥ ({) paBHOCTENEHHO HeNmpepHBHH. B caMoM

nese, Bo3pMeM JioGoe € > 0. B cuay paBHOMepHO# Hempe-
paBHOCTH sifpa K (£, s) Hafimercsa Takoe 8§ = 8 (¢) > 0, uro

K (b 9— K (b 9| <<7r—;

‘npu | £, — #i| < & u mobux s = la, b]. Ho roraa
. ‘ b -

19— 9 ()| < [1K (b 9—K (b, 9| x(5) | ds < e,

a

KaK ToJbKoO | {3 — ;| < 8 cpasy mas Bcex oyHkuuit y (f).
INocnennee o3HayaeT PaBHOCTENEHHYIO HENPEPHIBHOCTH Ce-
meiictBa ¢yHkuuii {y (f) = Ax ()}.

B cuay TeopeMn Aplena MHOXKECTBO (bymumﬁ {y (O}
KoMnakTHo B mnpoctpaHcree C [a, bl. 3naunmr, corsacuo
- ONIpeAe/IeHHIO, HHTerpaJbHbE onepaTop :

Ax = JK(t, s) x(s)ds

‘¢ HenpepbiBHHM sApoM K (f, s) BrOJHe HenpepHBeH.
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MoxHO mNoOKasaTk, 4TO OMEpaTop
b
Ax = j K (¢, s)x(s)ds,
Fle
b b '
[ [ K2, sydtas=B < + oo,

BIIOJIHE HENMpEpBIBEH KakK onepa'rop, JeHCTBYIOIIMA H3
‘L, la, bl B L, la, bl.

MoXHO mMOKasaTb TaKXe, UTO BMOAHE HENpPepLisHbiM 56-
- aaemcs onepamop Ppedeoroma ¢ AOpom, UmerOuuM Caabyio
0cobeHHOoCMb.

Ynpaxuen#ne [lokasate, 970 BCAKHH JHHCHHHIA OrpaHHueH-
HHA onepaTop B KOHEYHOMEDPHOM MNPOCTPAHCTBE BMNOJHE HeNpephHBeH.

OrmeTHM HeKOTOpble CBOfiCTBA BIOJIHE HENPEPLIBHBIX
ONepaTopoB.

1) Beakuii BmoJHe HenpemeHblfi omepaTop ABJSETCA
orpaHuueHHbIM. OfIHaKO He BCAKHH OTpaHHYEHHBIH omepartop
fiBJIieTCA BNOJIHe HenpepblBHBIM, [Ipocrefimuii npumep: enu-
HUYHBII onepatop / B GECKOHEYHOMEPHOM NPOCTPAHCTBE He
fABJIsieTCA  BNOJIHE HenpepbiBHbIM, [lokaxkem 310, Ilycre
X — MHOXKECTBO TOCJAeJ0BaTeJbHOCTEH BEHIECTBEHHBIX YHCE/I
x=1{&;, E3 ¢« v+ En ...} TAKHX, 9TO

[+

k2115k1ﬂ<+oo.

=

ECJIH X = {gl, L 2 ] En’ LI | o} Hy _ {‘l']l’v . v ey nﬂ’ L o},
TO onpeAaesinM paCCTOAHHE MEXKAY 3TUMH 3JIEeMEHTaMH

-no ¢opmyae
@ l/p
plx, §) = (kE l‘ék-—ml") .
=1

Mo>xHO moKasaTtbh, 4TO TaK BBEAEHHOE PACCTOAHHE YIAOBJETBO-
pAe€T aKCHOMaM METPHKH.

[lonyyeHHOe MeTpHYECKOE MPOCTPAHCTBO HashBaeTcs mpo-
cTpaHcTBOM [,. PaccMOTpHM, B 9acTHOCTH, NMPOCTPAHCTBO [y,
ABJAIOUIeeC JAMHEAHBIM HOPMHPOBAHHHM MNPOCTPAHCTBOM.
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fo -

10 NPOCTPAHCTBO HEKOMMAKTHO. BoJsiee Toro, B HeM umeioTcs
orpaHHUeHHbe HEKOMIAKTHHE MHOXECTBA, HANPHMED 3aMK-

HyTHlfl €JHHHYHBIA 1hap S=35¢@, 1). HeficTBuTensHo, pac-
CMOTPHM [OCJIEOBATE/ILHOCTh TOYEK H3 S:

e;=11,0,0, ...1, e=101,0,... ...

Duesnano, e, — e = V§ npH i <& j, TaK 4TO MocJIeno-
BaTeJIbHOCTD {ei} H Jwobasgs ee NOANOC/AENOBAaTeNIbHOCTh He
CXONATCA, YTO M JOKas3nBaeT HekommakTHocTh S. Tak Kak
efAMHUYHBIA omneparop [/ oroOpakaeT €AMHHYHHIA Imap Ha
ce6s, a NocMelHHH HEKOMNAaKTeH, TO, CJel0BaTe]bHO, [
He fABJAAETCA BIOJHE Henpepbmnbm B OecKOHeUHOMEPHOM
TIPOCTPAHCTBE,

2) Ecim A 1 B — BrosiHe HenmpepuiBHHE ONEpPaToOpHl, TO
aA + pB, rae a, ﬁ — UYHCJIA, TaKKe BIIOJIHE HempepbIBHBI{
onepaTop.

3) Ilyctb A — BHoJiHe HempephIBHHI omeparop, oTo6pa-
¥KaIolHi 6eCKOHEUHOMEepHOe 6aHaX0BO POCTPaHCTBO E B ceb4,
M B — npou3BO/IBHHI JIHHE{HBI OrpaHHYEHHEI! omepaTop,
JefcTBYIOIHE B TOM Xe mpocTpaHcTBe. Toraa AB H BA —
BIIOJIHE HEMpPEpPLIBHBIE ONEPATOPHI.

B camom pene, onepatop B mpeoGpasyer npomBoanoe
‘QrpaHHYeHHOe MHOecTBO D E B orpaHHueHHOE MHOXECTBO
‘B (D)—E, a 310 MHOxecTBO omnepatop A mnpeo6pasyer
B KOMmakTHoe MHoxecTBO A (B (D)). CnenosatenbHo, omne-
parop AB nepeBOAHT J1060€ OrPaHHUYEHHOE MHOXKECTBO B KOM-
NaKTHOE H TNOTOMY BIIOJIHE HeNpephiBEH.

Ynpaxuenue. [lokasats, yto onepatop BA Bnoame Henpe-
_pHiBeH.

M3 Toro, uto efnHHYHBI onmepatop / He BMOJIHE HemMpe-
PHIBEH, TOJyuyaeM BaXXHOe CJEACTBHeE.

. Bnoane nenpepoisnoill onepamop A 6 6eCKOHeHLHOMEPHOM
NPOCMPAHCIMEe HE MOJXCem umeme O02PAHUY4EHHO20 00pamHnoeo
“onepamopa A7,

4) Ecau HOCJIe,LIOBaTeJIbHOCTb BIIOJIHE HENpEepHIBHBIX OIle-
paropoe {A,}, oTo6paxaouKXx NpocTpaHcTBO £, B MOJHOE
- mpocTpaHcTBO E, paBHOMEDHO cXOAuTca K oneparopy 4,
1. e. |A—A4, tt-—»O T0 A Tak»Xe BIOJIHE HeNpepHBHHI
onepatop (cM. [19])

[lycts E — GeckoHeuHOMepHOe (BelleCTBEHHOE) GaHaxazo
‘npocTpaHcTBO. Iloc/ie0BaTEIBHOCTD 3/IEMEHTOB €, «vvy €4, <.
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u3 E BasbBaeTca 6a3ucom 3TOrO MPOCTPAHCTBA, €CJIH moéoﬁ
seMEHT X&E OJHO3HauHO l’Ipe,ZICTaBKM B BHJE

X ==> 2 Eiei!
{=1

rae ¥, — BEHIECTBEHHHIE YHCJA.

ITpoctpancrso E HasbiBaloT B 3TOM ChAyuae Oanaxosuim
npocmpancmeom ¢ 6a3ucom.

PaccMOTpHM BnosiHe HempepHBHHE omepatop A, oro6pa-
)awomui 6aHaxoBo npocTpaHcTBO E ¢ 6asucoM camo B ceb.
OxaseiBaercs, 4to onepaTtop A MOMKHO PasOXKHTh Ha CyMMYy
JBYX JIHHEHHBIX OMEpaTtopoB:

AmA;._,_ASv

rae onepatop A, — KOHEUHOMEDHHHA B TOM CMBIC/IE, HTO A/
nioboro xe=E snemen'r A1x TPHHAANEKHT KOHEYHOMEDHOMY
NOANPOCTPAHCTBY, oupejensieMoMy OGasHCHHIMH  3J1€MEH-
TaMH €, €5, . .., €, A HODMa BTOPOT0 HE NPEBOCXOAHT
HanepeJ, 3aJlaHHOrO 4ucja € > (), KOToOpoe MOMKHO BHOpaTh
CKOJIb YTORHO MajbIM:

A, <e.

ITos3TOMy roBOpSAT, YTO BNOJHE HENPEPHIBHHE OMNEPATOPHE
B MPOCTPAHCTBE C §a3HCOM NOUMU KOREHHOMEPHbL. DTO CBOHACTBO
YacTO NPHHHMAIOT B KauyecTBE OMpeleNieHHs BIOJHE Hempe-
PHBHOTO OMepaTopa:

Jlunednoul onepamop A Ha3bi8aemcs 6NOAHE Henpepois-
HOM, ecau OH modxcem bbimb ¢ 000U MOYHOCMbIO AnnpPoKCU-
MUPOGAH KOHEHHOMEDHBIM, M. e, moxcem Owvimb npedcmasiex
8 eude cymmbl KOHEUHOMEPHO20 onepamopa. U onépamopa
c Kgk yeodwo manoidl Hopmoil.

- HuTerpanpHBfi onepaTop ¢ BHPOXKAECHHHM HenpeprBHbIM

AAPOM

x =-J 2 ak(t)b,,(s)x(s)ds

k:ﬂl

ABAsETCA KOHetIHOMepHI:IM (4, BHAYHT, BNOMHE Henpepms-
HBIM): OH oTOGpaxaer Bce npocrpanctso C la, b] na mnoa-
NPOCTPAHCTBO JIHHEHHHX KOMGHH&B.HH ¢yHRUMA  ay (9,

az (t)s to 0y an (t)

-
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PaccMoTpeHHoe B § 14 mpeAcTaBieHHE INPOH3BOJBHOrO
HenpepeBHOTO AApa K (¢, s) B BHAE CYMMH BHIPOXKJIEHHOIO
#Apa H A1pa C MaJofl HOpPMOil SKBHBANICHTHA, TaKHM 06pasoM,
NpeNCTABICHHIO BNONHE HENPEPHBHOIO HHTETPalbHOIO ome-

atopa PpearosibMa B BHAE CYMMEl KOHEYHOMEDHOTO omepa-
gopa M omeparopa ¢ Majgofi HOPMOR.

= § 23. ¥Ypasuenusn Pucca—Ilaynepa

© Ypasnenuamu Pucca—IllayOepa Ha3HBAIOT ypaBHEHHS
hﬂl{a _

‘r;xe A — BrnoJiHe HemnpepHBHHH onepatop. Takue ypaBHe-
mm yao6HO H3yuyarh B FHJLGEPTOBOM MpoCTpaHcrBe f1.

Ilycre H — nuHefiHOe NPOCTPAHCTBO C YMHOMXEHHEM Ha
KOMIIJIEKCHBIe YHCJa, KaXJoH mape 3/eMEHTOB KOTOPOro
noc:TaBJIeHo B COOTBETCTBHE KOMILJIEKCHoe 4HCAO0 (X, ),
HA43bIBAaEMOE CKAAAPHLIM NPOUSGEOCHUEM 3JIEMEHTOB X H Y
H ofJajaloliee CBOACTBAMH:

1) (x, y) = (y, x), B 4YaCTHOCTH, (X, X) BEHIECTBEHHO;
2) (¥ + X, y) = (%1, ¥) + (xs, ¥);
3) (Ax, ¥) = A (x, y) Ans J1060TO KOMIJIEKCHOTO YHCJ/A A;
4) (x, x) =0, npHYeM * x)=0& x=0.
. cin A — juHefiHoe NPOCTPAHCTBO C YMHOMKEHHeM Ha
JefCTBHTE/IbHHE YHC/JA, TO CKaAsipHoe NpoH3BeACHHe Mpe-
noJsiaraercs AeﬁCTBHTEJIbHHM
Io ckaasipHOMY npou3BefieHHIO B H MOXKHO BBECTH HODMY

| x | = V(x; JC),

nocae gero A craHoBUTCA JIHHEHAHBIM HOPMHPOBaHHKIM MpO-
CTPaHCTBOM.
: Ecau H 6eckoneiHomMepHo u noiro no esedentoll Hopme,
MO OHO HASIBAEMCS 2UAbOEDMOBbLM npocmparcmeom (koM-
. TVIEKCHRIM HJIH JIeHCTBHTEJbHEIM).
Taxkum oO6pa3oM, BCAKoe THALGEPTOBO NMPOCTPAHCTBO SB-
¢ Jqferca GaHaxoBBHIM. 151 J0OHIX 3JIEMEHTOB X, y rujanbeproBa
 HPOCTPAHCTBAa COPaBEAJHBO HepaBeHCTBO DyHsKoBcKOro—
‘Hlsapua:

1, <=Myl
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[Tpumepsn. 1. IlpocrpancrBo [, CTAHOBHTCS THJb-
6epTOBBIM, €CJAH MOJOXKHTh

(xr y) = kgl Ek?lk'

2. TlpoctpancrBo L, la, b] KoMniekCHO3HAUHBIX (yHK-
IHHA CTAHOBHTCA THJIbGEPTOBLIM, €CJH TOJOXKHTb

b .
(x, 4) = [ x () g @) dt.

OnpeneneHnue. [sa ssemenma x u y eusvbepmosa
npocmpavcmea H Haseisaromes opmozoHasbHuiMU, €cau

(x, y)=0.
ConpsaXeHHBH ONEPAaTOp

[lycre H — ruas6eproBo mpocTpaHcTBo H A — orpaHu-
YeHHBIA JIMHEAHBI omeparop, onpeleseHHHA Ha H, ¢ 00-
JIaCcTbI0 3HAu€HHH B TOM XK€ IPOCTpaHCTBE.

Onpenenenune. Onepamop A* maxod, umo

(Ax, y) = (x, A*y) Vx, y=H, (2)

HQBbIBALMCS ONepamopom, CONPANCEHHBIM C onepamopom A.
Ins oneparopa ®pearonsMa B L, [a, bl ¢ anpom K (¢, )
COmpsXeHHHM omeparopoM Oyner onepatop ®pearonbMma

c aapoM K (s, o).

Oneparop A He MOXeT HMeTb GoJjiee OJHOTO CONpSIXKEH-
HOro, MPHYEM COMPSAXKEHHOCTh OrpPaHHYEHHBIX ONEpPaTOpOB
eCThb CBONCTBO B3aHMHOe, Tak yto A** = A.

ConpsKeHHBIl omepaTop JiHHeeH:

A* (ax + By) = ad*x 4 BA*y
(mokaxkurte sro!).

Hcxons H3 ompenesieHHs CcONpSKEHHOTo omeparopa, He-
TPYAHO JOKa3arb, YTO S

(A1 + A)* = AF¥ + AF, (Ad)* = AF AT, (AA)* =247,

rAe A — MOCTOsIHHAA.

MoXHo MoKasarb, YTO BCAKHI OrpaRMYeHHHH oneparop A
MMeeT CONpPSIXEeHHHA A*, KOTOpHIA TaKxKe OTPaHHYEH H HMEET
Ty Xe HOPMY, 4TO M JaHHBLIH omeparop.
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JokaxeMm, HanpuMmep, paBeHCTBO HopM A H A*. B 10oXk-
gecrBe (2) mosoxuM x = A*y. Byaem umers

(A*y, A*y) =| A*y [P = (AA%y, y). (3)

DueHHBas NPaBYIO YacTh (3) Mo HepaBeHCTBY ByHAKOBCKOro—
Jsapna, noayuum

I A*y P <<l AA*y (g I<<I A A*y Ml 4 Il
oTKYyla |
IA*y < Allyl.

Bfro HepaBeHCTBO MOKasblBaeT, YTO omepartop A* orpaHnuex
Houto [A*| <Al

: Ilonaras temepe B (2) y = Ax, TOUHO TaK xe Haiizem,
wro [[A|<[A*|. Creposarensho, || Al =|A*].

" Tlyere B ypasHerun Pucca—Illayzepa (1) [ () <L,
fa, b1 u ¢ ()L, a, bl. 3ro ypasuenue Moxer Guirs pe-
‘HIEHO TeM e npHeMoM, Korophlii B § 14 Obll npHMeHeH
‘X ypaBHeHHIO Dpe/iro/ibMa ¢ HeBHPOXIeHHBIM AipoM. KiMeHHo,

fnPE,H,CTaBJIHEM oneparop As BHAE CYMMEI OlI€paTopoOB:
‘ A - Al + sz
rie

RAE S

A9 = 1;::1 (@, bp)a,(0)

— BBIPOXKJEHHH (KOHeYHOMepHHIi) omeparop, A, — omne-
‘paTop C JOCTaTouHO MaJjloHl HopMoi. Ja/bHefilliHe paccyxie-
HHSA 0 CYULECTBY He OTJIHYAWTCA OT npoBelleHHHX B § 14.
- Bynem HasbiBaTh 3HaueHHe A XapakmepucmuuecKum, €Cau
OJLHOpOJIHOE YpaBHEHHe

HMeeT HeTpHBHa/IbHHE pelleHHs, KOTOpHleé HasplBAOT C00-
CMBEHHBIMU (yHKYUAMU onepaTopa A, OTBEYaOWHMH AaH-
HOMY XapaKTepHCTHYECKOMY 3HaueHH0 A. /s ypaBHeHu#H
Pucca—Illaynepa cnpaseiiuBh TeopeMbl PpearosnMa.
Teopema 5.2, Ecau sHauenue \ He asarsemca xapak-
mepucmuyeckum, mo kax ypasguerue (1), max u conpsscertoe
C HUM YpasHexue

Vv =A*+ g, (4)
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20e A* — onepamop, conpaxcennsiil ¢ A, paspewumo npu
ar060m CBO6O0OHOM dieHe U pewetue xandozo u3 amux ypaste-
Hull eOUHCMBEHHO,

Teopema 5.3. Ecau A xapaxmepucmuseckoe, mo
00HOpOOHOE YpasHerUue U CONPANEHHOE O0HOpOOHOE

P == AA*yp ()

umetom 00HO U MO e YUCA0 MUNELIHO HE3A6UCU HOLX cobcmeen-
Holx pyHkyul.

Teopema b5.4. Haa moeo umobo ypasuenue (1) 6vino
paspeuiumo, HeoOxodumo u docmamouro, 4mober €20 c80600HbLL
yaen | 6bin opmozanarer K AMOBOMY Peweruro 00H0podroz0
conpacenroeo ypasrenus (5).

Teopewma b.5. Brnoane nenpepuisneili onepamop umeem
He 00aee CHemH020 MHONCECMBA XAPaAKMmMepUCMUYeCKUx 4ucea,
KOMOpbie MO2YMm C2ywiamoCcs morbKo Ha GeckonewHocmu.

Has ypaBHenuid Pucca—Illayfiepa octaercs B cujle anpTep-
HaruBa Ppefro/pma,



THAABAW

CAMMETPHYHBIE
HHTETPAJIBHBIE YPABHEHHSI

Teopusi CHMMETPHUHBIX HMHTETDA/NbHBHX YpaBHeHHH, IJs
KOTOPBIX K (t, s) = K (s, ), MoxeT OHTb nocrpoeua Hes3a-

BHCHUMO OT TEOpHH (Dpe,aronbma
© MBI HauHeM H3JIOXeHHE C OOLHX TeopeM, KacalouHXcs

CHMMETDHUHHIX JIHHEHHBIX OIepaTopos.

. § 24. CuammeTpHUHbIE ONEPaTOPhI.
Teopema I'uanGepra—IlIMuara

Onpenenedue. Juneldnoi onepamop A, Oelicmasy-
touuil u3 eurvbepmosa npocmpancmea H e H, nasvieaemcs
cu.ummpumwu ecau 0an moboix x, ysH

(Ax, y) = (x, Ay). (1)
" Pasencrso (1) nokassiBaer, 4To JJisi CHMMETPHYHOTO OIle-

pa'ropa
T, e. CHMMeTpHYHBIH omneparop COBIIaj2eT CO CBOHM Comps-
- senHbM. TTo3TOMY CHMMETPHYHBI OnepaTop HasHBAIOT TaKXKe

“CAMOCONDANCEHHLIM OTIEPATOPOM.
- B npocrpanctee L,la, b] paccMorpum HHTeI‘paJIthIH

~oneparop @pearoabMa -
Ax = jK(t $) x(s) ds

€ HeACTBHTENbHBIM L o-AlpoM K (t, s). Ucnonp3yst Teopemy
d?yﬁmm HMeeM
‘ b

' (Ax’ y) = I {j K, S)X(S)dS}y(t) dt =
' a la ‘ b0 .
‘ EJ{jK(Z‘, S)y(t)df}x(s)dsm(x‘ A*y),
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rac

b
Aty =[ K¢, 9y(t)d.

TakuM 00pasoM, nepexol K CONpPSAXeHHOMY Oreparopy
3aKJI04aeTcq B TOM, YTO HHTETpHpOBaHHE BeJleTCA 10 NnepBof
ImepeMeHHOM, TOrja Kak B HCXOJIHOM OnepaTope OHO BeleTcs
no BTOpO#.

Ecan aapo K (f, s) cuMmeTpuuHOe:

K{t,s)=K(s f) Vts,

TO .
b b
Aty =[K(t, sy®ydt = [ K (s, 0ydt=Ay,

u onepatop PpearonpMa B 3TOM Clydyae CHMMETPHYHHIA.
KomnnekcHosHauHoe sfpo K (f, s) HasbiBaeTcss cummem-
pPUHHBIM, €CJIH

K ({, s)=K (s, i)

Humeepaavroe ypasrenue, s0p0 KOMOP02O CUMMEMPUUHO,

6yOem HA36IBAMb CUMMEMPUUHBIM UHMEZPANOHULM YPABHEHUEM.
HanomMHuM cJaenyoniHe NOHATHA, OTHOCAWMECS K JH-

HeHHBM oneparopam (He 00f3aTe/bHO CHMMETPHUHLIM).
Ilycib uMeeM ypaBHEHHe

Ax—Ax=f uwm (A—AM)x=f, (I

rie A — nuHefiHufl onepatop, AeficTByouHA B GaHaXOBOM
npocrpaHctBe X, H A — HEKOTOpH#A napaMmerp.
- Hapsany ¢ ypaBHeHueM (l) paccMoTpHM ypaBHEHHe

Ax—Ax=0,. uan (A—A)x =0, (IT)

KOTOpDOe Ha3blBaeTCsi ONHOPOAHLIM YpaBHEHHEM, COOTBeT-
CTBYOIHM ypaBHeHHuio (I). 3ro ypaBHeHHe BCeria HMeer
pelleHHe x = 0, KoTOpoe HasbBaeTCs TPHBHAJ/BLHHIM pelie-
HHEM.

HonycruM, 4ro ans HeKotoporo A omeparop A—Al
umeer obpatHuid (A — AI)™! = R,, HasbiBaeMBlH pe3oas-
genmubim onepamopom nna ypasHenua (I). Ilas 3storo A
ypaBHeHHe (I) umeer npu mw06oMm fe X efUHCTBEHHOE pelleHHe

x =R,[.
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‘gnopo;moe ypaBHeHHe (II) uMeer B 3TOM Ciyyae TOJNBKO
T;mma.nbﬂoe pelieHne x = 0.
" OnpeneaeHuUe. 3HaueHus h, npu KOmopeix ypae-
newue (1) umeem eduncmeennoe pewenue npu swobom [ X,
a onepamop R, onpedesen Ha ecem X u oepanu4er, Hasoi-
GAIOMCS PecyAAPHLMU SHAUEHUAMU Oas onepamopa A. -

CoBOKYNHOCTb PeryJspHBX 3HAaYeHHH HasHBaeTcs pe-
soaweumumm mHoxcecmsom p (A) oneparopa A.

. Ecnu ypaBHenue (II) npu naHHOM A uMeeT, KpoMe. TpH-
ﬂaJIbHOFO, HEKOTOpOe JAPYyroe pellleHHe, TO TaKoe 3HayeHHe A
gasblBaeTCA cobcmgenHbim 3Hadenuem oneparopa A, a He-
fpHBHAJbHOE pelleHHe ypaBHeHud (I1) HasuBaercs cobemeen-
Boim aaemenmom onepamopa A, coomsemcmsyouum OaHHOMY
COGCMBEHHOMY SHAYEHUIO A.

B npocrpancree R"™ COOGCTBEHHHIH BEKTOP JIHHEAHOro
preparopa A ecTb Takof BeKTOp X, KOTODHIl NepeBOAHTCH
anepa'ropom A B eMy KOJJIHHEapHBbIM;

Ax =Ax.

i{nﬂ elHHHYHOro onepaTtopa [ J060# BEKTOpP X ABJAAETCA
i:oGCTBeHHHM ¢ co6CcTBeHHHIM 3HaueHHeM 1, Tak Kak

;&;ﬁ Ix=x Vx.

55[.11;1' oneparopa nofobus ¢ KodxppuuHeHTOM NoJo6us & 6ol
BEKTOp X fBJIAETCS COOGCTBEHHHIM C COGCTBEHHHIM 3Haue-
ﬂuem o, TaK Kak 10 onpeje/eHHIO olieparopa Nojo6HA

Ax =ax.

Orxeparop nosopora Ha yroa ¢, 0 < ¢ <m, AeficTBy-
fomuii B R% He HMeeT COGCTBEHHBIX BEKTOpPOB, TaK Kak,
KakuM OB HH OblJl BeKTOp X == 0, nocjie nosopora Ha yroa ¢
{0 < @ < m) MBI HHKOT/1d He [T0J1YYHM BeKTOP, KOJVIHHEapHBI i
HCXOJZHOMY BEKTOpY.

Ecnin A — co6CTBeHHOe 3HaueHHe onepatopa A H ypaBHe
Hue () HMeeT pelleHHe NPH HEKOTOPOM [, TO 3TO pelleHHe
Be OyZeT efuHCcTBeHHBIM. B camom fede, ecau x, — pelleHue
ypaBHeHus (1)

. Axo et }\«x‘) — f
H e — coOcTBeHHBIH 3jeMeHT oneparopa A, oTBevaounufi

JAAHHOMY COOCTBEHHOMY 3HA4Y€HHIO A, TO, COIJVIACHO Olpeje-
JeHU10 COGCTBEHHOro 3J/IeMeHTa,

Ae—Ae=0,
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M, 3HAUHT,
A(xg+ e)— A (x5 + ) = Axy — Ax, —}— Ae—de =,

T. €. X -+ € eCTh TaKXe peuieHHe ypapHeHus (I).

Onpenenednne. CosokynHocms 6Cex 3HaueHutd A,
He ABASIOULUXCA DEYAAPHOIMU, HA3bIGAEMCS CNEKMPOM © (A)
onepamopa A. B uacTHocTH, BCe COGCTBEHHBIE 3HAayeHHA
NpHHAJJIeXaT CHEKTPY.

Hpumepun I.Ilyctb A — nuHefiHbif onepaTop, Aefi-
cTBYwOmHA B R?, u nyete 9 = (@;)i,j=1,2,...,n €CTb
MaTpHI@ STOrO oOmneparopa.

Y paBHeHue

Ax—Ax=f, (I11)

e X = (X5, «.0 %), f =y ... [), npencrasaser
cobofl cHCTeMY 7 JIHHeHHHX HEOQHOPOAHHX anrefpaH4yecKHx
ypaBHeHHH ¢ n HeH3BecTHbMH. Ecnau onpejenuresn A (A)
CHCTEeMH OTJIHYEH OT HYJA, T. €. €CJH A He eCTb KOpeHb
ypaBHeHHss A (A\) = 0, To cucrema (III) umeer npu J0GHX
NpaBHIX 49acTAX €JHHCTBEHHOE pelleHHe M, CJEelloBaTebHO,
BCe TaKHe 3HaueHHs mapamMerpa A peryasapHu. KopHu ypas-
HeHusi A (A) = 0 ob6pasyor cnekrp, Tak KakK NpH TakKHxX A
cucreMa (II1) B ofumem cayvae Hepaspemuma. Ilpu stux
3HayeHHAX A OJHOpPOAHAsl CHCTEMa

‘ Ax —Ax =0
HMeeT Heﬂyneaoe pemenne M, 3HA4HT, n06as TOYKa CHEKTpa
ecTh CoOCTBEeHHOe 3HayeHHe.

2. Paccmorpum B npocrpancrse C [0, 1] oneparop ymto-
MKEHHS Ha HE3aBUCHMYIO INepeMeHH YIo:

Ax-—_-tx(t) .
YpasHeHHe (I) npHHHMaeT B 3TOM CJyvyae BHA
tx(H)—Ax (t) =[f (1),
HJTH
t—Nx)=fl) O<i<]) Iv)
Ecin A& [0, 1], 1o ypabuenme (IV) umeer mpu' soGod
[ (5)yeC [0, I] EIMHCTBEHHOE Henpepmnoe pelieHHe

x () =251 (0
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4K 49TO BCe 3HaueHus A [0, 1] aBasiorca pery/sipHHIMH,
€ Apyroil CTOpOHH, KaK HeTPyJHO MOKasaTb ([38%), BCe
aaqennﬂ A & [0, 1] asastorca,roukaMu cnekrpa. Ilpu stom
% oJlHA TOUKA CIEKTpa He ABJACTCH COGCTBEHHHIM 3HayeHHeM,

[ 2%

#aK KaK pellieHHeM OJHOPOJHOTO YpaBHEHHS

Bt
.

t—Nx()=0, ie|0,]1],

ig npocrparcrse C [0, 11 ABasieTcst TonbKo QyHKUAS x (f) =

= 0. B caMoM sene, npH soboM GHKCHPOBAHHOM A, & [0, 1]
ﬁHO}KHTeJIb {—A, obpauiaerci B HyJb JIHIIb NPH [ = Ay,
uTo6H GyHKUHS (f—A ) x (f) TOKIECTBEHHO PaBHANACH HYJIO
#a [0, 1), Hapmo, wrobu x (f) = 0.

| paCCMOTpHM HHTerpaanoe ypaBHeHHe

cp(f)mxfx(t, $) @ (s) ds+ [ (2).
O6o3Hauyas .
Aq)"—-*JK(f. s) @ (s) ds

A nojaras 1/A = p, sanuiieM ypaBHeHHEe B BHJ@
‘ Ag—po = —pf,

OTKyJa BHIHO, 4TO coOCcmeeHHbie SHauenus onepamopa A,
eCJH OHH CYHIECTBYIOT, cymb obpamnbie GeMUUUNBL XapaKme-
pucmuyeckux qucea adpa K (t, s).

YcTaHOBHM HeKOTOpble CBOfICTBA COGCTBEHHEIX 3JEMEHTOB
H COGCTBEHHBX 3HAYEHHH CHMMETPHYHBIX ONEPAaTOPOB B I'HJIb-
GepToBOM npoctpaHcTBe H, aHa/OrHYHbBE COOTBETCTBYIOIIUM
CBOHMCTBAM KOHEUHOMEPHHX CHMMETPHUHHIX OMNEepaTopoB.

1. Bce cobcmeetnoe SHAUEHUS CUMMEMPULHOZ0 Onepas
‘mopa A 6 H dedcmsumensnst.

B camoMm jpene, nycte Ax = Ax, || x]} = 0. Torza

Ax, x) = (Ax, x) = (x, Ax) = (x, hx) = A (x, X),

OTKyAa h = A, 4TO MOXKeT GHTb JIHIUb NPH JEACTBUTENBHOM A,

2, CobcmeerHble 3IneMenmbl CUMMEMPUYHOZ0 onepamopa,
omeearouile  PAIAULHLIM COOCIMEEHHOIM SHAYEHUSAM, OpMO20-
HAAbHY,
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HefictBuTenbHO, eciH Ax = Ax, Ay = py, npuueM A == p,
TO

A (x, ) = (Ax, y) = (x, Ay) = (x, py) =p (%, v),

otkyaa (x, y) = 0, uro, corjacHo onpeiejeHHIO, 03Hayaer
OPTOrOHAJBLHOCTD 3JIEMeHTOB X, y < H.

OrMeTHM eme, 4TO JJA CHMMETPHYHOTO omneparopa A
pesinunHa (Ax, x) Bceraa }J,EHC’TBHTeJleaH. B caMoM Jeiie,

(Ax, x) = (x, Ax) = (Ax, x) x),

yTo H JOKa3hiBaeT Halle yTBepKIeHHE.
Beegem caenywuee nouarue. Ilocaenosare/bHocTs {4},
Xn e H, naspiBaetcs c2a00 cxodawelcs K 3/eMeHTY X, & H,

Xp — Xo, €CJH LA JHO60TO ye

(Xn» 4) = (%o, ).

B orianude or caabodl CXOAHMOCTH CXOAHMOCTb MO HOpMe
B THJAbBGEPTOBOM NpOCTpaHCTBe H Has3hLBAOT CuUAbHOU CXo-
- Qumocmero. 13 cHIbHON CXOAMMOCTH cJieflyeT ciaabas;.oGpat-
HOe, KaK MOKAa3hlBaloT NpPHMephbI, HeBepHO.

Kak wusBecTHo, cepa KOHEUHOMEPHOTrO IPOCTPAHCTBA
KOMIAKTHa, T. €. KaxJAas GeCKoHeuHas MoCJel0BaTeJbHOCTD
ee 3/1IeMeHTOB COAEPKHUT CXOAAILYIOCS MOANOC/eA0BATENbHOCTD
(npuHuun boapnano—BefiepmTpacca). B 6eckoHeYHOMepHBIX
NPOCTPAHCTBaX 3TO, KAK Mbl BUJEJH, HeBepHo. Ho B KoHey-
HOMEPHBIX INPOCTPAHCTBaX CHJIbHASI CXOAHMOCTH COBMAAaer
co csaaboii, H OKa3hlBaeTcs, YTO CBOHCTBO C/1a60OH KOMIAKT-
HOCTH COXpaHsieTCsi ¥ NpH nepexore K GeCKonequmepHomy
caydar.

HMeHHO, 6cakoe o2panuvennoe MHOJCeCmso eunbbepmosa
npocmpancmea caabo Komnakmro, m. e. u3 mobod nocaedo-
BAMEALHOCIU  3AEMENMO8, npuﬂaazzeofcameu MAKoOMY MHQdxCe-
cmey, MOMHO evideaums caabo cxodawyrocs nodnocaedosa-
MEeAbHOCMb.,

IloKaxeM TeopeMy, HTpaiOLLyi0 OCHOBHYIO POJb BO BCeX
AaJbHEHIIUX NOCTPOCHHSX.

Teopewma 6.1. Beakud omauutelli om Hyaeeoeo 8noane
HenpepolgHoll cummempuunoil onepamop A, Oedcmsyrouyuil
8 euabbepmosom npocmpancmee H, umeem no kpaidned mepe
00HO HeHYyaesoe CoGCmBeHNoe 3Ha4eHue M.
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-

HDoxkxasaTteabcTBo. [lyctb A %= O — cuMmeTpuy-
HBA BIOJIHE HeNpephIBHBIA onepaTop, AeACTBYWOUIHH B THb-
.GepTOBOM TpoCTpaHcTBe f. Paccmmpnm GyHKIHOHAN (KBa-
,,ﬂpaTH‘IHYIO ¢dopMy) (Ax, x) Ha enuHuuHOM chepe S, : | x|} = 1.
;M3 gypca aHaju3a 13BecTHO, 4TO GYHKUHS M nepeMeHHbIX
f{xl, Xay + 4+, Xp), HEIpepHBHAs B 3aMKHYTOH OrpaHHYeH-

*aoa obnactu G Touek m-MepHOro MPOCTPAaHCTBA (T. €. Ha

KOMITaKTHOM MHOeCTBe), JOCTHTaeT B G cBoero HaHGOJIBLIETO
g HauMeHblero 3HayeHHuH.
AHanoruyHo, nockoabKy chepa S, H cnabo KoMNakTHa
B cebe, a kBazparnuHas ¢opMa (Ax, x) cnabo HenpephiBHa,
‘ro OHa JIOCTHTaeT Ha S, CBOEro HauGoMbIIero H HaWMeHbIIEro
“8HaueHHi,
ITycrs
M = sup |(Ax, x)]
xfl=1
(MO}KHO nokasaTh, 9YTO M --l}AID
[To ompeneneHui0 BepxHefi rpaHu HahJercs nocJie/10Ba-
. TeJIbHOCTh HOPMHDOBaHHHIX 3/1eMEHTOB {e,}, Aa KoTopoii
cymeCTByeT
. lim(Ae,, e,),
n->w
paBubfi +M uaum —M. Itor OTMUHBA OT HyJaA npenen
o6o3HaunM A;. M3 orpaHuyeHHOd MOC/ENOBATENBHOCTH |e,|
BHIIEJIHM TOANOC/E0BATENbHOCTD (€5} 2y, AJfl  KOTOpOf

CyIeCTBYeT

limAe,, = A, 2)
i»m .
YTO BOSMOXKHO, TaK KaK onepatop A BroOJIHe HempephiBeH.

[TockonbKy
| Aen, — Men, I = (Aen, — Men,, Aen,— e, ) =
=1 Aen IF—2h1 (Aen,, €n) + M,
TO
lim|| Aen, — Maen || * = A} *—2M +Af = [A]*—AL.  (3)

iy

Ho .
| e < Me |l =M=,
Tak urto [ Al << | AL
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ITockonbKy JeBas uacth (3) HeoTpuuareabHa, To JA| =
=|A;| H, cJenOBaTeJbHO,

l—}co

OTKyAa cjleayer, uro lim €n; CYLWIECTBYET H, C yyeToM -(2),
i»m

paBed h/A,. BBeas snement x; = h/A,, HOopMma KoToporo
paBHA eJHHHIlE, H3 (4) noayyaem

Xy —Mxy =0,
HJIH
Axy = My,

YTo H O3HayaeT CYHIECTBOBAaHHE HEHYJIEBOrO COGCTBEHHOro
3JeMeHTa x,, ||x;ll = 1, oTBevawinero HeHyJeBoMYy c0G-
. CTBEHHOMY 3HaueHH1O A;. IIpH 3TOM

M| = sup |(Ax, 0)| =]} Al

=1

W3 npuBeleHHBIX paccyxeHHA CHO, 4TO BIOJHE Henpepus-
HBH CHMMETDHYHHIH omeparop A, He HMEIOWHH HeHyJeBHX
co6CTBEHHBIX 3HaueHH#, ecTb HysaeBod omeparop: A = O,

Jlnsi HeCHMMETPHYHEIX ONepaTopoB B n-MEPHOM IPOCTPaH-
CTBE BepHa CJELYIOWAs TeOpeMa: 6CAKOe AUNEUHOe rpeos-
pa306anue 8 n-MePHOM NpPOCMpPancmee umeem xoms 06t 00UH ¢06-
-CMBEHHbIL 8eKmop.

J10 yTBepXJAeHHe He MNEPEHOCHTCS Ha ofuHe : BIOJHE
HenpephiBHLe onepaTopu B H. lleucmn’renbﬂo, MyCTh Omnes
patop A 3axaH B [, ¢opmy.oii

x Xn_
AX A(x]_,xg’ ino,xn, q')_'(o xl’ ;,“‘,ﬂi—‘-l’ 0.0).
10T onepaTop BHOJHE HenpepHBeH, HO He HMeeT HH OJHOTO
CcOOCTBEHHOTO 3JeMEeHTa.

ﬂ[pyroﬁ NpHMep: HHTerpaanuﬁ oneparop BoasTeppa
B Lgl0

4
Ax=j1<(t, $) x(s)ds

C HeNnpepHBHHM SIAPOM HE HMEeT HH o,zmoro HEHYJIeBOTO
COOCTBEHHOTr0 3JeMEHTa.
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BeeneM cnenyromee

Onpenenenne. IHodnpocmpancmeo L H nasor-
sagmca UHBAPUARMHOLM NOONPOCMPancmeom onepamopa A,
ecay 048 moboeo x <= L umeem Axs L.

Jina cuMMeTpuuHoro oneparopa A BMecTe ¢ L HHBapHaHT-
HHM TNOANPOCTPAaHCTBOM sIBJsieTcAd Takxe HOL — oproro-
HaJbHoe JonoJHeHHe L B H, T. e. COBOKYNMHOCTb BCEX 3Je-
MeHTOB Z < H, opToroHanbHHX L. B camoM pene, nycTo
Fe HoL n y — moboii snemeHnt L. HMMeem

(Ax, y) = (x, Ay) =0

#aK Kak Ay < L 8 cHay HHBapHaHTHOCTH L. Takum o6pasowm,
#Ax opTOTOHA/EH MIOGOMY aJeMeHTY U3 L, T. e. AxsH © L,
9TO H J0Ka3HBaeT WHBAPHAHTHOCTH MOC/ENHEro MOAmpo-
¢rpaHcTBa.

BepHemcs K MOCTPOEHHIO CMIEKTPA CHMMETPHYHOTO Bnom{e
genpephiBHOTO oneparopa. Ilyete L, — noanmpoctpancTBo,
BopoX/JeHHOe 3/IeMEHTOM Xy, T. €. COBOKYNHOCTh 3JIEMEHTOB
puna {ix,}, rme ¢t — uHcaoBoi mapamerp. Torxa

Atxl_ = tAXl = l‘qul = Ll’

‘H, CJejoBaTesibHO, L, — HHBApHAHTHOE NOANPOCTPAHCTBO
onepatropa A. Toraa H, = H © L, TakXe HHBapHaHTHOe
MOANPOCTPAHCTBO. PacCMOTPHM €ro Kak CaMoCTOATe/bHOe
FHIbGepTOBO NpocTpaHcTBO. IlpHMeHsAss K omepatopy A,
AeiicTByiomemMy B H,, paccyxkleHHf, aHAJOTHYHHE MpUBe-
‘AeHHHM B TeopeMe 6.1, 3akjioyaeM, 4TO CYUIECTBYeT 3Jle-
MCHT xSEEHlv ll—’fz" = l: TaKOﬁ, YTOo

sz _ }QXQ.
Ipu sToM 3/1eMeHT X, OPTOrOHa/EeH X, H
| A, l-ssgp [(Ax, 0) | << sup|(Ax X)| =|M|

-BateM paccMmaTpuBaeM NOANPOCTPAHCTBO L, nopom_aeﬂﬂoe
8/eMEHTAMH X; H Xy, H T. A
- Jloruyeckn BO3MOXKHH JBa cJjayyas.
1. Ilocne n-ro wara uMeeM
= inf (Ax x) {3,;-—- sup (Ax, x) =
SNty R S NHg
7 M. JI. Kpacnos -
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Torpa (Ax, x) = 0 Ha H,, 9yTO BO3MOXHO, JUIlb ec/iH Ax = 0
Ha H,. B stoM cayyae Mbl noJsygaeMm, 4TO

xl, X2,, LR P ] Xn

H
kl, }“2, * 4 e 3 kn

o6pa3yioT CHCTeMy BceX COOCTBEHHBIX 3JIeMEHTOB H BCEX
HeHYJeBblX COOCTBeHHBIX 3HauyeHHil -oneparopa A.
Torna

H=L, @ N.
3nech L, — MOANPOCTPAHCTBO, OPOKAEHHOE SJEMEHTAMH X4,
X, ... X, N — noanpocrpaHcTBo HyJeli omeparopa A

(T. €. COBOKYNMHOCThH 3JIeMEHTOB, OTBeUAIOL(HX COOCTBEHHOMY
3HaueHuio A = 0). Ero o6osnauvaior Ker A. Cumpon &
03HaYaeT CYMMY OPTOTOHAJbLHHIX IMOANPOCTPAHCTB.

Takum obpa3soM, Jtoboii sjaeMeHT x<H Moxer ObITh npel-
CTapJeH B BHAE

n
X = Zlcz-xz +x,, x =KerA,
I

OTKYAa
. n
Ax = 2 C‘-;\‘-xi.
i==1

Onepatop A B 3TOM cJyyae KOHeYHOMEPHBIH B TOM CMEHICJE,
YTo OH orofpa)kaeT THAL6epTOBO MpocTpaHcTBo H B ero
KOHEYHOMepHOe MOANpPOCTPaHCTBO. '

[IpuMep — HHTerpa/ibHbfi oneparop PpeAroabMa c Bbl-
POXJEHHBIM SAPOM.

2. Ilpouecc moctpoeHns cOGCTBEHHBIX 3JeMEHTOB Omepa-
Topa MOXeT OLIThb MPOAOJIXKEH HeorpaHuyeHHo. B stoM cay-
yae MbI 10J1yyaeM OPTOHOPDMHPOBAHHYIO CHCTeMY COOCTBEHHBIX
3J1eMeHTOB ‘

xl’xg,o"’xn’ilt

Takas cucreMa He GoJlee yeM CcyeTHa, YTO BBITEKaeT M3 CJle-
AyOUed TeopeMHl. ]

Teopema 6.2. Ilyemv A — 6noane HenpepoisHolil
cummempuunold onepamop, Oelicmeyowuil 6 euabbepmosom
npocmparcmge H. Toeda amom onepamop moxcem umemo
AULLL KOHEUHOe HUCAO COOCMBEHHbIX BHAYeHUl, npesocxodauyux

* T
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?w mo0yno sadannoe uucao p >0, u Kawodomy HeHyreaomMy
TOGCMBEHHOMY  BHAYEHUIO MOXCEm COOMEEMCMe0eams  AUULb
KOHEHHOE HiLCA0 AUHEUHO He3aBUCUMBLX COOCMBEHHbIX dAEMEH MO8,
JokaszaTeabcTBo. [ipeanosoxuM, HanpoTHs,
fqro onepaTop A uMeeT GeCKOHEYHOE MHOXECTBO COGCTBEHHBIX
‘gHayeHHH Ay, A, ..., npuueM |A; | =p > 0 a1a Bcex i.
’Kax(zxomy cCOGCTBEHHOMY 3HaYeHHUIO k COOTBETCTBYET I10
KpaiiHed Mepe OJHH COGCTBEHHbIfi 3JIeMEHT x;, MpHueM 0es3
/OTPAHHYEHUS] OOLIHOCTH MOXKHO CuYuTaTh, uyTo (x| = L.
COBOKYNIHOCTb TaKHX 3jemeHTOB {X;}, i =1, 2, ..., ectp
grpannquHoe MHOXECTBO, U TaK KaK A BIOJIHe HenpephiBeH,
ro Muoxectso {Ax;}, i =1, 2, ..., KOMNaKTHO. Y4yHThBad
ap'roronanbnoc*rb X; M X; IDH i = |, HMeeM

_;lfoz — Ax; If = || Mx; — Ay If = (Apxy— Mg, Apxty — Mpxp) =
A = M {lx: [ -+ Af o IP = AF - A = 20%,

:Hs sroro cjaenyer, 4to HH mnocjenoBaTenbHOCcTh {Ax;l, HH
~J106as ee MOAMOC/AEAOBATENbHOCTL HE MOTYT CXOAMTBCS,
. BOTIpeKH KoMnakTHocTH MHoxectBa {Ax;}. TlonyyeHnoe
%npmnnopeqne NOKa3biBaeT nepBoe YTBepKAeHHe. AHAJOTHIHO
: IOKA3bIBAeTC H BTOpPOE YTBepXKJeHHe TeopeMbl.

i CuanencteHue. Ecau enoane nenpepoisrbiil cummempu-
R0 onepamop A umeem cuemuoe MHONCECMBO COOCMBEHHLLX
auattenuu Ay Agy o0 o, M0

limA, =0.

n->w

Teneps MOXHO 3aHyMepoBaTh Bce COOCTBEHHblE 3HaYeHHS
" B co6cTBeHHBIEe 3JeMeHTH onepatopa A. HMeHnno, Gynem
_ HyMepoBaTb COOCTBEHHbIe 3HAauYeHHs IOCJAEeJOBaTeJbHO B I10-
. pANKe yObLIBAHHA MOAYJell, NOBTOPASl Kaxnoe co6CTBeHHOe
.. BHauyeHHe CTOJNILKO pa3, KakoBa ero KpaTHOCTh (T. €. HUCJIO
- JINHEHHO He3aBHCHMBIX COGCTBEHHBIX 3/1eMEHTOB, OTBEYaloiHX
" 3TOMy cOOCTBeHHOMY 3HaueHHI0). IIpHXOAHM K KOHEUHBIM
- HJIH CYETHLIM CHCTeMaM

kl, ?&2,,;.,%‘,1’@)0

xl, .xz,...‘,xn,...,

~ MpeAcTaBJAAUIAM co00fl MOJHBIe CHCTEMbl COGCTBEHHBIX 3Ha-
. MeHHH H COOCTBEHHBIX 3J1eMeHTOB omneparopa A.
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[lycts L — noanmpocrpaHCTBO, nopomﬂennoe opTOHopMH-
poBaHHOR cucteMoii {x,}. Ecam xeL, T. e. 2 X,

To Ax = 2 gAx, €L, tak uro L — "HHBapHaHTHoOe Moj-

npoc*rpancmo oneparopa A. Ho torna N=H 6 L 5le€’!‘
TaKXe HHBapHAHTHBIM mnoAnpocTpaHcTBoM A. fcHo, 4ro
Ax =0 Ha N, Tak Kak B NPOTHBHOM cJjyyae BN cymecTso-
BaJ Ol HOPMHpOBaHHHﬁ (HeHyJ/1eBoii) COOCTBEeHHBIH 3/€eMEHT
oneparopa A, 4To HEBO3MOXHO, TaK KaK BC€ TaKHE 3JIEMEHTH
npuHaxaexar L. Ho.nyquHue HamMH pesyJbTaTH COCTaB-
JSIIOT cojepxaHHe yHAaMeHTaabHOH TeopeMbl 'mibGepra—
HimMupTa.

Teopema 6.3. [aa oboeo 8nosne Henpepuisrozo
CumMMempuuHoe0 AuHelnozo onepamopa A 8 eunvbepmosom
“npocmpancmee M cyuwjecmsyem opmozonarbHan HOpMuUpOBaK-
Haa cucmema {x;} CODCMBEHHBIX 3AEMEHMO8, OMBEUAIOUWUX
cobcmeenHoim 3Haderuam {A,} onepamopa A, maxaa, umo
dan awbo20 x =H umeem mecmo npeacmae/zeﬁue

xz‘z;gkxk“l-xo, X EN =Ker 4, (©)

Ilpu smom
Ax= B MEe (6)

2de Y, 0SHauaem KOMEunYIO CyMMy uru Geckoneursil pad & 3a-
R

BUCUMOCIMU OM 4UCAQ COBCMEeHHbIX daemermos onepamopa A,

Ecau cucmema \{x;} Geckoneuna, mo lim A, =0,
’ 1>

Jra TeopeMa pacnpocTPaHsAeT Ha BNOJHE HenpepHBHHIE
CHMMeTPHYHLIe onepaTopbl B TuJb0epTOBOM npocTpaHcTBe H
M3BeCTHBI (aKT O NpHBeJACHHH MATPHIB CaMOCOND SXKEeHHOTO
JHUHEHHOro orepatopa B KOHEYHOMEPHOM €BKJUAOBOM IIpoO-
CTpPaHCTBe K AHaroHaJbHo#l ¢opMe B HEKOTOPOM OPTOHOPMH-
poBaHHOM Oasuce,

§ 25. Pemenne 6nepampﬂux ypaBHEeHH

PaccMmotpum onepatopHoe ypaBHeHHe

Ax—dx =, (H)
r,z{e A — BrnoJiHe HenpepHBHHIH CHMMETPHUHHIl omeparop,
[ — H3BeCTHHIH s/eMeHT, [€ H,
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TloncraBasas B (1) BMecto ¥ H Ax uX Buipaxenus (5)
™ (’6) H3 §24 n 3aMeHsH [ gepes Z n.x% + fo no.uytmm

L —NExs— Ao =X nx+h @

PaceMoTpuM 1Ba cayuas:

1. A == A, nipu JawoboM |, :

YmHOXasa o00e 4acTH paBeHCTBa (2) CKanfipHO Ha X, H
WHHTHIBAS OPTOTOHAJBHOCTL X, 3JieMEHTaM X, Npu i % k
iz.,;sﬂememau Xy H [y, MOAYHHM

- ot e — M & =, (3)
BTKyna ' |
§r= 1‘5_?"1" . . (4)
Honcrasasas B (2) BMmecto gg uX BbIpameHue H3 (4), HaijeM
| —'-?“xo=fu,
BTKyna
Xo = — Tfa-

A

?aKHM o6pasoM, B cuiy (5) u3 § 24
= i ]
; X = 2 ;b,n_,;h xi—Tfe- (5)

@m ecTb pemieHue ypapuenns (1) mpud = A, (i =1,2,...).
DHO o1HO3HAuHO Ompexessercs NpHu Jiobof NpaBoi qacTH f,
iyrxyxa chenyeT, uto mpu A %= A; (i = 1, 2, . . .) cymecrByer
‘pesonpBenta R, = (A — M)

- TakuM oGpasom, JioGoe 3HaueHHe mapamerpa A, He fB-
‘Anoweecs: cOOCTBEHHBIM 3HaYeHHeM, eCTh peryasipHoe 3Ha-
’NeHHe omeparopa A, U, 3HAYHT, CMIEKTD BIIOJIHE HENpepbiB-
"HOTO CHMMETPHUHOTO onepampa IefiCTBYiOliero B rujinbep-
TOBOM TMpPOCTPAHCTBE, COCTOMT JHIIb H3 COGCTBEHHBIX
“SHAUCHHH. | ’

2{7\'=km=;‘m+l“_’*’ = Ay paly

“TJie p — KpaTHOCTb COGCTBEHHOTO 3HaueHHA A.
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[lpu k5= m,m + 1,..., m+ p — 1 koadxbuunenTsl &,
Kak W paHblle, onpeneJsorcs no gopmyse (4). Insa 3Haye-
Huii k, coBMajamoumux C OJHUM M3 uyucen m, m-—+ 1, ...

.., m+p—1, paBeHcTBO (3) B of0meM cCJyuae He YIOBJET-
BOpfeTcs, TaK Kak JeBasg 4acTb ero ofpaiiaercss B HYJb,
a mpaBas BooOuie He paBHa HyJ0. YTto6bl ypaBHeHue (3)
GbLJIO pa3pelliiMoO U IJ1S1 3THX 3HaueHHi R, HeoGX0AHMO, UTOOBI
n, =0((¢k=m m+1, ..., m~+ p—1), 1. e. 4rolnl
cBOGoAHbI/i ujeH ypaBHeHusi (1) Gbl1 opTOoroHaneH BceM
COGCTBEHHBIM 3JIEMEHTaM X, Xpi1y + » oy Xmype1, COOTBET-
CTBYIOWIMM COOCTBEHHOMY 3HaueHHI0 A. YpaBHeHHe (3) cBo-
autcs Toria K ToxpectBY 0 = 0 u yZHoBaeTBOpfieTcs TNpH
Jo0biX 3HaueHuAX Koadduuuentop &, (R=m, m-+4+ 1, ...
..., m =+ p—1). Peluenne ypaBuenus (1) iMeer B 3TOM cJ/yuae

BHJ
m-+p—1

i 1
X == ) E k;—l X,;—}" 2 Ckxk'_"x-fm (6)
i+=m, m+1, ..., m+p—1 ' k=m )
rie Cpny Chyyy - - -y Crypy NPOM3BOJIBHEL

Hrak, BO BTOpPOM C/lyyae YpaBHeHHE pa3pelldMO He
BCerfa, H ec/JH pa3pelluMo, TO pelleHHe ero onpeienasiercd
HeojHo3HauHO. [lpeoGpasyeM HeckoJbKo dopMyiy ():

— 1 n; (Ai — A —1,) 1.
= ?&,2 on o ST h=
. 4

dro Tak HasbiBaeMan popmyra LImuoma.

§ 26. HUHTerpanbHbie ypaBHEHHSA
C CHMMeTPHYHBIM SIPOM

B npocrpanctse L, [a, b] paccmoTpuMm unterpasbuoe ypas-
HeHue : '

b
e()=2[K(t, ) p(s)ds+F(2) (1)

a
C CHMMETPHYHBIM L ,-aipoM K (£, S), He paBHBIM TOXJAECTBEHHO
HYJIIO,
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Oneparop | . |
Adp=[K(L 90()ds

ecTb, KaK MBI 3HaeM BIOJIHE HENpEepHIBHLIA CHMMETPHUYHBLIA
oneparop B rnnbﬁepTOBOM TPOCTpAHCTBE L, [a, b].
OHHpaHCb Ha pesyJbTarhl § 24, noJ1yJaem:

1) sanpo K(f, s) uMéer [HO KpaiHe#d mepe OAHO XapakKrTe-
pucmqecxoe YHCJIO, MPHYEM BCE XapaKTePUCTHYECKHE 4HCJIA
JeHACTBUTEJbHbBIE;

2) co6cTBeHHBIe (GYHKNHH, OTBEYAIOIlHE Pa3/JHYHBIM Xa-
PaKTEPHCTHYECKHM YHC/IaM, OPTOTOHAbHBI Mex1y CoGoi;

3) KaXKIOMY XapaKTEepPHCTHYECKOMY 4YHCJY MOXKET OTBe-
yaTh JIHIIb KOHEYHOE YHCJIO JIHHEHHO He3aBUCHMBIX COOCTBEH-
HBIX (QYHKUHH.

Ynpaxunenne. Ilyctb Ay — XxapakTepHCTHYECKOE YHCJAO CHM-
meTpuyHoro sinpa K (£, ), a p — KOJHYECTBO OTBEYAIOLIHX 3TOMY UHCJIY
JUHeAHO He3aBHCHMBLIX coOcTBeHHHRIX ¢yHKuM#. I[lokasatb, uTO

p < AB? 32=IJ|K(t, s)Idt ds |,

[TpuMeHsis IpolecC OPTOrOHANHU3alMH, JIMHEHHO He3aBH-
cuMblie coOCTBeHHble GYHKIHH, OTBedaloliie J1aHHOMY Xapak-
TEPHCTHYECKOMY UYHCJY, MOXKHO CAeJaTb IONapHO OPTOro-
HaJIbHBIMH.

[Ipomecec op'roronannaaunn [Tyctp uMeeM KoOHeu-
HYIO MJIM CUETHYIO CHCTEMY JIHHEHHO He3aBHCHMHIX (ynkuuit us L, [a, b]:

P (®), @2(8), ev, Pn(?), ..o -

(Becxoneqnaﬂ CHCTEMA 3JEMEHTOB JHHEHHOTO NPOCTPAHCTBA Ha3BIBaeTCA
JIHHeHHO He3aBHCHMOH, eciH moﬁaa KoHeyHas MOACHCTeMa sron CHCTEMKBI
JIMHEHHO He3aBHUCHMa.)

ITpouece OpTOrOHaJIH3alHH (COHHHa—I_HMHJITa) COCTOHT B TIIOCTpoOe-
HUH OPTOHOPMHPOBAHHOH CHCTEMbl PYHKUMH ®; (£), 05 (£), ..., @4 (£), ...

No caefiylomeMy NpaBHJY:

B =00, 0,()=T4T,
‘ n-—l -
Pn () = Qn () — Z (Pn, ©r) % (£),

() ="+, n=2 3, ...

I ¥l
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3xech , _ | '
b 1/2 - b o _
1¥nll = (j ¥ (1) d’), » APn, O)= j Pa (1) @ () dt..
\J A A |

Hens o6e qac'm ypa‘aﬁéﬁuﬂ () nad #=.0 # 0603HaUAA

A

yepe3 ji, a — f (9 laepf:ss g (), npuzem K ypaaﬂeﬁum
BHAA T

-JK(t. ) cp-(s)ds—_.mt) =g() @

WiH, B onepa'ropnou dopme, - : | T

CAp—po=g, (3

rie A — BNOJIHE HENPEPHIBHBIA CHMMETPUYHLH oneparop.
K ypasuesinio (3) Ml MOXEM NPHMEHHTL BCEe BHBOJH,
noayuenuse B § 25. Mwmenso, cnextp oneparopa A cocrour
U3 KOHEYHOro HJIH CYETHOro Mﬁox{ecma 3Haqenuﬁ |

B o TR o T | T vy

U eC/IH L He coananaeT HH C GIHUM W3 HHUX, TO ypasnenue (3)
uMeeT eJMHCTBEHHOe peilleHdHe @ (f) Ana mo6oi ¢yHKuuu
gL, [a bl. STo pemﬁﬁne Aaercs cpopuy.nou |

p’lgi

kil )—-—gw. “ ‘(4)

T (p, (t) ——-Hopmnpoaanﬂue coﬁcmelmue dbyukuun sajapa
K{(t,s |

g =] [ e 0 ()t

Ilpu sToM opHOpOAHOE ypaBHeHHE (g (t) = 0) Gyaer mmethb
JIHIIb TPHUBHA/MkHOE pelieHHe ¢ (f) =

Ecau p coBnanaer ¢ co6CTBEHHBIM 3HaquneM onepaTopa A
KpatHoCTH  p, T. €. R = = Ry = - =Ryuepa,
M cBOOOJHLIH YJleH g (f) opToroHaJjien COGCTBCHHHM GyHKUHAM
smpa K (¢, s) OTBEYAIOLIHM 3TOMY co6CTBEHHOMY 3HAYEHHIO:

~

.jg(t)qw)dt—- Cle=m ot mtp—1), )
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m ypasHeHHe (3) pa3peilumo, HO HEOAHO3HAaYHO. 31O MNOJ-
HOCTBIO corjiacyercs c teopeMoii 3.8 dpearonbMa, Tak Kax
B AGHHOM CJlyYae OJIHOPOJHBIE COMpsIKEHHble HHTErpajbHHE
paBHean COBNANaIoT.

Pewenue ¢ (f) B 310M ciyuae paerca dopmy.iof

SR ¥ L
w)=1 Y Fa——rz0)+
i#=m, m-l, ..., m4p—1

-+ Cm(pm (t) R o Gm+p-1q>m+p-—1 (i)’ ) (6)

‘TAE Coms City o » oy Coypoy — TIPOU3BOJIBHHE TIOCTOSIHHEIE.
i, BosBpawasch K HCXOZHHM 3HaUCHHSAM NapameTpa, HMeeM
e = 1/, H Ay — 00, €C/IH COGCTBEHHHIX 3Ha¥eHHH GeCcKo-
'HeYHOe MHOXKECTBO, TaK uTo HHTerpanbHoe ypaBHenue Ppen-
‘TobMa 2-r0 pojia C CHMMETPHYHBIM L,-pOM BCerja HMeer
‘XapaKTepUCTHYeCKHe YHCJ/a, KOTOPHIX He 0oJjiee ueM CUeTHOe
 MHOXKECTBO.

.. Hs3 hopmynl (4) noJsyuaeMm, 4YTO pelleHue Y‘paBHeHHﬁ (1)
‘AJSl 3HaueHHH A, He SBJISIOMHXCH XapaKTepHCTHYECKHMH,
' MMeeT BHJ,

20=2 % ghra0+/06=12 0 0

rae f, I f (&) @: (t)dt. Popmyna (6) cooTBETCTBEHHO Naer

(=4 2 “x;fi—f%"(t)‘f"f(t)"f'
i=m, m+1, ... s m4p—1 mepp—1

+ Z Cee (@, (8)
k=m o

- rae Cp (k=m,m 41, ..., m 4+ p — 1) — npousBobHLIE
- MOCTOSIHHEIE.
- <opmyaut (7) u (8) rasuBaor gopmyraxu Himudma nas
. pelleHHS] HHTerpaJibHOTO YpaBHEHHSA C CHMMETPHYHBIM JPOM.
~ .~ Ecau B npasux yactax ¢opmya (7), (8) croar GeckoHey~
" HHe pALH, TO OHH, KAK MOKRO NMOKa3aTb, CXKOAATCA B CpeiHeM,
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Ec/i# 1ONOJHATEAbHO npezmemmm yto sapo K (¢, s) yzos-
JeTBopsieT ycnaoBHio (A):

b

.sz([, syds<<A=const Vie]a, b,

a

10 pax (7) Oyler cXoauTbcs abCOJNIOTHO H PaBHOMEPHO.
ITokaxkeM 3710. Bynem nucarp Bcioay OeCKOHeUHBle PSAbI, MO-
CKOJIbKY B CJy4yae KOHEUHOTO 4ucJja COOCTBEHHBIX (yHKUHi
MBI MOJ1y4aeM KOHeUHble CYMMbl, CXOLMMOCTb KOTOPHIX JOKa-
3bIBaTh He HAJO.

Urak, nyete f () =L, la, blunyers [, (i=1,2,...) —
Ko3(ppuunenTsl Pypbe 31700 QYHKUHUH B €€ pa3/ioXKeHUH B PAX
N0 OpPTOHOPMHPOBAHHEIM COﬁCTBeHHbIM ¢yHKUHAM  @; (f)

anpa K (¢, s):

] ,
L= fOedt  @=1,2.,.).

Paccmorpum pan
(o]
[i
Z m ®; (?)
(=]
H MOKa)eM, UYTO OH CXOJUTCH abCOJNIOTHO H pPaBHOMEpPHO.
CocraBUM OTpe30K psala

n+-p n4-p b

M cp;(t)—EfzjK(t 5) 9, () ds

i=H

(p > 0 — ni060e).
IlpuMensas HepaBeHcTBO Kolmu, noayuum

\ T ondp ndp (b .
(Zl%%(ﬂ[) $3-:2f?2(J'K(t, S)%(S)ds) .
i=n e |

b
BeanunHbl jK (¢, 8) @; (S) ds MOXKHO paccMaTpuBaThb KakK

a
KoypduumeHTel Dypbe pasnoxenus aipa K (¢, s), paccmar-
puBaeMoro Kak ¢yHKUHSA TOJBKO OT S, B pAX No ¢yHK-
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A ]

mmM @, (s). IlpuMeHas kK 3THM Koa{duuneHTaM HepaBeHCTBO
Becces *), OyleM HMETb

(o] b 9 b
Z(IK(Q S)Q%(S)ds) ~<:’:-JK2(1, s)ds <A

i=l \a
TaKHM o0pasoM,

Snol)rrerge

=n i==n

Vi<]a, b

. Tockonwky f () =L, la, bl, uucnoBoii psax 2,1 f? cxonpurcs.

- TlosaTtoMy MBI MoXeM, BhIOHpasi 1OCTaTO4HO GoJbluoe n, cle-
- JIaTb [paBYl0 4acTb MOCJeJHero HepaBEeHCTBA, HE3aBHUCHMO
OT p, MeHblle J000ro Hanepen 3agaHHoro & > 0. Takum
o6pa3oM, Aas Joboro e >0 cymecTByer TakKoii HOMep
N = N (g), uro ang Bcex n > N () u moboro p & 0

ntp
YHwo|<e  Viels, ol
i=n '

‘B cuny npusHaka Kown 310 o3Hayaer, 4To psia -% @; (¥)

=T
CXOAUTCS abCOMIOTHO W PaBHOMEPHO. '
Ho crosimasi B dopMmyne (7) cymma

S i x M
Mrlge =Y 2 o)
i=1 ' f==1

MOJy4yaeTcss U3 3TOro psja MyTeM YMHOXEHHS KaXJAOro ero

yjeHa Ha '/\.—727, Tak Kak 3TH MHOXHTEJH, HauHHAsl C HEKO-
T

TOPOro i, CTAHOBATCA MOJOXHTEJbHBIMH H CTpeMATca K 1 npu

*y Ecu f () = L, la, b1 u f; — goapdrunentot Gypre B pasnome-
HEm f (t) no HQK(YPOPOH OpPTOHOPMHPOBAaHHOH cHcreMe dyuruni {@; (f)},
TO HMEeT MECTO HepaseHcmeo Becce,m

CD

jf (¢) dt.

i-—l
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| - M i | ;
BO3pacTaHuH i f 7——= = 7 H A, —*oo)- TO W psf, CTOA-

] — -

muﬁ B QopmyJe (7), CXORLHTC abCOMIOTHO H PaBHOMEPHO.
Popmyay (7) MOXKHO nepennc:a'rb B BHIE

| j F(5) 91 (5) @i (1) ds
e)=F®)+A Ai— &

HJ/IH

b
o) =FO) +A[ R(t, s Mf(s)ds,

rae

/ - . (¢ :
R, s y= Y, 2ol
i=l

SABJIIETCA Pa3PEIlAIoOUUM AAPOM *).
Pasnoxenue

o>

NY i () o
RG, 5 H=) BO@O

i=l

MIOKa3bIBAET, UTO PE30AbBEAMA CUMMemMPU4io2o L ,-s0pa umeem

Alitilb NPOCITBIE ROMOCHL, OMBE4GIOULLE  XAPAKMEPUCTULECKUM
qucaam amoeo s0pa.

bnaunedHoe pasjoxXeHHE
CHMMETPHYHHX fijfep

[Tycte umeeM cummerpuunoe gapo K (f, s), H myCTh OHO
HMeeT JIHHb OJIHO XapaKTepHCTHYECKOE YHCJIO A,, KoTopoMmy
OTBEYaeT JHIb OAHA JHHEAHO Me3aBHCHMas CcOOCTBEHHAN

*) Ecau, manpumep, aapo K (¢, s) ects L,-a1po, yroBieTBopsiomiee-
yCIOBHIO (A), TO MOXHO NepecTaBAATL 3HAKE CyMMBl H HHTerpana.
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pyhkuus @, (¢), Kotopyio Mbl OyAeM CYUMTaTb HOPMHPOBaH-
aoﬁ Torna

Kt 9= gul) e ©)

B caMoM Jejie, paCCMOTPHM CHMMETPHUHOE ANPO

” K I=K I~ nO @) (10)

g nokaxem, uro y sapa & (f, s) HeT HH OJLHOTO HEHYJIEBOTO
XapaKTepHCTHYECKOro 4yncaa, Tak uro X (¢, s) = 0.

I DbyneM paccyxaatb MeToJoM oT npothHBHoro. Ilycts

E (#) == 0 ectb cobcTBeHHas pyHkuusa agpa K (¢, s), Tak uro

-

?«;@z«)=\xjae"(t, ) @ (s)ds = ]
k<’ a b A . b
=4 [Kt. 99@ds— 7o) [o@@ods.  (1D)

¥Muoxas oGe yacth (11) Ha @, (f) v uHTErpHUpya 1O { B Npe-
max oT a o b, noayuum

b

{I o ()0 ()l | {x [K 990 ds} P ()t —

b b
. -—%(M(S)%(S) dS)Jcpf(t)dt. (12)
§ b b b (b
iﬁ;f{ff((t, S) ¢ (s) dS}%(t)dt =J{fK(t, S)cpl(i)dt}(p(s)ds=-

b(b p PR
=I{JK<S, t)modf}qa(s)dsm»,-i-jcpl(sw(s)ds. (13)

a

(311ec1: MBl BOCIIOIb30BARHCE cnmme’rpnqnocmio aipa K (i,-s)

;. TeM, 110 J'K (s, 1) @1 (2) df—-—- @1 (5)-
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Takum obpasom, n3 (12) HMeeM

’ jm o1 (f) di = (14)

Ho toraa B cuay (11)

b ’ .
q>(t)='-7bf K (¢, s)@(s)ds,

'raK yto @ (f) nomkHa ObiTh COOGCTBEHHON (QYHKUHeHR sAnpa
K (¢, s), u, caenoBatesbHO, ¢ (f) nmpomopuHOHanbHA @ (f),
uro npotuBopeunt (14). 3H3‘IHT Hallle JONYLIEHHE HEBEPHO
un X (s =0.
IlycTs Tenepb a1 cuMMerpuyHoro aapa K(f, s) usBectHa
CHCTEMA €ro XapaKTEepHCTHYECKHX YHCEJ

}‘1! A'z’ LI | A’n: LR
H COOCTBEHHHIX QYHKIHA

$1 (t): (P2(t)’ eosy @y (t);

Dynem cuntath, 4TO cOOGCTBeHHbiE (QYHKLUHH OPTOHOPMHPO-
BAHbI, @ XapaKTepHCTHYECKHE YHCJIA PAClOJIOXKEHH! B MOP AfKe
BO3pacTaHHs aGCOJNIOTHBIX BEJHYHH, TaK 4YTO

IM<lhb|<< - <M<

CocTaBuM HOBOE PO

TNy 94D 9, (s)
m(t, S):K(t, S)“Z—J_mi%—"

!
=1
slcno, uro K, (¢, s) — cuMMeTpHuHOe sApo. MoXHO NoKa-
3aTbh, YTO MOC/IEJOBATENbHOCTH

A’m-t-l: A’m+2a s ¥y

q)ma-l (t)! (pm+2 (t)9

0o0pasyioT CHCTEMY XapaKTepPHUCTHUECKHX YHCEeJ H COOTBET-
CTBYIOLIHX HM COOCTBeHHBIX GQYHKUHH axpa K, ({, s).

JHayuT, HaWMeHbllee MO MOAYJIO XapaKTepHCTHYECKOEe
yHcao aapa K, (¢, S) eCTb Ayyy, €C/AH TOJNBKO axpo K (2, s)
HMeeT GoJjiee m XapaKTepHCTHUYECKHX YHCe.



. §.26] MHTETPAJIbHBIE YPABHEHHS C CHMMETPHUHDIM SIIPOM 207

PaccmoTpuM yacTHBI cayuali, Korga sapo K (¢, s) uMeer
KOHEYHOE YHCJIO XapaKTEPUCTHUECKHX YHCET Ay, Ag, « .+, Ay
Torna agpo &, (¢, ) He UMeeT HH OJZHOrO XapaKTepHCTHYe-
CKOTO YMCaa H, 3HauuT, K&, (f, s) = 0, Tak 4ro

=y 9;(H9; (s
K(, s)= . * 15
¢, 9) Z; ,“f (15)
=

Mpr paccMmaTpuBaeM AJs MPOCTOTH Cjay4yad JAeACTBHTENbHOrO
CHMMETPHYHOrO fipa; B obuieM cliydae BHIPOKAEHHOTO KOM-
NJIEKCHO3HAYHOro siapa

m

®; (1)9; (9)
K, 9= Y = (15)

i
—

®opmyna (15) nokaswiBaer, uro aapo K (f, s) BEIpOXKIAEHHOE,
BcnioMuHasi, yTO BCSIKO€ BBIPOXKAEHHOE fAPO HMEET TOJbKO
KOHEUHOE YHCJI0 XapaKTepHUCTHYECKHX YHCeJ, IPUXOAHM K 3a-
KJIIOYEHHIO: A
Hra mozo 4mobst cucmema XapaKmepucnu4ecKux 4ucen u
cobcmeennvix ynkyutl cummempu4rnozo L y-s0pa K (¢, s) 6bira
KoHeunotl, Heobxo0umo 1 Gocmamouro, 4mober 3mo AApo 6bir0
BYLPONCOCHHBIM,
' B 3TOM ca1yuae siipo MoxkeT GbITh peacTaBaeno B Buie (15).
PaccmorpuM L ,-aapo K (2, s) Kak QyHKI IO [TepeMeHHO1 §,
a< s < b, n napamerpa £. Torna us ycjaoBus

jbjbm(z, $)dt ds< + oo

u Teopempl Dybunu ciaenyer, uro K (f, s), kKak QyHKUHA S,
NpH NOYTH BCeX 3HAUEHUAX MapameTpa ¢ MNPHHALIEKHUT
L, [a, bl. Tostomy aas K (f, s) MOXHO MNOCTPOHTb pAJ
- @dypbe MO OPTOHOPMHPOBAHHOH cHcTeMe {@; (S)} cobGcTBeH-
BHX QyHKUUH fgpa K (f, s), KoTophlii 6yaeT CXOAUTLCA B Cpel-
HeM K OyHKuHH K (¢, s). Kosbduuuento Pypbe onpenensarcs
¢opMmysamu

b
al)=[Kt gosds=7-0®  (6)
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Tak yro pap ®ypve aaa K (£, s) O6yner umerb BUJA
P (t)(Pt (5)
K, S)—Z (17

OT0  DABEHCTBO HA3BIBAETCH  OUAUHEUHbIM  pa3AOKceHUeM
siapa K (¢, s) mo ero coOCTBEHHBIM GYHKIHUAM.

[lpenens cymMmupoBanns MOTyT ObiTb J1M60 KOHEYHLIMH
(B cayuae BBHIPOXKAEHHOTO a4pa), JU60 6eCKOHEYHBIMH (B CJY-
yae HeBbIPOKIEHHOro). TeopemMa o GUAMHEHHOM pa3J/OKEHHH
fiApa AJS TPOW3BOJBHLIX HENpepeIBHHIX flep B MNPOCTpaH-
. ctBe C la, b], Korja cXxoauMocTh pSAROB AOJXKHA GHITb paBHO-
MmepHOil, He uMmeer Mecta. OAHAKO ecau A0po HenpepvieHO
6 Qla < 1, s < b}, a eeco xapaxmepucmuueckue uutra noao-
acumenvrol, mo durureldnsil pad smoeo A0pa cxo0umcs pasHo-
smepro (Teopema Mepcepa, [31]).

IIpumep. Paccmorpum HHrerpaJIbHoe ypaBHeHHe

e()=A[K(t Do®ds, . 1
. 0 '
rae
|
. _t'(l—l—-i$ O\tssu
K(t. S):::. '
S0 i

Herpynso nokasats, uto K (¢, s) = K (s, #). 3anuwem ypasnenne (1)
B BHJE | .
t 1
| A i
[st=now@as+ -,—j (=9e@Eds. (1
0 - ' '

@)=

o

Orciona Buauo, uro - ¢ (0) = ¢ (/) = 0. Hmbcbepenunpya o6e yacTH
(1"), Haiigem

t l
v ()=—2 [sw@as+ [—90Eds
0 . t

IToBTOpHOE szb(pepenunpoaaﬂne naetr ¢ (&) = —A@ (2). Urak, HuTerpanb-
Hoe ypapHeHue (1) cBomMTca K KpaeBok sajaue

¢+ () =0, @@O0)=0, @()=0
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Herpussanvhune pemeHHs 9TOH sagawm:

¥n (1) = sin Z25.

Oyukuny Y, () ssaAgioTes CcOGCTBERHMMH (YHKUHAMH HHTErpaJbHOIO
v n2n?
ypaBHEHHSA (l;), OTBEROIHMH XKaPAKPEPHCTHYCCKAM YHCAAM Ap = Iz

s (. hut
etoro ypasnenus. Kak H3pecTHO, cucrema QyHKUHH {sm —l_} opToro-
Baabha Ha [0, H, Ilanee,
1 . _
14l = | sins 2 at =
6

- — \

~

Takum oO6pa3soM, CHCTEMA OPYOHOPMHPOBAHHKIX COOCTBEHHHIX GyBKHE#R
agpa K (¢, 5) ¥ COOTBeTCTBYIOIIMX HM XapaKTEPHCTHYECKHX YHCEJ B Ha-
HleM cJy4yae TaKOBa:

7 . ' -’/ 2 . ot
wl(t)= V l sin T" (P2 (t) = - l Sin l g vee
"/ 2 ]
l..,@u(1)= Tsin—’%,yocf’

e 22 - n2n?
k1="22-" 12::‘73“‘"..-,1.”:'_15—,.0- - -

Bununedinnlt pag (I7) B KaHHOM csyuae HMEET BHJX

® sin nrt sin 1S
2¢ B {
a2 n?
n=1
~ 4
B CXOAHMTCA PaBHOMEPHO. >

Pasjioxum B pag ®ypee no cunycam (0 << £ << §) pyuknuio

gify=K(t, s)= Zbu sin —'—l—lﬁt—.

n=1

Hcnonbays mssectmnie Qopmyan Jfrepa — $ypoe

nmt 2

t
b,\-—%-&[l('ft, gsin-dt (n=1,2,..),



210 - CHMMETPUYHDBIE HHTEIPAJIbHBIE YPABHEHMWS (FJa. VI

HaXOAHM
b — 2l . nns
'n = e sin T
TaK YTO AEeHCTBHTENBHO
- sin nat sin nns
21 l l
Kt 9=15 — :
n=1

C noMouipio pasiyoxeHus (17) MOXKHO NOAYYHTH MHOrO-

YHCJIEHHBIE T0JIe3HbIe (OpMYJIHL.

- Taxk, Bo3BOAgA 0o6e uyactu pasenctsa (17) B KBajpar, uH-
Terpupysl pe3y. bTar no ¢{ U § B Npelenax or a Ao b u umed
B BHAY Op TOHOPMHPOBAHHOCTH coécweﬂnmx ¢yHKuuH, no-
JYYUM | y

m;55‘|K(t, Pdtds= Y . (18)

1

i
3amMevanue Ecm 11p0o HeCHMMETPHUHO, TO HMeeT MeCTO (yH.
RameHTanbHoe HepabeHctso M. Ilypa:

: 1
2 e <7

i

ITonaras B (17) £ = s u uHTerpupys obe 9acTH no £, NOJY4UM
Ans chepa Henpepmsnoro agpa K (¢, s) popmyny

jK(t f) dt = 27\‘7 (19)
i |
PaccMoTpuM WTepHpoBaHHHE sigpa A sagpa K (2, s).

Hcnonw3ys pasao le{ﬁHe (17), B cuay OPTOHOPMHPOBAHHOCTH
coﬁcmennmx ¢YHKLUHA nMeeM

K¢, s)= j K(t, 1K, s)dt=

b ‘ | :
= [ YT ehem) 5o Ed=
a i o .

=Y -rau® e @)
Ay
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ot
‘ *\

%‘n@aﬂamqﬂo

Knlt, 9= Y 17 01 ()95 @1
I

i

‘(I)opmy.m (20) u (21) naror GuaHHeRHBIE pa3JIOXKEeHHS HTEpH-
{pOBAHHHIX sifep.

L Takum obpasom, ecau aapo K (£, s) cumMerpuuno, a {A,}

#:{g, ({)} — cucremnt ero XapaKTepHCTHYECKHX YHCes H COb-

‘crBenHHIX (QYHKUMA, TO Ipn m > 2 uucaa (AT} u dynkuum
{tp,, (f)} o6pasyior CHCTeMy XapaKTepHCTHUeCKHX 4YHceJa H
xooTBeTCTBywmnx 5THM YHcJaaM  CcOBCTBEHHBIX by HKuHi
#m-ro utepuposanHoro sapa K, (¢, s).

Tak kak aas HEBBIPOXKIACHHOrO sAApa A, ~» 00, TO C yBeE-
f—)oo

,quennem m yJyudllaeTcsi CXOAUMOCTb pSAOB B IpaBofi
txac*rn (21). M3 (21) nonyuaem

R TR AN '

jvyK;";, t, dtds= Y o (22)
, j

i

1

e (23)

b
~ SKm (¢, Hydt=
a i

;;ﬂ?opmynbi (22), (23) moxHO HCIOMB30BATh AJIS npHOIHKEH-
HHX BBIYHCJIEHHH IEPBBIX XapaKTePHCTHYECKHX UHCeJ
sapa K (¢, s). Ilyerb | Ay | <|Agy] << ... Torma ¢ poctom m
‘B npaBbiX 4YacTaAXx (22) u (23) craHOBHTCA nNpeob/analouiuM

neppoe caaraemoe. OrOpachiBasi ocTajbHbie cjaraeMmble, Io-
JiydaeM npu6jauKeHHbE GOPMYJIbI

. b b
;,.. IMIN(J J.‘K?n (t’ S)dt dS)‘"“112m ’
E ' —1/m

b
J\.ljmljl(m(t, t) dt
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B TeopuH MHTErpajbHbIX ypaBHEHHA M ee NPHJIOKEHHAX
GOJIBILYIO POJIb HIPaeT BONPOCc O GBHICTPOTE POCTa XapakTe-
 DHCTHYECKHX YMCeJ HHTerpajJbHOro ypaBHEHH:A

b
oUr="2 [ K(t, s)o(s)ds. (24)

DTH uHcia, KaK H3BECTHO, ABJAIOTCH HYJIAMM GYHKIUHH
D ()) — onpeneauTtens tbpe,zxrenbma. Qyuxkuua D (A) onpe~
JeJAeTCss KaK CyMMa psajla 1o CTeneHAM A;

O (=) A e | ;
D) = 2(_;.{.1)_0”}» , (25)

f==0 !

H asasercd ueaoH Qyuxkuuedl ot A,
B npeanoJioxkenuHt orpannuensoctu gapa K (¢, s):

[Kt s)lsM V(i s)eQla<t, s<bj

HCNOJB3Ys HepaBeHCTBO AJlaMapa, Mbl TOJAYYHJH OIIEHKY
(cM. § 3)
|Ca| < M (b—a)]" 0" ~(26)

M3 TeopuH HeJBIX aHANUTHUECKHX (PYHKUHH, B CHJY Hepa-
BeHctea (26) ans | C,|, ciepyer, u4To Bce KOPHH YpaBHe-
Hug- D (7») = 0, pacnoJioxeHHbie B NOPsJKe BO3PACTAHHsA HX
Moy Jei, oﬁnanafo'r TeM CBOHCTBOM, YTO PSX

[s#]

- l '
me e e>0 27)
a=1 n

CXOAUTCH AJsS BCAKoro & > 0,

JT0T pe3yJabTaT MoOKeT OBITb yTqueH. VIMenHo, ecau
K (¢, s) — cuMMeTpHYHOE PO, TO BCe XapaKTePHCTHUECKHE
upcsaa A, AeACTBHTEbHBI H HMEET MECTO HEepaBEHCTBO

b
gfm(t, s)dl ds>> E:%T’ | (28)
- k
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Bl 7
b

B o o

DTKyNa CJelyeT CXOAHMOCTb psARa 2:;2., ecJTH
R 2
' k=1

b b ;
| [ K2t s)dtds=B2 < + oo.

Crnepyer OTMETHTD, YTO 3TO YCJIOBHE OrpaHHYEHHOCTH JieBoH
9acTM HepaBeHCTBa (28) HeyJyumiaeMo.

% HemnocpencrBenHas oneHka koxpduuuentos C, ¢ IoMOUIbIO
MepapeHcTBa Allamapa NO3BOASET U B CaMoM oﬁmem eayuae
“MECHMMETPHYHOTO silpa HOJYYHTb OUEHKY OBICTPOTH pocTa
4\, | B 3aBuCcHMOCTH OT raankoctu ¢yHkuuu K (¢, s) no nepe-
eiuniM £, s. g cayuas m pa3 HenpepniBHO Juddepenun-
;pyemoro sapa K(Z, s) I'. BeAsp nosyuns cJeAyOLYI0 acHMII-
-OTHKY XapaKTEPHCTHUECKHX UHCeN fApa NPH BO3PACTaHKH N:

nm-}-I/E

lim ——— =0,
n->w z’“

‘TlonpoGuee 06 srom cm. [18].

§ 27. Teopema InabGepra — IHMAATA
A HHTerpajbHbIX ONEpPaTopos

B cuay o6ueit Teopembl Mnap6epra — [IMuaTa A BnoJine
YHENpepLIBHBIX CHMMETPHYHBIX ONEpPaTtopoB B THJbGEPTOBOM
“ppocTpancTBe H nns Bcakoro x&H umeer Mecto dopmyna

Ax_ thct b

?lte ¢; = (x, x;) — koxbdunuentst Pypoe snemeHTa x Mo op-
tonopmupoaarmsa CHCTEME {X;} COGCTBEHHBIX NIEMEHTOB Ome-
‘paropa A.

;;, dra hopmyJia NOKAILBAET, YTO OG0k 3/1eMEHT H3 06/IacTH
‘SitaueHH BROJIHE HETPEPLIBHOrO CHMMETPHUHOFO OfIepaTopa
pasnaraercs B psix d)ypbe N0 COGCTBEHHBIM S/IEMEHTAM 3FOr0
“omneparopa.

.~ PaccMOTpHM HHTerpaJbHBIH onepa?op C CHMMETPHUYHBIM
+L,-siipoM B npoc*rpaﬂc'rae L, la, bl

?1 .
E f :
L8

ﬂ; 3

-~
-

Ax = j K (t, s)x(s)ds,
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[IpuMeHUTENBHO K TaKHM OlepaTopaM NOJyuaeM KJaccHge-
ckylo Teopemy I'man6epra — Ilmuara.

Teopema 6.4, IHycme K(i, s) — cummempuuroe
Ly-s0po, u nycme h (f) — npousgorsnan yHkyusa  u3
L, la, b). Toz0a ecaxan dynrkyus f (f), npedcmasumas ttepes
ﬂapo (ucmoxroobpasno npeacmaaums pynryua):

f(t) = Ah = j K (¢, s)h(s)ds,

pasarazaemcs 8 cxodaujuiica e cpednem pad Dypve no opmoHop-
Muposarroim cobcmeennoim pynkyusn {@; (£)} adpa K(i, s):

h; ’ |
ty= Y == o; (). 1
F(t) 2 95 () (1
3nech A; — XapakTepucTHUecKHe uucaa sipa K({, s),

b= h(t)g; () dt

— KoadpuiueHTsl Pyphe GyHKUHH A (f) Mo cHcTeMe {g; (7).
Ilpy HONOJIHHTEIBHOM YCJOBHH

j K2 (¢, s)ds << C = const

pan (1) cxonurcs abeoqiotHo ¥ paBHoMepHo ([30]).

Ecau sizpo K (¢, s) HenpepriBHO B @ {a < £, s < b}, 10
onepatop PpearosbMa nepeBOAUT BCAKYIO QYHRUHIO h (f)e
eL, la, b] B HenpepLIBHYIO GYHKIHIO (CM. 1eMMY Ha cTp. 68).
B sToM cayuae Bce cOGCTBeHHBIE (GYHKIHH C HEHYJIEBBIMH
CcOOGCTBEHHBIMH 3HAU€HHUSIMH TaKXKe HeNpepbiBHBIL,

Teopema T'uanbepra — llIMuaTa HMeer MecTo U B IpoO-
crpaHeree C [a, bl, T. e. nna HenpepuBHbIX sifep K (Z, §)
H HenpepuBHEIX QYHKUUA A (£), NpuyeM cXonuMocTb psaza (1)
O6yner paBHOMEPHOH.

3ameruM, uto B TeopeMe 'uanbepra — lIMuAaTa nosaHoTa *)
cHcTeMbl co6CTBEHHHX QYHKUHA {9, (f)} He npeanoJaaraercs

*) OproronanbHas cHcreMa {@; (f)} OYHKUHH Ha3biBaeTCA HENOJIHOH,
€CJH CYLIeCTBYeT OTJHYHAA OT TOXAECTBEHHOrO HYJA KBaJpaTHUYHO CyM-
MupyeMas QyHKUMA, OPTOrOHaJbHasd KO BCeM cpyﬂmmﬂm CHCTEMEI;, B PO~
THBHOM cJyuae cHcTeMa {¢; (f)} HasuBaercss NOJIHOH.
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{HanpHMep, 145 BHPOXKIECHHOrO #1pa OHA 3aBEIOMO HENOJIHA,
“HO MOXKeT OLIThb HENOJHOH W 1/ HEBHIPOXKAEHHHX sifiep).

.- - Ha Teopeme I'nab6epra — HIMuaTa ocHoBaH Metoz KeaJora
AJs npubauxkeHHoro- BulyHcJeHus A,. Ilyers K (¢, s) — cum-
MEeTPUuHOEe AP0 H ® (f) — nMpou3BoJbHAA (QYHKUHA U3
Ly la, bl.

ITonoxum

b b
o ()= [K(t, oEds,  ot)=[K(t, s)o,(s)ds
‘B, BooO1ue, |

b
o, ()= [ K(t, s)0,1(5)ds.

‘Hcnoabsys teopemy Iuabnbepra — llImuara, noaywaem

~

o)=Y, 759 (),

f

o~

y
W, (1) = o 73‘ 9; (9),

i

f) = o
o, ()= ';,};(P; (4,

&= [0 g dt.

a

rie

o

Ecan o, 5% 0, To npu GOJNBIIHX N1 B Pa3lOXKEeHHH ©, ({)
npeobiasaer nepBoe cuaaraeMoe. I1o3ToMy MOXKHO BOCHOJb30-
'BaTbeAd NpUGAHNKEHHHIMH (GOpMYJaMu

., _lon | :
M1~ Jou T @
n (¢
01 () ~ ToraT - 3)
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dopmyaa (2) naer sHauenue | A, | ¢ uabutroM. [Ipu nocrarouno
60/IbIHX # MOXKHO TakK:Ke MNOoJb3oBaThCA dopMyIoH

||~ ——. )
V il on (6N

HiMeer Mecto caenytouuii BaXKHBIA (axT,

Ilyems gyrkyus o (f) opmoeonarsra K 0pmoHOPMUPOBAH-
HotM cobemeennbim Pynrkyuam @, (£), @g (£), -« ., Ppr (£)s
HO He opmozoHAAbHA K cobcmeennold ¢ynkyuu ¢, (1). Toz2da
nocaedosamensrocms O eem npedeson |Ael, 20e
10n_ (O] P el
Ay — k-e xapaxmepucmuseckoe uucro sdpa K (i, s).

§ 28. IxcTpemanbHble CBOHCTBA
XapaKTePHUCTHYECKHX YHCEN
H CoOCcTBeHHBIX QYHKUHHA

Ilycts ¢yHKUHSA h(t)eéLz [a, b). Ilo Tteopeme TI'n.b-
ﬁepTa-—-U_IMHILTa

Ah = jK(t s)h(s)ds-—-Z"‘ %) o (8). (1)

n=1

(PaccMaTtpuBaeM obmmii cayualt HeBHIpOXAEHHOro L,-anpa.)
YmHoxkas obe uvactu (1) cxampﬂo Ha h (¢), nolyvyaeM

[20]

(Ah, h) = 2 ( (h, on) P h) — | (A, ):I:l) 2 (2)

n=1} n=1

Ilycts, kKaK oOBIUHO, YHCJA A, PacnoJOXKeHb B NOPSAAKE BO3-
pacTaHHfl HX abCONIOTHHIX BE/JAHYHH, TAK YTO HauWMeHBIIHM
no MOAYJiO fABJAfAercd uucao A;. Torma us (2) caenyer

|k, W] < s B 16, P @)

Yucaa (h, @,) CYTb Koappuunentt @ypre GyHrRuUUB h (f)
ro cucreMe {@, (f)}. Hcenoabsys nepaBeHcTBo beccens ([5]),
u3 (3) Haxoaum

1
|(Ak, W< pIAE
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(sam, eca || = 1,

|(Ah, 1) < (4)
3HaK paseHcTBa B (4) pocturaetcs mpu h (f) = @, (f), rae
"¢, (f) — HOpMupOBaHHan cobeTBeHHas pyHKuua anpa K (¢, s),
' OTBeYalollas XapaKTepHCTHUECKOMY uucay Ay, B camom jene,

@1 () = MAq,.
‘YmHOXkas 06e 4acTH NOCAENHETO DPABEHCTBA CKAJSPHO Ha
r.pl (£), noayyum

e
(Agy, @) = "'f;‘ = "'g-

Taxnm 06pa3oM, CHpaBelIHBa CJAeLYIoLas TeopeMa (CM.-
“rakxe crp. 192).
- Teopewma 6.5. Ha mnonecmee HOpMUDOBAHHBIX qbyzm-
yud | b)) = 1 seauduna | (Ah, h) | umeem markcumym, pasout
l!}lll Imom marcumym docmueaemca npu h (I) = @, (f).
PaccMoTpHM MHOXKECTBO HOPpMHMPOBaHHHBIX QyHKUHHA A (f),
‘OPTOTOHANbHBIX NepBHM m — | coﬁcme:—mam QYHKIHAM.

TOI la
h P |
Z ( ‘Ak k) (t).

k=m

.
o

Paccyk/IeHHIMH, aHAJIOTHYHLIMH BbiLUENPHBENEHHBIM, IO-

. JIyuyaeM CJEAYIOLIHH - pe3yJbTar:

v Ha mnosicecmee pynKyULl, HOPMUPOBAHHIX U OPMOZOHAN-
“Holx nepevim m —. 1 cobcmeennsim pynxyuam sdpa K (i, s),
-geauduna | (Ah, h) | umeem maxcumym, pasuotli 1/\ M, |, komo-
puu docruzaemcs npu h (f) = cpm (%)

§ 29. HuTerpajbHbie ypaBHeHHs, NPHBOAsSHIHecH
K CHMMETPHYHBIM

B nmpu/oXKeHHSAX YacTO BCTPEYaloTcs ypaBHEHUS BHIA

o) =A | Kt 9o oEhds+FO, (1)

rae K (¢, s) — neficTBUTe/bHOE CHMMETpHUHOE fgapo u p (f) >0
‘Ha [a, D). YMmuoxas o6e yactu (1) Ha V' p (f) ¥ BBOAS HOBYIO
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Hekomyo dyHkuH© P () = V p () ¢ (f), NpUXOAHM K HH-
TerpajbHOMY YpPaBHEHHIO

b
POy =4[ Lt, ) p(s)ds+Vp DF () @)

C CHMMETPUUHBIM SADOM
L{t,s)=K(t )V p(s) ph).

ITyets A, U P, (f) — XapaKTepHCTHUECKHE YHCAA U COBGCTBEH-
Hble GYHKIHH OZHOPOJHOrO ypaBHEHHS, COOTBETCTB YIOLLEro
ypaBHeHuo (2). Bynem cuurarb QyHKUHH v, ({} OPTOHOPMH-
POBaHHBLIMH:

1 npu i=]j,

b
- (1 dt =
Jm()«m(f) {0 iy

YuuteiBas cootHoileHue P, () = @ (£) V p (f), noayumm,
yTo COOCTBEHHble QYHKHHUH OJHOPOLHOIO ypaBHEHUS

b |
e()=2A[ K(t, 9)p(5) 9(s) ds

OPTOHOPMHpPOBAaHbl C BecoM p (f):
| npu i=/}j,
O npu i+ j.

YnpaxHeHue, Ilokasate, uTo ypasHeHHe (1) MOXHO NpHBecTH
K YPaBHEHHIO

{rtye (t)q»,-(t)dt={

1
o () =1 [ Ky (x, ) 0 () dy+ Fi(2)
0

¢ CHMMeTPHYHBIM ajpoM K; (x, y) nmyTeM nepexofa K HOBBIM MepeMeH-
HBIM X H i’ .

¢ s b
x=fp(§)d§, ym}p(&)dﬁ (1 = jp(ﬁ)a‘ﬁ)-
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§ 30. KaaccudHkanus CHMMETPHUYHBIX sifep

Ilyets K (£, s) — cummeTpuuHoe siipo H p (f), ¢ (f) —
¢yukuuu u3 L, la, b]. PaccMoTpuM 6uHHeAHBIH QYHKIHOH a1

b b

[[Kt, 900 q(s)dt ds, (1)

aa

aHAJIOTMYHBII OHIHHEAHOH dopme
n
> . AipX il (a;, = ag;, a;;, — BellleCTBEHHLIE),
b=

" ‘Tlpumenss Tteopemy I unbbepra—IlImuara, noayyum

b ) w
[k, s)p(rf)a!tr-kZ1 2 (),
rie | '

b
o= [ p(t) o) dt

— Koadpuuuentel Pypoe QyHKUUU p (f) TO OPTOHOPMHPO-
BaHHO# cucreme {@; (£)} cobcTBeHHBIX QyHKIUUH aapa K (¢, s).
VMHOXas o6e YacTH NOCJENHEro paBeHCTBA Ha ¢ (S), HH-
Terpupys no S U o603Havasn uepes ¢, KoappuuueHTn Pypbe
“GOYHKUHH ¢ (S), NOJYYUM ‘

b b o '
K(t, )p(Hq(s)dids= Yy Pk
J]xw a0 4%

Ilpu ¢ (¢) = p (f) noayuyaem aHajoOr KBaApaTHYHOH (OPMEI

o«

bb 9
JHet =[[Kt ppedtds=Y 5. @

Sra dopMmysa JEKHT B OCHOBE KJIaCCHOHKALHH CHMMETpHY-
HBIX ffep. B cuay (2) Heo6XOAWUMBIM H JOCTATOYHBIM YCJIO-
BHEM TMOJIOXKHUTETbHOCTH BCEX XapaKTePHUCTHUYECKHX WYHCe
AIBJISIETCS HepaBeHCTBO

Jipl >0 nns Beex p(HEL, la bl
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B camoM pnese, ecan BCe Ay E>0 TO H3 paBeHcTBa (2)
BHIHO, uTo J {p} > 0 Vp ()= L, la, b). INonoxum Teneps,
YTO HMMEEFCH XOTb OJHO OTPHIATENMbHOE XapaKTepHCTHUECKOe
yuca0, Hanpuamep A; << 0.

BosbMem p (f) = ¢, (f). B cuny OpTOHopMHpOBaHHOC’I‘H
coOcTBeHHEIX QyHKRH# NoAy4YuM, uto p, = 1, a Bce OCTa/lb-
Heie p, = 0 (B > 1).

IlpaBas uwactb (2) ob6parurcsa torna B 1/A; u Gyler oTpu-
arenbHoOl, T. e, 6yner J {¢,} << O.

DynruuoHan J {p} ¥ agpo K (¢, s), obaanaoomue CBoH-
CTBOM .

Jipl =0 Vpl)=l, la, b,

Ha3LIBAIOTCH HEOMPUNAMENbHO OnPedeAeHHOIMU.

Ecin 3T0 HepaBeHCTBO SBJsSercsd CTPOrUM JJs  Bcex
p ()= 0, ¢ynkuuoHan Jip} u aapo K ({, s) HasbBaOTCH
NOAONCUMENbHO ONPECCACHHUMU.

MOXHO NOKa3aTh, YTO OAL ROAOKCUMEAbHOL onpeaexzew
Hocmu adpa K (¢, s) Heo6X00UMO U docmamouro, umobot ece Ay
Obiau NONOKCUMEAbHB. U cucmema QyHKYul {o, (£)} Obira
noAHOt,

YnpaxueHde. [lokasate, uro Bropas wurepauus K,(¢, s) na-
pa K({, s) Becerfa HeOTpRUATEIHLHO OTPERE/EHHAN.

AuanoruuneiM o6pasom, pyukuuonan J {p} u s1po K (£, s)
HA3bIBAIOTCS MENOAONCUMENbHEMU, €CTHU

J{p} <0 Vp() =L,la, bl.

CoBeplieHHO TaK »Ke, KaK H Bhlllie, MOXHO NOKa3aTb, 9TO
yeaosue J {p} < O paBuocmibHO TOMY, uro BCe A, <O0.
Ilpu stoMm ]

1

"‘g;%J{P}fQO;

rie A; — HaHMeHbllee NO aGCONIOTHOMY 3HAUEHHIO XapaK-
TEPUCTHYECHOE YHCJIO,
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f" § 31. dynkuns 'puna. Ceepénne Kpaesoii 3apaud
.7 K HHTETpa’sbHOMY ypaBHEHHIO .
‘1. ®ynkuus [puHa KpaeBoii 3ajaun AJS OGHIKHOBEHHOro

WHHH&J&HOI‘O ypaBHenust. Pacemotpum  nudipepenu-
aAbHoe ypaBHeHHe

Le=Zr+q(0x(0=h(), o

r,ne g (£) u h (¢) — HenpepoiBubie Ha [a, b1 ¢yHkuuH.
ITycrb umercs pemrense )

x(t) ypaBnenus (l), ynos-

i ieTBOpsAtoLlee (A8 NPOCTO-

:frm) KpaeBhIM YCJIOBHAM

Jp———m—

o x(@=xB)=0. (2

8(t-¢)

" OnpenpedneHHe ) I
@ynxqueu Tpuna G (L, s) 0} {=5 | ¢
i kpaesod sadauu (1)—(2) wa- ~ Puc. 15.

“sgaemca pynkyun 0syx ne- | |
. pemennbix, onpedesennan 6 xéadpame a <t,s < b u maxas,
Fumo

D LG(L,sS)=0 npu t<sut>s, m.e. G (4 s), xax

rynxyus t, yoosiemeopsem npu yKasaHHoLX 3Haxenusx t u
* § ypasHeruo (1).

j 2) Dynkyus G (1, s) yoosaemeopaem nocMasAeHHOIM 2paruy-

S HOUM YCR0BUAM

y G(a,s)=0, G(b,5)=0 dan a<s<b

3) G (¢, s) nenpepvisna npu t = s:

G40, s)=G(s—0, s).

4) Ilpoussodnasn %—?—- 6 mouyke | = s npemepnesaem
< CKA4OK:
' oG (s -0, s)__@G(s—-O, 5)
ot | ot

VuuTHBas STOT eAMHHUHbIi CKaYOK B TOUKe [ = § H
. UMesl B BUAY NpaBuJo 1udxpepeHlHpOBAHUSA €AHHHYHON PYHK-
nuu O (t — 8) (puc. 15), 3akjawouaeM, 4TO

460, )= (- Gt 9)) =8 (t—9) + 5,

=1,
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roe 6 (f — s) — O-byHkuus (cm. [47]), dg — KJaccuye-

cKast (oﬁmqﬁaﬂg_ BTOpasi npousBogHas ¢yHkuuu ['puna.
[Tostomy ycaoBHsi 1) H 4) MOXHO 3aMeHHTHL YCJIOBHEM

LG, s)=0(—ys). 3)
Taxkum o6pasoM, pyHkuus ['puHa uMeer npocToit GU3HYECKH i

CMBICA. 3TO pelieHHe 3ajavd AJA €JUHHYHOI'O TOYeYHOro
HCTOUHHKA:

Tenepb MOXHO Cpa3y HanucaTh pelleHHe KPaeBoii 3afauH

. (H— (2) ¢ nomouiblo ¢yHkuuu I'puna. Hwmenso, pemeHHe
Kpaepoit 3ajpauu (1)—(2) ﬂae’r(:fl ¢dopMyJioH

x(t)—jc(t s) h(s) ds. (4)

B camoMm peJne, B cHay ycnosnﬂ 2) na pynkuuto puna, pyHk-
uus x (£), onpenensiemas opmyJoi (4), yaosJjaerBopsier rpa-
HHYHBIM YCJOBUSAM (2)

Hanee,

b b
Lx(t)=L, {j G (¢, s)h(s)ds}sz,,G(t, S)h(s)ds =
= [8(t—s)n(s)ds=h (),
a
TaK 4TO QYHKUuUA x (f) yHoBJeTBOpseT AUPepeHuHaTLHOMY-
ypaBHerHuwo (1).

(CraHoBsicb HAa TOYKY 3peHHA «(PU3HUECKOH CTPOTOCTH»,
MOXKHO Bceria AudepeHIHPOBATL MOA 3HAKOM HHTerpaJa,
€C/IH PacCMaTPHBATh pe3yJbTaT KakK 0GOGLIEHHYIO DYHKIIHIO. )

[Tpumep.

Lr= 25— —x()=h(b), | (5)

x(0)=0, x(1)=0. (6)

[MocTpoum ¢pynkuuto 'puna 3anauu (5)—(6). Obwee peiueHue
OIHOPOAHOTO ypaBHeHUS
dzx

= —*)=

COOTBETCTBYIOLLETO YpAaBHEHHIO (D), HMEET BHI
X (t) _ Clet"‘}"‘ Cze-'tc
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[TockonbKy ¢yukuus G (£, s) 10JKHA OBITb peLIEHHEM 3TOrO
OZIHOPOJIHOTO ypaBHEHUA NpH ¢ < S H NpU { > s, NpeAcTaBUM
ee B Bule

G(t, s)=a;(8) et +a,(s)e—* npu 0<Ti<Cs,
G(t, )= by (s)e! + by (s)e—t mpn s<t<1. } Y
B cHTY YCJIOBHS 2) AOJIKHO GBITD
G(0,5)=0, G(l,s) =0

4qTO pae€et

a1+a2=0a } (8)

ble + bge-l = 0.

YcnoBue 3) HenpephLIBHOCTH ¢yHKIHH [pHHa npn [ = s npu-
BOAUT K COOTHOLIEHHAM .

bies + be = = are* + ae . 9
Hakonen, ycnoBue 4) npuHHMaeT BHI
bles_-bge_s—-[ales‘—'aze-s] — 1. (10)

H3 coornowenuit (8), (9), (10) HaxoauM BeNHUUHBI @, Qs
b,, b,, uTO Haer

shish(s—1) 0

hl ¥ "ﬁtgs,
G(t, s)= shsss;l(t 1) ’ (1)
8 , S<SI<Cl.

Herpyzano Bugers, uto G (¢, s) = G (s, ), T. e. QyHKIUHUSA
I'puHa cuMMeTpuuHa. DTO BBITEKaeT H3 OOLLEero NpeasoKeHus,
yTBEPKAAWOLLEro, 4YTO ecau Kpaesaa 3adaxa (1)—(2) camoco-
npaxcennan, mo gyuxkyus I'puna amod 3a0a4u a6a3emcs cuM-
" MemMpUHHOLL.

DHU3HyeCKHH CMBICJ 3TOrO Pe3yJibTaTa eCThb COOTHOLUeHHe
B3aHMHOCTH, T. e, OTKJHK B TOUKe [ Ha eIHHHYHOe TOYeyHOe
BO3MYLIEHHE B S paBeH OTKJHKY B S HA €JUHHYHOE TOYEUHOE
BO3MYILIEeHHE B [,

[Tonpo6uee ¢ yca0BHSMH c‘amoconpﬂmeﬂﬂocm KpaeBoi
8aflayd, a TaKxXe CYLIeCTBOBAHHS eJHHCTBEHHOH (QYHKUHH
I'puHa MOXKHO NO3HAKOMHTBCSH, HanpUMep, B {391.
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2. CeepéHHe KpaeBofi 3aja4H K HHTErpaabHOMY ypas-
seuuio. Orpanuyumes npocrefmuM cayqaem. [Tycrs TpeﬁyeTcn
HafiTH pelueHHe X (f) ypaBHeHH§

Le= L (14 MO =h() (12)

(A — 4YHCJIOBOH mapamerp),
ynosne'rsopmomee KPaeBEIM YCJIOBHSM

x(0) =x(1) =0. (13)
[lepenuwem ypasHenue (12) B Buge
H—xO=ht)—M D x() (14)

dz‘&

u 6yleM paccMaTpHBaTh NPaBylO 4yacTb (14) KaK H3BECTHYIO

(QYHKIIHIO.
Torpa 3KkBHBaJIEHTHLIM 3TOMY YpPaBHEHHMIO H KPaeBhIM yC-

aoBuaM (13) Gyxer. HHTerpaabHOe ypaBHeHHe

x(f)=—A7 (j G, )q(s)x (&) ds+h(D,  (15)

rae
; 1

()= G(t, 9)h(s) ds,

g

a G (¢, s) — dyukuusa. 'puna, oTeeyarollas ypPaBHEHHIO

H KpéeBbIM yeaosusaM (13).



FIMABA VI

HHTETPAJIbHBIE YPABHEHHA 1-ro POJAA

.

§ 32. YpasHenue Boabteppa l-ro poaa

[Tycts umeem ypaBHeHue Boabreppa I-ro poza
H

J Kt 9osyds=F@), (1)

rie K (¢, s), f (f) — usBectHbie GYHKUHMH, @ (f) — HCKOMasd
(YHKUHA.

Jns ofHO3HAYHOH pa3pemMMOCTH HHTErpajJbHBIX YpaB-
HeHHH 2-TO poja JocTaToOYyHO ObLIO mnorpeboBaTb, HalpHMeEp,
HenpepeiBHOcTH siApa K (£, s) u cBoGogHoro usneHa f (f). Ilpu
9TOM pelueHde ¢ (£) HeoOXOAUMO OKa3bIBaeTCAd HeNpephIBHBIM.

[Ipu usyuenuu ypaBHeHu#i (1) NpUXOAHUTCA BBOJUTL HOBHIE
TpeboBaHusa. UToObl YACHHTE HX HEOOXOAHMOCTb, PACCMOTPHUM
IIipocTeiilliee ypaBHEHHe 3TOro THMNA, MoJydvawolleecs MpH

K (t, s) = 1t
@ (s)ds = f(?). (2)

s T

a

EcaH npeanosoxuTh, 4To HeusBecTHasd GYHKUHA @ (£) TOJBKO
OrpaHHuYeHa H HUHTerpupyema, TO 3ajadya OKa3hBaeTcsi He-
OmpeleJIeHHOH, TaK KaK B 3TOM CJydyae MOXKHO, HE H3MeHSs
3HAYEHHUS HHTErpaJsa, NPOU3BOJBLHO MEHATh 3HAayeHHe PYHK-
IHH @ (f) B KOHEYHOM M Jaxe OeCKOHEYHOM YHCJe TOoYeK
OTpe3Ka HHTerpUPOBaHHUA (TOYHEE, HA MHOXKECTBE MephI HYJb,
ecJId NOHHMATh HHTerpas B cMbicje JleGera).

- C npyro#t cTopoHBl, OKa3blBaeTcsi, 4ToO q)yHKuHH f (f) He
MOKeT ObITb NPOM3BOJMLHOH HenpepblBHOH (YHKIHEHA: OHa
JIOJI2KHA YAOBJETBOPATbH HEKOTOPHIM YCJOBUSIM, HaJaraeMbiM
Ha f (£) u ee npousBoAHbie. [IJs onpeneneHHOCTH GyeM CUH-
TaTh, YTO pelieHHe uumerca B kKaacce C la, b] ¢ynkuus,

8 M. JI. Kpacuos
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HenpepuiBHEIX Ha [a, b]l. B TakoM cayuae, 4ToGsl ypaBHeHHe (2)
MMeJIO pelieHue ¢ ()eC la, bl, ~Heo6xonKuMO, YTOGH
¢yskuusa f (f) obpamanach B HYJb NPH f = a W JoNycKaja
HenpeprlBHYIO NMPOU3BOAHYIO B (a, b). Toraa uckoMBIM pe-
LIeHHeM Oyner

o ()= ().
PaccmoTpum Gosiee ofliee ypaBHeHHE
t— n—1 -
LI o9 ds =1 (0. 3)

- a

Uro6bl 5TO ypaBHEHHE UMeJIO CBOUM pellieHHeM HelpephIBHYIO
¢yHKUHIO . @ (f), Heob6XoauMo, uYTOOH ¢yHKuusA f (f) umena
HenpephIBHbIe nipousBofusle [ (£), . . ., f(® (f) u 9TO6HI caMa
9Ta PYHKUMSA U ee n — | NepBHX npousso;mblx oOpalajtch
B HYJb NIpH ¢ = a.

Ecsin 3TH ycJ/IoBHA BHIMOJNHAIOTCA, TO YpaBHeHUe (3) HMeeT
CBOMM pelleHHeM HeNpephIBHYIO q)yHKumo @ () = [ (9).
INIpumepn. L. PaccmorpnM HHTerpaJbHOe ypaBHEHHE BHJA (3)

J(t—s)@(s)ds-ﬂ

‘Baecs f ()= £, n=2. <I>yHK1ma f (f) uMeeT HenmpepLIBHLIE POH3BOAHBIE
Bcex mnopsakoB, mpuueM f (0) = f' (0) = 0. Ilpumensis npeoGpasoBanue
Jlansiaca H Hcnosib3ys TeopeMy O CBepTKe, nepeiijieM OT JaHHOTO HHTe-
IpaJjbHOFO ypaBHEHHA K ONEepaTOPHOMY: '
1 2
';2" D (p) = “E;E',

otkyaa @ (p) = 2/p, TaK uT0 @ (f) = 2 eCTb HenpephLIBHOE pemeHue JaH-
HOr0 ypaBHEHHS.
2. Paccmotpum ypaBHeHHe

¢ : .
J(t-—s)cp(s)ds:sin {s : _ “4)

3pech onaTh o= 2, a f (f) = sin . CDnyunﬂ [ () umeer Henpepbmnme
npousBoAHble Bcex nopsakos, f (0) = 0, vo f' (0) = 1 = 0. Ilpumenssa
npeobpasobanue Jlanaaca, HafineMm

1

) =1——=1>
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‘mxyﬂ.a
, @ (f) =08 (t) — sin' ¢,

rae & (f) — ne.nbra»qunxuua

.- TakuM o6pa3oM, ypaBHEHHE (4) HMeeT pelleHHe, HO B KJacce 0606-
| meHHbe cbymmnu

PaCCMOTp UM Tenepb ypaBHeHHe

[ Kt 906 ds=F) Ul

. ¥ OGyzneM npeanosaratb, 4to AApo K (¢, s) H Bce ero yacTHHE
- IPOH3BO/IHbIE HYKHOrO NOPSAAKA CYTh HenpephiBHbIE PYHKIHH.
Hanst Toro yto6bl ypaBHeHue (1) uMmeno HenpepblBHOe pe-
- 1WeHHe ¢ (f), HeoOXOZHMO BHIMOJIHEHHe ycaoBusa f (a) = 0.
- Hanee, ecnu anpo K (f, s) uMeeT HenpephlBHYIO NPOHU3BOL-

o 0K
HYl —-—, TO JeBas 4acTb (1) Takke HMeeT HeNpepLIBHYIO

- MPOH3BOAHYIO MO ¢, OTKYyAa cJaefyeT, uTo H [ (£) 1oJKHA UMETb

_ HempepbiBHYIO npoHu3BoaHyo [ (1).

- Inddepenunpys obe uactd (I) no f, mpuieM K ypas-
HeHi1io

Kmnwm+Jmm9¢@a=fm. (5)

KOTOPOMY Y/IOBJIETBOpSsieT peuieHue @ (f) ypaBHeHus (1), u Ha-

~ 0bopoT.
Iycts K (¢, t) He oépamaercn B HyJb HH B OlIHOH TOYKE
orpeska la, b]. densn ob6e wactu (D) Ha K (f, ), moayuum

K, (¢, s) F (8
t)—[—y KT @ (s) ds"’K(t, Tk (6)

~OTo — uHTerpa/nbHoe ypaBHeHHe BosbTeppa 2-ro pozna, u
K HeMmy MOxeT GObiTb NpHMEHEHa pasBHTas BHIE TEOPHS
TaKUX ~ypaBHEHHH.

Urak, ecau ¢ynuxyuu f (f) u K (¢, s) umerom uenpepoiéHoie

npouseodnsie |’ () u %’S f @) = 0,aK (¢ ) He obpawaemea

- 8 nyao Ha la, b, mo ypasrenue (1) umeem 6 unmepsase (a, b)
€0UHCMBEHHOE HernpepoisHoe pellerue.

8*
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Ecmu K (¢, {) ofpamiaeTcs B HYJb B HEKOTOpPO#l TOUKE
oTpeska [a, b], Hanpumep B Touke { = g, To ypaBHeHue (D)
o6J1afaeT OCOOBIMH CBOHCTBAMH, COBEPLUEHHO OTJIHYHBIMH OT
CBOACTB ypaBHeHHH 2-ro pojga. Takue ypaBHEeHHS, caenys
[Tukapy, Ha3bIBalOT ypasuenuamu 3-20 poda.

Ecaiu K (¢, {) TOXAECTBEHHO paBHO HYJIO, TO YypaBHC-
Hue (D) €CTb ONATb ypaBHEHHE 1-ro poaa, ¢ KOTOPEIM MOXKHO

MOCTyNaTh TaK K€, KaK C NepBOHAYaJbHBIM, €CJH TOJbKO
: RK (¢, s)

K (¢, s) uMeeT HenpephIBHYIO NPOU3BOAHYIO —5 Ilpu

3TOM, 4TOOH ypaBHeHHe (D) HMEJO HENpepLIBHOE peLIeHHE,

Heo6xonumo, uTobbl f' (@) = 0 u f" ({) Gbuta HenpepoiBHA.

Judxpepenunpysa obe uactu (5) no £ (K (¢, £) = 0), npunem

K YpaBHEHHIO

H .
Kit, o)+ [ 5zt e@ds=r 0, (0

KOTOpOe SBJSIeTCS UHTErpajbHBIM YpaBHEHHEM 2-r0 poja,
ecin K; (¢, 1) oTauuna oT uyas Ha [a, bl.
310T npoliecc NpoAOJIKAeM A0 TeX MOp, NOKa He NMpHAEM
" K (¢ ,s)
a n—
I1AeTCA TOXKAECTBEHRO B HYJb. [Ipy 3TOM, yTOGH! ypaBHeHHe (1
umeso pemwenue ¢ ()= C la, bl, H€06XOILHMO;~ yTOGH!
f(HeCr—1 [a, b], T. e. umena 611 HenpephuiBHEIE TNPOH3-
BOAHBIE 0 Mopsiaka n — |, npuuem Bce OHU JOJKHBI 06pa-
maTbesl B HYJb Npu § = a.
0"K (¢, s)
ot"
pHIBHO# fosizkHA OHITh f(M (f), H MBI IPHXOAHM K yPaBHEHHIO

, KoTopas npu { = s He o6pa-

K NPOU3BOJAHOH

Ecau [NpOH3BOAHAA HenpepeiBHaA, TO HENpe-

an —1K (t’
o1

2 (0 + [W“ D g (5)ds = 0 ®

KOTOpPO€ fABJSETCS HHTErpaJbHLIM YypaBHEHHeM 2-T0 poOAa,
1K (@, ¢

€CJIH @n( ) e ofpamaercs B Hyab Ha [a, bl.

B 3Tom ciyuae ypapHeHHe (8) HMeeT €IHHCTBEHHOE He-

NPEPLIBHOE pellieHHe, KOTOpPOoe YAOBJIETBOPSET HCXONHOMY

ypaBHeHHo (l).




§ 32 YPABHEHHWE BOJIbTEPPA l-ro POJA 999

3aMeuyaHHue, YpaBHEHHE

[Kt, 996 ds=F), (1)
Kt 1) %0,

MOXeT ObITb CBEAEHO K ypaBHEHHIO 2-r0 poja ¢ HOMOIUIBIO
HHTEIPHPOBAHHSA MO YaCTAM.

[TosroxuM
t
® ()= | p(s)ds, 0
tTak yto @ (@) = 0. Torna
t ‘ s==t¢ t
[Kit, 99@ds=K(t, s@@)| —[ZLLa(s)ds

M HHTerpajybHOe ypaBHeHHe (l) npuMeT BHJI
t

K(t, H0 (@) — [ LD o (s)ds =1,
WM C '
- K (¢ |
ot)— [ 228 @9 ds = L) (10)

K(t b K b

a

K ypaBHeHusM (1) NpHBOASAT MHOTHE BaXKHbIE TIPHKJIaAHbIE
3apaud. Ilycte @ (f) — usnyueHHb#l pagHoumnyJsc, f (f) —
CHTHaJ, 3aNHCaHHbIi Ha HEKOTOPOM pacCTOSIHHH OT TOYKH
usayuenus. Torna ’

)= | K(t—re@ds, (11)
0

rae K ({ — 1) — uMmnyJbscHas QyHKIHSA Tpacchl pacnpocTpa-
HEHHUS pPajHOUMNYJIbCa, 3aBUCALLASA OT CBOACTB Cpeanl (rpyHTa,
BJIaXKHOCTH BO3AYyXa H T. 1.).

C ypaBHenneM (11) MOXHO CBSI3aThb WeNHIH LHKJ 33]ay,
HanpHMep:

1) HU3Bectsl K ({ — t) u [ ({). BoccTaHOBHTL H3JYyY€H-
HBIH cHrHant @ (). ‘
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Boo6ue, ypaBHEHHﬂ 1 ro poaa 4acro BCTpeqaro’rca B 3a-
lauax, rje IO pe3yJibTaTaM KaKHX-TO nsuepeﬂnn Tpebyercs
BOCCTAHOBHTb HCXOJHOE siBJEHHE. |

2) Ilo n3BecTHHIM BXoay @ ({) H. Buxony [ () onpenennts
K (t — 7). Torna MH 6ygeM 3HaTb, KaK BJHACT npeo6pasosa-
Te/ib PaJMOCHTHAJIa Ha BXOJHOH CHTHaJI. : -

Ynpaxunesnune Bo muorax odnacmx ec*recmoanannn BCTpe-
yaeTcs 3ajaya OTHICKaAHHA 3aKOHa pacnpene.nenna pa3MepoB IIapOBHX.
qacmu, NOTPYXEHHHX B HENPO3pauHyw cpeny, no asuepeﬂuxu CErMeHTOoB,
’ xoropue noJay4arnTcs HpH nepecevyeHuH 4acTHL CJIY‘laPlHHMH NJIOCKOCTAMH.
OGosHauas uepe3 f (r) (r — AHaMeTpP YACTHIL!) NJIOTHOCTb BEPOATHOCTH

pacnpefieJeHHsl JHaMeTPOB YacTHI, nojydaeM, 9T0 GyHKuHSA f(r) Aonxna
ONpeAeNsATbCS  H3 HHTera.ﬂbHOI‘O ypaBHEHHs THNA ypaBHeHHs AGeas

-0

o)== 10 4y

Vr3 — x2

X

rie @ (x) Moxer OHTD Haﬁ,ueﬂa H3 H_a6moneanu,_ ,r,, = const.
Tloxasars, UTO pellieHHeM ypaBHeHHs (12) aBasercs

fm=*2mj(2 P2 d(@@)a=i<m

dx x

YRasaHHeE, HOJIO)KMTh f(r) = rf, (r®. -

YpasHenne (12) mosBasieTcsl TakXe B TEOPHH €3afadH mody.napnoro
CKOIVIEHHAI» B aCTPOHOMHH (rJioGyasipHOe CKONJIeHHe NpejcTaBiser- cobor
coGpanue 8Be3jl, pacnooXeHHHX BOKPYF oﬁmero uem‘pa cQ)epuqecngH
CI0SIMH NIOCTOSIHHOHA NJIOTHOCTH).

§ 33. .Ypas'ﬂenne d)penro;ibma, 1-ro i)ona

I/IHTerpaJleoe ypaBHeHne ‘@pearoasma 1- -TO pojia

JK(ts)w(s)ds——fm,.; o

rie K (t s), f (t) — H3BeCTHBIE ¢ynxunu, ® (f) — HcKoMas
GYHKIHS, TaKKe NPEACTAB/SeT TPYAHOCTH [J/isi H3ydeHHH,
CYUIECTBEHHO OTJIHYHBIE OT TeX, C KOTOPLIMH Mbi BCTPEYa/THCh
B TEOPHH HHTErpa/bHLHIX ypaBHeHu# 2-ro popa. =~ -
[lycre, Hanpumep, sanpo K (¢, s) eCTb MHOTOWIEH OTHO-
CHTEJIbHO ¢ H St

K{(t, S)——ao(S)t'"—l-al(S)t"'*l-!- +am(8)

. Ihe a; () — MHOrou/IeHsl OTHOCHTeNbHO S (i = 1, 2, . o ., ).



§sa) YPABHEHHE OPEJITOJIBMA 1o POJA 231

Tor,zza NeBas yactb (1) 6yaer uMetb BUA bof™ 4- b fm—1 4

-+ + 4 b, 1na moboit ¢ (f)=C la, bl, a cnenosareasuo,

* TaKOH e BHJ JOJ/KHA HMETb H npasas 4acTh (1), 1. e. pyHk-
uus f ().

Takum oGpasom, Anad J1060f HenpepbuiBHOR GyHKUHH [ (f)
pemeﬁne ypaBHeHus (1), Boofure rosops, He CYIIECTBYET
~TIPH_CKOJIb YTOAHO ¢xopoilem» sape K (¢, s).

PaccMoTpuM, Hanpumep, npocTeiilee HHTErpaJbHOE ypaB-
‘ﬁeHue 1-ro pona

f(p(s)ds'=t

¥

cmpom K(tsg=1uft)=1"

- (OueBHIHO, YTO B KJacce HHTErpHpPyeMblXx (B YaCTHOCTH,
“HenpepHBHLIX) GYHKIHH 3TO ypaBHEHHE HE HMEET pelleHHH.
[Ilycre aapo K (¢, s) ypaBHeHus (1) CUMMETpHUYHOE.

B cuay TeopeMn. F HabbepTa — lIMuaTa pa14 CyuiecTBO-

- BaHUA pelieHHss ypaBHeHUs (1) Heo6xonumo, uToObl (GYHK-
nua [ (f) pasnaranach no co6CTBeHHbIM (yHKuHAM {@; (£}
ﬂ,upa K (4, s):

[0 =3¢ ). (0. e

Hpn BHINIOJIHEHHH 3TOTO YCJIOBHSA pelieHHe ¢ ({) ypasHe-
Hm{ (1) MOXHO HCKaTb B BHJE

WO=§&%@- (3)

-Ho,zxc*raamx (3) B (1) u cpapuuBas ¢ (2), moJayuum -—% =

r=(f, ¢,), OTKyza. ¢, = A, (f, §;). Ecin Mbl XoTHM, uTOGHI
ewenue ¢ (f) npuHaniexano L, [a, b], Hano HanOXKUThL Ha
-f (£)- norioIHHTeNbHOE TpeGOBaHHe.

¢ Teopewma 7.1 (Ilukapa). Hnmeespasvroe - ypasHenue

‘ﬂl-eo poda ¢ 3aMKHYMoLM cummempuqnu.u a0pom K (2, s)

| j Kt )0 (s)ds =f 1), (1)
“ede
f(t) e L2 [ar b]s
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umeem, u npumom eduncmeenroe, peulenue 8 xaacce L,la, bl
moefa u moavko moeda, Koeda pad

X Ml (4)
cxodumes,
3neck A, — XapaKTepHCTHuUecKHe uucia sapa K (¢, s),
f. =, 9.) — kospduuuentsl Pypre pynkuuu [ (f) oTHo-
CHUTENIBHO COOCTBEHHBIX q)yﬂxuuﬁ ¢, (!) atoro sagpa: -

@) =" | K(t, 5) @u(s) ds. ©)

CummerpuuHoe saApo K (f, s) HasbiBaeTcsi  3aMKHYMbIM
B L, [a, bl, ecnu kaxnas pyuxuus o ()L, [a, b1, yrosie-
TBOPSAIOllasA TOXKAECTBY ’

[Kt, () ds=0,

paBHa HYJIIO NOYTH Beioay Ha [a, b). 3aMKkuyTOe AP0 Xapak-
TEPU3YeTCs TeM, YTO COOCTBeHHBIE QYHKUHH filpa 06pasyior
NOJIHYI0 B L, [a b) oproronajnbHy0 cHcreMy GYHKIHI.

HHoxaszarteabcTBo Teopemn 7.1. Ilpeamono-
JKMM, 4YTO cyulecTByeT peieHue ¢ ({)L, la, b] ypasHe-
Hus (1). Torna GyneM umers

b b(b
= ff(t)%(t)dt= j{jK(t, s)rp(s)ds} 9, (1) dt =

b b b
=j{jf<(t, s)cp,,a)dt}w(s)ds:--;%;jfpn<s)cp<s>ds. ©)

a

31ech Mbl BOCHNOJNbB30BAJHCh TeM, uTto B cHay (I)

b
fiy=[ Kt 99 ds,

a TakxXe TeM, 49TO B CHJy CHMMETPHYHOCTH sjpa

[K(t, 90a(tydt = 5= 0a (5.
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PapeHCTBO (6) MOXeT GHTb 3aNHCAaHO B BUJE
b
I ¢ (S) Pn (S) ds = ?‘nfm (7)

PTKYAa BHAHO, 9TO 4YHCJa Af, FIBJIHIOTCH KO3(UIIHEHTaMH
Oypre dyuxuau ¢ (=L, [a, b]. Kak ussectHo, psax (4)
_ M3 KBaJpaToB 3THX K03(hUIHEHTOB HEOOXOAUMO JOJIKEH ObITh
CXOJAIHMCA.

[IpennonoxuM, obpatHo, 4TO paAx (4) CXOAHTCH. Toma
. B cuny Teopemsl dumiepa — Pucca ([191) cymectByer dynk-
. uuf @ ()L, la, b], u npuTOM €IMHCTBEHHAS, A KOTOPOH
‘yucna Af, aBasiorcs KosdhduuHeHTaMH Dypne mo cuUCTeMe
GbyHKIHHA {(p,, ()}, T. e. BLMOJHAIOTCA paBeHcTBa (7) aad
Bcex n(n=1,2,...). Ora pyHkuusa ¢ ({) yaoBjJeTBopseT
JJAHHOMY HHTerpajbHOMY ypaBHEHHIO. ,Heﬁc*rfm'e.nmo, B CHJIY

.:camoro nocTpoenus ¢ (£) GyHkuuH f (£) u J K (¢, s) ¢ (s) ds

a
HMEIOT OJHH M Te Ke Ko3(pduiueHTHl Pypne OTHOCHTEIBHO
- IOJIHO# cucTeMHl { @, (1)} coGCTBeHHblx ¢yukuuit agpa K (4, s).

CaenoBarensHo, GyHKuuu [ (f) H JK (4, s) ¢ (s) ds TOXKIE-

cTBeHHH (B Merpuke L, {a, b]).

Ecau aapo K (¢, s) He ABjsteTC 3aMKHYTHIM, TO pellieHHe
ypaBHeHus (1) ne enuHcTBeHHO. IlycTs @4 (£), . . ., 0 (£) —
He paBHbIE HYJIO NIOYTH BCIOAY GhYHKHUH TaKHE, 4TO

[K¢t,90;090ds=0  (=1,2,...,k)

Torna, ecan @, (f) — pelueHue ypaBHEHHSA (1), TO GYHKUHA
k
% () + X Co; (1)

e C;(j=1,2, ... k)— npousBosibHble HOCTOSIHHLIE,
TakxXe OyleT pellieHUEM 3TOro ypaBHeHHA. B ciyuae BhIpo-
XKIeHHOTO sapa pelieHHe ypaBHeHHA (1) MOXeT cojepkaThb
0ecKOHeuHOoe YHCJIO HPOU3BOJIBHEIX MOCTOSIHHBIX.
Tpe6oBanue 3aMKHyTOCTH sizpa K (f, s) sBasercd cy-
IIeCTBEHHBIM He TOJBKO JAJA €IAUHCTBEHHOCTH pelleHUf
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ypaBHeHH (1), HO H BooOuie AAA Pa3pPEIIUMOCTH 3TOTO - ypab-
HeHUs. ECIM OTKa3aTsCsl OT TpeGOBaHHA 3aMKHYTOCTH, TO
CpeiH ypaBHeHHH BHJA

b

[Kt, 900 ds=Frt)+e,

rie f (f) — 3azaHHas HenpepbiBHas (YHKuMs, He OpTOro-
HaJbHast KO BceM @, (f), a g ({) — /mobGas HenpepuBHas
(PYHKLHS, OPTOrOHANbHAs KO BCeM @, (f), MOXKHO HalTH He-
paspeliuMeie ypaBHEHHS,

PaccMoTpuM, HanpuMmep, ypaBHeHHe

1

Jq)(s)ds=i. | (1)

Ono umeer OYEBH]IHOE pellieHHe (f) = 1. Henocpencraesn-
HO# npoaepxoa y6exnaeMcss B TOM, 9TO pemeHHﬂMH ypas-
HerHs (1') 6ynyT Takxke QyHKUHH

o) =1+0(),

rie o (f) = at 4+ p ¥ BeauuMHH @, P — JO6bIE AEHCTBH-
TeJbHble YHCJIa, YAOBJAETBOpSiOMHME ycaoBHIO a 4 20 = 0.
C npyro#f cTOpOHBHI, ypaBHeHHe

14
J@®ﬁ=J+L

OuUeBHJHO, HepaspeluMo, :
Jlasi pellleHHs HEKOTOPbIX HHTErpaJbHBIX ypaBHEHUH
®penrosbma 1-ro poaa MOXKHO NMPUMEHATH METOA MOCJEN0Ba-
TeNbHBX npubauxenui ([43)).
Teopewma 7.2. Ilycmo K (I, s) — cummempuuroe no-
A0KCUMeAbHO onpedesennoe Lo-30po, u nycme ypasHerue

&
[kt 90 ds=ft), [t)SLala b, (1)

OOHO3BHAYHO DPABPEeULUMO.
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Tozda nocaedosamesvnocms |, (£)}, onpedersemas pe-
fxyppenmnbm COOMHNOLUER UM

@n () = Py (t)-H[ t)—-jK(t s) rpn_l(s)ds] (8)

. (n=12...),

2de |

I @ (1) = Ly [a, b),

| oAy )
UMy — Haumensiuee Xapaxmepucmuseckoe uucao 20pa K (1, s),

‘exodumes 8 cpedHem K pewenuro - ypasHenusn (1).
.- B camoMm pene, nosaras B paBeHCTBe (8)

P (t) = @ (8) + un (1),

*npnaenem ero K Bupy
. b
Uy (8) =ty (8) + A J K(t, 8)tqy(s)ds. 8

"YMHOXHM 0fe uacTH (8") Ha cob6ctBeHHYO dyHKUUIO U, (f)
Alpa o npOHHTerapyeM no ¢ or a go b. Ilonyuum

af =oaf !t — ?L-J u; (£) dt J K (¢, s)up—1(8) dé, (10)

rne
b .

o = Ju,, (Hv (t) df.

a

Hcnonpays camme'rpmnocrb Anpa K (¢, s) u 10, UTO

v () = A, jK(t 5) v, (s)ds,

HaXxonHM

n—1

b
jvi(t)dtjxt S) 4 (s) ds = “M J
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Takum o6pasom, u3 (10)

= (1= = (1)

PaccMoTpuM uHTErpans
b b
Jubityat = [ 1gn ()~ (P at.

B cuny nonHoTH cHCTeMBl GYHKUHE {v; ({)} HMeeM

[s0]

ju,,(t)dt 2(&,;)2 2(1——--~——)2”(°)2

fa=1 (=1

Ha ocnoBanuH HepaseHcTBa (9)

(%)=

H NOTOMY 115 JoGoro £2> 0 MOXKHO yKasaTh TaKofl HoMep
N = N (g), uto npu n &> N (g)

O 2
Y (o) <e,
i=1
Takum o6pa3oM, MB IPUXOAHM K HEPaBEHCTBY
b b

[ubtyat = J [ () — o))" dt <,

. a

KOTOpoe oaﬂaqae'r yTO MOCJEeNOBaTeIbHOCTh {@, (£)} cxo-
JUTCA B CpeJiHeM K pelueHuto ¢ (f) ypaBHenus (1).
paCCMO’I‘pHM OnATbh ypaBHeHHe

JK 9 ls)ds=F(f), (1)

He npednosazas menepe s0po cummempuurvim. IIpuMeHUM
K €ro pelleHHI0 o6lHil MeTOA HeonpeAeeHHbIX KOgbhHuHeH-
T0B. CyTb 3TOTrO ME€TOAA — PasJyOKeHHe HCKOMOH (PyHKUHH
N0 HeKOTOpoH mosHO# cucTteMe pyHkuui. OH OKasblBaercs,
BooO1e, XOpOLIO NMPHUCNOCOG/JEHHBIM K PelleHHI0 HHTerpasb-
HbIX ypaBHenHii ®Ppenrosnbma l-ro poaa.



-
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Bynem uckarh pewlenne ¢ (f) ypaBHenus (1) B Bupe
(1) = Lag. () w(l), (11)

- rae yHrRuuH g, (f) (n =1,2,...) o6pa3yoT HEKOTOPYIO
noJsHYyI0 CHCTeMy Ha HHTepBaie (a, b); w (f) — HeKoTopas
. BecoBasA (yHKUMA, KOTOPYIO CjeayeT BLIGHpPATh OJH3KOH
K @ (f) ¥ TeM caMbIM YyJY4WHTb cXoAuMocTh pana (11). Ecau
-0 pe)memm @ (f) Mano YTO H3BECTHO, TO MOKHO MOJOXKHTh
w(f) = 1. .
[oncrasnas ¢ (¢f) B ¢opme (11) B ypaBuenue (1), 6ynem
- HMETb ‘ )

b :
Ft) =) an | K(t,5) ga(s)w(s) ds,

n
HJIH

f(t) = 2;4 aqh, (1), (12)

rae h, (f) — u3BeCcTHblE (HYHKLHHU:

b
ha(t) = | K (¢, 8) ga () (5) ds. (13)

Takum ofpasoM, peieHHE HHTETpPajbHOTO YpaBHEHHSA
CBOAUTCA K HaxOXACHHIO KO3hD(PUUHEHTOB @, NO H3BECTHBHIM
byukuuam [ () u h, (0).

210 0COOEHHO NMPOCTO AeNaercd B ABYX CJyuasx:

1) Ecau ¢pyukuuu h, (£) = ¢, (n =0, 1, .. .), To npa-
Basi yacTb (12) okasbiBaeTc CTEneHHbIM PANOM, TAK YTO He~
M3BECTHBIE KO(POHUUEHTH @, MOXHO OIPEAETUTh IYyTeM
CpaBHEHHA KO3()PHHIHUEHTOB 3TOrO Psfa C COOTBETCTB YIOUIHMH
Ko>pulHEeHTaMH B passioxkeHu” [ (f) mo crenensm f.

2) Ecau ¢ynkuuu h, (f) o6pasywrT OpTOroHanbHOe C Be-

-coM p (f) cemeHcTBO Ha uHTEpBaJe (a, b):
- b
[0t ha (V) 1 (1) dE = N0,
a

*) 3nech Oy, — cuMBO Kponekepa,

0 npu m=£n,
6mn= 1
npu m == n,

-
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TO KO3PhHIHEHTH G JIETKO OUPEAESIOTCA M3 (12) no ¢op-
MYyJ1aM

1
Nn

a, = oo ha (1 dt,
rae

N,=1p (t) ki (t) dt.

K coxanenuto, yauie GyHKuuu h, (f) He ABJSAIOTCA HU CTe-
NeHSAMH {, HU 3/€MEHTAMH OPTOTOHAJbHOM CHCTEMBl H Ompe-
JeneHHe Ko3(ppuUHeHTOB a, ObIBaeT COMNpsaxKeHO nopoii ¢ 60Jib-
IIHMH TeXHHUYECKHMH TPYAHOCTAMH. C HEKOTOpHIMH MeTo-
JlaMH OTHLICKAHHS @, MOXHO NMO3HAaKOMHUThLCA B [23].

B kauectBe npumepa, HJJIOCTPHPYIOLETO H3J/0XKEHHLIH
METOJ, pacCMOTPHM cayuai h, (f).= i,

D10 HMeeT MeCTO, KOrjaa AApO HHTEerpajbHOr0 ypaBHEHHU A
ABAACTCA npou3solauwed Gynkyued AJNA CEMEHCTBAa OpPTOro-
Ha/JbHBIX MOJHHOMOB. Hanomuum, aro ¢ynkuusa G (£, z) Hasbl-
BaeTcs npoudsodawed Aas cucTeMbl QyHKUH

| 8o(2), 81(2)y -1 La(@r.vs,
€CJIH

G, 2) = X cagn(" (ca0),
T. €. ecad QYyHKuuH g, (2) (n =0, 1, 2,...) noayuawrcs

B pesyabTaTe pasyoxeHus G (f, z) B pAl No CTeleHsAM /[,
Kak ussectHo ([23]), npoussoasuyo ¢yHKUHIO AJS MOJH-
HoMOB JpMuTa H, (2) MOXKHO 3anucarb B BHJE

X

et = Y @y (14)

nl
=0

D10 pasjioKeHHEe MOKHO NPHUMEHHTb [l pPelIeHHs HHTe-
rPajbHOTO ypaBHEHHSA
, . |
() = J e~(t=s)g(s) ds. - (15)

%Y

3ajaud TaKoro THIMA BO3HHKAIOT B Bonpocax O pacnpocCTpa-
HEHHH TENnJja, Korjaa HCKOMbIM aABJAECTCA NEepBOHAYaAbHOEC pac-
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npe,ueﬁenue HCTOUHHKOB, MOPOXKJAAIIee HEKOTOpoe 3aiaH-
Hoe pacnpeieneHde TeMmneparyphl. Ilosoxkum

s)_.}:,aH (s).

I/Icno.nbsya pa3J/ioKeHHe (14) aapa ypasHenusa (15) u TOT
‘@aKT 4TO

+oo

J Hi(s)e™ s—Q"n'V“
%anBo,th ypaBHeHue (15) K BuAY
. fy=Va E a2n 7,
-~ Orcrona -
N 4 — f(n) (0)
_H, CJIeIOBATENbHO, pelleHne ¢ (£) ypasHeHud (15) umeer Buj
- o ™ 0y

() =~= Y L Ha ).

| § 34. Oneparopusie ypaBHeHHs 1-ro poja

Ilon onepamoprsim ypasrenuen 1-20 poda NOHUMAIOT ypaBs-

?ﬁeﬂue
| Ap=/, | (1)

‘rAe @, f — sjeMeHTH ru/abGepToBa npocrpauctsa H, A —
"BIIOJIHE HENpEpHIBHHIH oneparop.
' Taxk, unrerpanpHoe ypapHenue Ppenronbma l-ro poaa
. b ‘
1 J Kt 9)0(s)ds=F ), (1
a .
*me K (, s) — uHTerpupyemoe ¢ KBaApaToM B MpPSAMOYFOJib-
‘HuKke Q la < ¢, s < b} agpo, a ¢ ({) u [ (£) — dyHKUHH H3
"‘Lg [a, bl, ABaserca npuMepoM ONEpaTOPHOTO ypaBHEHHS
?I*I‘O pona.

-OnHEM H3 CYIECTBEHHBIX MOMEHTOB B TEOPHH TAKHX YPaB-
H&HHH ABJAETCA TO, YTO OMeparop, of6paTHbl  BROJiHE
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HernpepblBHOMY, He orpanuded. Ilostomy, ecau f, u f,—
ABa OJH3KHX MeXJy cobo# sjaemeHTa u3 A U o6a ypaBHeHHUSA

Ap=F, A¢p=f,
paspelluMbl, TO COOTBETCTBYIOLIHE pellieHda ¢, = A7lf, u
¢, = A7'f, MOTYT CHUJIBHO OTJHHUATBLCA APYF OT ApYyra,.

Takum 06pasoM, CKOJIb YyrOAHO MaJlafl IOrPELIHOCTb B CBO-
GonHoOM usieHe ypaBHeHus (1) MOXKeT NpUBECTH K CKOJIb YTOAHO

Go/bLIOH OLIHOKE B peLUeHHH.
© 3apaul, B KOTOPHIX Majio€ H3MEeHeHHe HCXOZHBIX AaHHBIX
NMPUBOAUT K MaJOMY H3MEHEHHUIO PELIeHHS, Ha3bBAOTCA KOp-
pexmuuimu. PelieHne HHTerpalbHOro ypasHeHus l-ro pona
(B oTJIHYHE OT ypaBHeHHA 2-r0 popa) B ofiieM ciaydyae siB-
JIACTCA HeKoppeKkmuou 3ajfades. .

B nacrosee BpeMsi HEKOPPEKTHBIE 3ala4d H METOABI HX
pery/aspusandy (T. €, CBEIEHHA HMX K 3ajadaM, B TOM HJH
HHOM CMBIC/IE KOPPEKTHBIM) CTA/1H NMPEAMETOM NPHCTANbHOIO
BHHMAaHHUA OOJbILIOrO YHCJ/1a MAaTEMATHKOB KakK B HalIeH CTpaHe
(ikosa akan. A. H. TuxonoBa), Tak u 3a pyGexom.

3anaua peuenus ypasHeHusa (1) HaspiBaerca nocmasaeH-
Hoii Koppekmro no Tuxowogy, €CJIH BBHINOJHEHH CJEAYIOUIHe
yCJOBUA:

1) anpuopH H3BecTHO, YTO pelleHHE @ CYHmeCTBYeT I
HEKOTOPOro KJacca HUCXOAHBIX AAHHHIX H NPHHALJIEKHT He-
KOTOpOMy 3aflaHHOMy MHOxecTBy M:

=M,

2) pelleHHe €AMHCTBEHHO B KJaacce QyHKUHH Q=M;

3) pewenne ¢ ypaBHeHHsi (1) HenpepEIBHO 3aBHCHT OT
npasoil yacty f Ha mMHOXecTBe My, rae My ectb o6pa3 MHO-
xectBa M npu orobpaxenunu Ag.

paCCMOTpPIM ypaBHeHHe

rie A — JHHeHAHBII BNOJHE HENPEpPHIBHBIH OmnepaTop H
14| <1
[Tycte 3amaua pewieHuss ypaBHeHusi (1) mocraBiaeHa Kop-

peKTHO Mo THXOHOBY, H NMYCTh MHOXECTBO KOPPEKTHOCTH M
eCTb MHOXKeCTBO (GYHKUHil 4, ONpene/sAeMbIX COOTHOLIEHHEM

u=Bu, |ol<1, (2)

rle B — /nuHeAHBIA  BIOJIHE  HENPEPHIBHHIE  omeparop,
IBll< L
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Tlycrs 3anana cbyHKuHa ® (T), YNOBJETBOPAMILAN CJe-
NYIOULHM YCJIOBHAM: /

a) o (T) — HenpepbiBHAasA Hey6oiBawomasa GyHKUHA, H
o (0) = 0;

6) ana Jawboro uesM, YyROBJIETBOPAIONIErO HEPABEHCTBY

I Aufj<r,

HMeeT MEeCTO HEepaBEeHCTBO
ull< (7). . (3)

‘ YKa}KeM OJIMH MeTO]| pellleHusl ypaBHeHHs (1), orpaHHYHB-
. mHch HauboJsee mpocThiM caydaeM ([177).

HyCTb A — TNOJIOXHTENbHO ONpeNe/eHHBH CHMMEeTPHY-
HEIl onepatop W oneparopbl A u B nepecranoBouyHbl. OGo-
3HayHM uepe3 @, GYHKUHIO

=@+, 1=0,
H OLEHHM Pa3HOCTDb @, —¢.B cuay (1), (2) umeem
Pr— ==-{(A—f—1:])‘1A-—I}f %—TB(A+TD'1¢, 4)

e @ = By, ¢l <
: OyHRuUA W, = 7T (A + /)1 ¢ ynOBIETBOPAET HEpaBeH-
~ CTBaM |
o<1, ||Aw|<7, |ABw,|<w. (5)
© JIeficTBUTENBHO, B CHIY NIOJOXUTENBHOM ONPEIeeHHOCTH OTle-
_paropa A, naa mo6olt GyHKUHH @
II(A+T1)WII>IAWII,}
1A+ hwl=t|e],
. OTKYyAa, B31B B KauecTBe w dyHKuHIO (A - 1/)! w, Haxoaum

1 A@A+ eyt <]l
lA+ o< —[wl.

(6)

(7)

- s nepaseHcTs (7) yxe caeflylor HepasetcTsa (5). Y3 Hepa-
- BeHcTB (6) ¥ U3 HepapeHcTBa (3) noJyuyaem

| B |=l o —e@ll< 0 (7). - (8)

. TakuM oGpasom, ecau ¢pyHKuHA [ TakoBa, yTo ypaBHeHHe (1)
: paspellHMO, TO ¢, — @ 1o HopMme npu T — 0,
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ITycrb Teneps npapas 4acTb f H3BECTHA ¢ TOYHOCTBIO JIO €,
T. € H3BECTHa QYHKUHUA [, Takas, 49T0

If—Ffell<e.
O6osHauuM yepe3 Q.. GYHKIHIO |
e = (A + )],
H OlLeHUM pasHOCTb @ — Q... B cuay {7), (8) umeem -
| ‘P‘_(Pts”"‘g- @ (t) + ”(A + 1) (f_fe) <o (x) + &/t. |
~ e
Ecan v ecTb KOpeHb ypaBHeHHA 1w (T) = €, TO H3 HepaBeH-
ctBa (9) cienyer - o :
19— @z Il << 200 ().
OueBunHO, 4TO T, H, 3HAYHUT, @ (T), CTPEMHTCA K HYJIO NPH
e — 0. CaepoBaTenbHO, QYHKUHIO 9.z MOXHO CUHTAThb INPH-
OMUKEHHBIM pelueHHeM ypaBHeHHsa (1). 3ameruM, uto ompe-

neneHne QYHKUMH @, = (A + tI)? f, 3KBHBa/MeHTHO pelle-
HHIO ONepaTOpHOr0 YpaBHEHUA 2-ro poja

TPy + Agre =/,

ITpuMeHHTEbHO K ypaBHeHHIO Dpenroabma (1) aTo o3Ha-
yaeT, YTO Mbl paccMarpuBaeM BMecTo (17) ypaBHeHHe 2-10 poza

A b :
wwt)+ [K ¢, 99 ds=Ff, (1),

IIpusenem oauH oTHocsAuuACA cioaa pesyastar B, K. Hea-
HoBa. [lycTb HMeeM HHTerpajbHOe ypaBHEHHE

b
| K¢t, 99)ds=F(

C CHMMETPHUYHBIM, 3aMKHYTHIM, NMOJIOXKHTEIBHO ONpeAeeHHBIM
anpoM. Ilycrb peweHue @, (£) 9TOro ypaBHEHHs CYILECTBYET
U npuHajiexut L, [a, b1 wmn C la, b]. Ilycrs, padee,
¢ (f; 7, €) — pelleHHe ypaBHeHHSA

b
wit)+ [ (Kt 9e@ds=f(t) >0,
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B P

. rae

1) —Ffe(D ] <e.

Hccaenyercs aCHMINTOTHKA bYHKIHG € = € (1), A KOTOPHX
(¢ T, 8(’5))--»(po(t) npu T—0. (10)

- OxasblBaercs, 4TO AJIA CHIIBHOI L ,-CXOUMOCTH B (10) He-

- 06x0AMMO M jocTaTouHo, yrobW & = o (}/1). Hdaa pasno-
" MepHOH cxopumoctd B (10) B HekOTOpHIX cJayuasx JoCTa-
. TOYHO, 4TOOH € = 0 (7). BHIOOP BeqHYHHBI T OYEHb CYylle-
. €TBEH, HO CONMpsiKeH ¢ GOJbIIMMH TPYAHOCTAMH. 3ayacTyio
. BeJJUYMHY T MOAGHPAIOT SMIHPUYECKH, C IOMOIIbIO aHAIH3a
© MOJIeJIbHLIX 3aau C H3BECTHHIMH pelleHHAMH.

O



"TJIABA VII

HE®PEATOJIBMOBblI WHTETIPAJIBHBIE
YPABHEHHA. CHHTYJAPHBIE
HHTETPAJIBHBIE YPABHEHUSA

§ 35. Hedpearoabmosnl HHTErpajbHble ypaBHEHHS

Ilycte HMeeM HHTErpajibHOe ypaBHeHHe
oW = +A] Kt 9ol ds. (1)
. a

Ecin sapo K(¢, s) ypaBHenus (1) uHTerpupyemo c Kpaipa-
TOM 110 OCHOBHOMY NPAMOYTOJbHHKY Q {a < f, s <.b} (a, b
MOFYT OBITb U GECKOHEYHBIMH):

jj;i((t, S) 2 dt ds < + oo, )

T0 1A ypaBHeHus (1) cnpaseniuBel Teopembl ®pearogbma.

B ugactHocru, cnektp ypasHenus (1), T. €. MHOXKECTBO Xa-
PAKTEPUCTHUYECKHX YHCEJ, JUCKPETEH U KaXKAOMY XdapaKTepH-
CTHYECKOMY UYMCJy OTBe€YaeT Ha 0oJiee yeM KOHEYHOEe YHCJO
JHHEHHO He3aBUCHMBIX COOCTBEHHBIX GYyHKIHH (XapaKTepHUCTH~
YeCKHe UHCTa UMET KOHEYHYI0 KPAaTHOCTD).

Ecau ycioBre (2) He BHINOJHEHO, TO Y HHTErPaibHOTO
ypasHeHus (1) cmekTp Moxer OHLITb HENPEPHLIBHBIM, T. €.
XapaKTePHCTHUECKHEe YHCJa MOTYT 3alOJHATH HeJble HHTEp-
BaJsbl, H MOTYT OBITh xapamepuc*mqecxue yHcaa 6eCKOHEeUHOH
KPaTHOCTH,

[TokaxeM 3T0 Ha mpuMepax.

Paccmorpum ypaBHenue Jlanecko — Ilukapa

to
o) =2 | elt—lp(9)ds (3)

(A — nefcTBHTENbHBIH Napamerp).
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sinpo storo ypashenus K (¢, s) = e~ 1t—s1 He yaosaersopser
ycjaoBHIO (2). B camom nerne,

400 400 to 4w
| .{IK’tsH%ﬁds—-j dtj'yiw~uds 4)

#1, KaK OblIO OKa3aHo BO BBefeHHH (cM. cTp. 11), aToT uHTe-
rpajs pacxXxOAUTCA.

Ecau ¢ (f) npaxabl audpdepenunpyema, To HHTerpajbHOe
ypaBHeHHe (3), KOTOPO€ MOXKHO 3amHCaTb B BHAE

4 o0
q»(t)-:x{e-*f [ eg(syds+et | e-sw(s)ds}, )

—0 I3

9KBHBAJIEHTHO AH(PQPEPEHUHAILHOMY YpPaBHEHHIO

9" () + (2A— 1) @ () =0, (6)
ofliee pelleHHe KOTOPOFrO HMEET BHA
¢ () = Cye"* 4 Coe™"", (7

rae C,, C, — npoH3BOJibHbIE NOCTOAHHBIE, a
r=V1-—2A.

Has cymectBoBanHs uHTerpana (3) Heo6XoAHMO, YTOOHI
JeHCTBUTe/IbHAA YacTb r Oblia 1O MOAYJIIO MeHbLIE €IHHHIBI,
T. €. yToObl A ObL10 Goubllie Hyaa. CaenoBaTeNbHO, CHEKTP
ypaBHeHHus (3) ectb GeckoHeunwlft uHTepBaa 0 <A <G 4-o0.
Kaxnas Touka 3TOrO HMHTEpBa/ia fABJIAETCH XapaKTepHCTHYe-
_CKHM YHMCJOM YypaBHEHHR (3) KpaTHOCTH JBa: KaxJAOMY
Ae (0, 4-c0) oTBeyaroT ABe JHHEHHO HE3aBHCHMBIE TJIaJKHE
coOcTBeHnble GYHKUUU e U e~ ', OpHako, Kak HeTPYAHO
BUJETh, 5TH QYHKUHH HE NpHHAA/EXKAT KJ1accy L ,(—oo, +-00).

IIpu A & 1/2 cobcrpenubiMu GyHKHHAMH, coryacHo (7),

aasorca sin 24 —1 ¢, cosVQ},-—l f, npu A = 1/2 nmeem
¢ (1) = Cy + Cyt.
Takum oépaaom npu A > 1/2 cymecTByOT OrpaHHUeHHbIE
B (—oo, 4-00) co6CTBeHHBIE QYHKIHH, HO He MPHHAAMeKAlHE
Ly (o0, +o0). H3~3roro npuMepa BHAHA CYIIECTBEHHAs
posb Kjaacca ¢GpyHKOHHA, B KOTOPOM HILETCA pemeHue HHTE-
rpajsbHOro ypaBHeHHA.
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Tak, ecqu HCKaTh pellileHHe B KJacce ABaxjabl JuddepeH-
nupyemblX QyHKIHA, TO Bce 3HaueHua Aes (0, 4-oo) apasorca
XapaKTepHCTHYECKHMH.

Ecnu HckaTh pellleHHe ypaBHeHHA (3) B KJacce orpaHH-
yeHHBX B (00, --00) QYHKLUHH, TO XapaKTepHCTHYECKUMH
ABJISIIOTCA BCe 3HAUEHHUA A > 1/2,

FEcin ke pelieHde ypaBHeHHs (3) HumleTcs B Kagcce
L, (—o00, 4-00), To npH Jaio6oM 3HaueHuH A > O ypaBHeHHe
HMeeT JHlUIb TPHBHaJbHOe pelileHHe @ (f) = 0, T. e. aad
pelieHH# U3 L, (—o0, +4-00) HU o,zmo U3 3HaueHHA A He sB-
JAETCA XapaKTepHCTHUECKHM.

Paccmorpum eme npumep. Ilyets ¢ (x) — HenpepthHaﬁ
a6cosmoTHO HHTerpupyeMmas Ha [0, 4-o00) hyHKUHA, UMeOLIAs
Ha JIO60M KOHeYHOM HHTepBaJe ocH  Ox KoHeuHOe HHCTO
MaKCHMYMOB U MHHHMYMOB,

TTocTpouM Kocunyc-npeoGpasosanue @ypoe a'roi’i GYHKLHH

7t
P (®) = -;;J ¢ (x) cos wx dx.

Torna
5 +c0
P (x)= V",‘; j 1 (©) cos ox do.
d

CkaanbiBass 3TH JBe ¢opmy.nb:, NOJy4HM
—_ 4o
s@+am=V * | wO+anicsd,
, 0 .
T. €. NpH J1060M BbIGOpe GQYHKUHH ¢ (X), YAOBJIETBOPAIOLIEH
YKa3aHHBIM Bblllle YCJOBHAM, GYHKuHA ¥ (x) = @ (x) +
+ @, (x) ABasercd cob6CTBeHHOH (QyHKuHel HHTerpaanoro
ypaBHEHHH
+oo \ X
p() =~ | p(t)cosxtdt, 8)
J | :

COOTBETCTBYIOLIEIO XapaKTepHCTHYECKOMY 3HA4YeHHIO A ==
=71/92/n. Tak Kak ¢ (x) — npou3BosibHan GYHKIHA, TO, Cle-
JIOBaTeJIbHO, NPH YKa3aHHOM 3HaueHHH A ypaBHeHHe (8)
nMeeT GeCKOHEUYHO MHOro JIHHeHHO HEe3aBHCHMBIX cofCcTBeH-
HBIX cpyﬂxxmﬁ
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.. BosbmeM, nanpumep, @ (x) = ¢-ax @> 0). Toraa

— a
P1(x)= V n I e—at cosxt di = V-—;t—m.

)
Hoammy

P =9 (%) + o (x) = e~w+]/n )

;‘ftﬁo,zzc:ramﬂﬂ qa(x) B ypaBHeHHe (8), OyleM HMeTb

r¢“+l’ a2+x2 = )

5t . |
‘A[j e—% cos xt dt + V ;ff ‘:2 dz‘] . (10)

0

“Ho
: . ~+o
J e—ot cos xt dt ==
\‘ a .
" a BTOpo#l HHTerpas B npaBoi yactd (10) HafineM, HCOONb3YA
- TepopeMy Koiuu o BbiueTax, 910 gaer

) e

cos xt _.x ax
I sy i =g ™
0

a
@+

- Takum éﬁpasom u3 (10) nonyuaem

—ax _ k2 a
¢ +V n az-l-r'z K[VTQ-M* aﬂ%—x"]’

" OTKy}Ia.BH}lHO, 910 ecad A =} 2/m, To pyHKuUUSA

>
v =co - Fafe #0

- 6yer pelleHHEM HMHTErpajbHOrO ypaBHEHHs (8). Caenosa-

_TesqbHO, A = }/ 2/n ecTh XapaKTepHCTHUECKOE YHCJIO YpaB-
HEeHH A (8) a GYHKUHA ¢ (X) — COOTBETCTBYWOIAA COOCTBEH-
' Has (YHKUHSA, NpHYEM, NIOCKOJIbKY a > 0 — Jmwboe JefdCTBH-
TeNbHOE UHCJIO, XapaKTepPHCTHYECKOMY gpeny A =V 2Un
- OTBeYaer GeCKOHeque MHOXKECTBO JIHHEHHO He3aBUCHMBIX C00-
CTBEHHBIX ¢yHKuH#A (9).
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§ 36. CunryasipHbie HHTeTrpajabHbie ypaBHEHHs.
[Ipeobpazosanus [uapGepra

Mb nokasann (cM. § 15), uto HHTErpajbHOe ypaBHEeHHe
®penronbma ¢ agpom K (¢, s), umeromuM caabyw ocobeH-
HOCTb i

H{t, s
K, S)z____(_.__)_..

[ —s|*

(0<oc_< i; H (¢, s') orpaHuyena),

MO2KeT GbITh Npeobpa3oBaHo B ypaBHeHHe @penrosbma c orpa-
HHYeHHBIM AapoM. Ilpu sTOM BecbMa CyilleCTBEHHO Mnpeano-
JIOXKEeHHe, YTo & <3 l.

Ecnu aapo uMeeT HeHHTerpHpyeMmble 0COGEHHOCTH, TO
COOTBETCTBYIOIUA HHTErpaJibHbIH oneparop TepseT CBOHCTBO
NoJIHOH HenpephHBHOCTH H CaMO omnpefejieHHe HHTerpajbHOro
oneparopa Hy»naeTci B YTOYHEHHH.

Bo MHOrux mpHKJagHBIX 3ajayax, B YaCTHOCTH B a3pOJH-
HaMHKe, NPHXOAHTCA HMETh 1&JI0 C AlpamH, y KoTophlXx o == l.
B. a3TOoM cnyuae HHTerpaj B ypaBHEHHH cCJelyeT NOHHMATh
B CMBICJIe T[JIaBHOTO 3HaueHUs no Kolud.

Trasroim snauenuen no Kouiw neco6érseHHOro HHTErpasa
no orpe3ky [a, b] or ¢yHkuuu f (x), He orpaHudyeHHOH -
B OKPeCTHOCTH TOYKH X,, 4 <iX, <G b, HasblBaercs mnpejen
(ecqiu OH CyIecTByerT)

Xy—8 b
lim| [ r@drt | fwdr
£->0 Xot-e
(0 <e<<min {xy—a, b—x}).

Jl ero 0603HAYEHHS NPHMEHSIOT CHMBOJIBI

b *b
V.p.jf(x)dx HJH Jf(.x)dxg

WHTerpasbl B CMbiCJie TJIABHOTO 3HA4eHHS HHOTJa HAas3hl-
BaIOT 0COOLIMU WJIH CUHSYAAPHLIMU HHTErpaJlaMH.

Pacemotpum npumep. Ilycts [ (x) = }"i_“?;* rie c< (a, b).
Torna -

C-81

| 35+ J =Ing=2

a £y

U
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$IcHO, uTO Npeaes 3TO#l CYMMB! IPH HE3aBUCHMOM CTPEMJ/IEHHH
K HYJIO &, H &, He CyUmecTByeT, T. €. He CYIIecTByeT Hecol-
| 5

. dx
' CTBEHHBIH HHTErpani | ——. [lonoxum e, = &, = ¢, Torna

. a -
npenesa Bbipaxkenuda (I) npu & — 0 cyilecTByeT H eCTb MO
onpelesieHHID [JIaBHOe 3HaueHHe HecOGCTBEHHOrO  HHTe-
Y ‘

rpaJja j dx .
P x—c¢'

a

b

Vop | *  _ppb=c )

X—c ¢ —a

a

Bynem rooputb, uro ¢yHKuus [ (x) ynOBJeTBOpseT Ha
orpeske [a, bl ycaosuro Téavldepa, ecau npu JMOGBHX
X1, X, [a, b] uMeer MecTo HepaBeHCTBO

| () — ()| << Clag—xy |

‘1t1e C U @ — HEeKOTOphle MOJOKUTEJAbHble nocTosiHHble, IIpH
@ = 1 370 ycjaoBue coBnmanaeT ¢ ycjosHeMm Jlunmuua. Mu
Oyznem npennonarath, uto 0 < a << 1, §lcHo, uTto QyHKnUSA,
yaoBJeTBOpsAiomaa ycnosuw [éapaepa Ha [a, bl, Henpe-
priBHa Ha 3ToM orpe3ke. CnpaBelJHBO cJjenywollee yTBep-
XKIeHUe, o

Ecau ¢pynxyua f (x) ydosremeopsem rna ompesxe la, bl
%moewoe Téarvdepa, mo 0Oan wmoboco E= (a, b) unmeepax

J xfff)g dx (cuneyaapuoui unmeepasr Koww) éyugecmeyem
a

'8 CMBICAC ZAQBHOZO BHA4EHUS.

JeHicTBUTENBHO,
(1 ( ' {dx
[18 ax= [ L9210 axg ) 2. an
B cuny ycnopus I'énbaepa
o f(x) —F(§) C
l X—-E’, ’5‘; lx__fél}_...a (a>0)$

nostoMy nepshlil HHTerpas B npasoil uactu (I1I) cymecreyer
Kak HecoOCTBeHHBIH. BTOpPOH HHTerpaj CyllecTByeT B CHJY
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¢opmy.nb: (17). OTCIO}J.a CJIELyeT, 4TO HHTErpaf f ! (x) dx

CyﬂT‘ECTByeT B CMbICJIE€ T'JIABHOrO BHaquHH HpH'{EM

Pf fx) dx=j' [O=1® gy 4 @in?

CUuHeyAfpHOIM UHMEZPANbHOIM YpasHeHuem 6yleM Ha3bl-
BaTh ypaBHeHHe, B KOTOPOM HeH3BeCTHas q;yHKuuﬂ BXOJHT
Moj 3HaK CHHTYJAPHOrO HHTerpaJja.

.Hpeoﬁpasoaaﬂﬂﬁ FTnnpbGepra

Onuu u3 nepBHX Pe3y/bTaToOB, CBA3AHHHX € CHHIYJ/sAp-
HBIMH HHTerpa/ibHBIMH ONEpaTopaMH, MPeACTaBJAT cobofl
nBe $hopMyJbl B3aHMHOCTH, BHBefeHHble [I. FuabnbepTom.

Wurerpanpnasn (popmy.na Dypbe Moxer OHITL 3anucaHa

B BH]E
. o

)= i [a () cos xt + b (#) sin xf] dt, (1)
rae o
+o ' ]
a(ty== | f4)cosutdu,
o . @
b(t)==-:-t- ] f (&) sin uf du.

Huterpan B (1) dopmanbHO ecTp npepesn npu y — (0 HHTe-

rpaJja
40

U, y)= J [a (¢) cos xt + b (f) sin xt]e—¥! dt, 3)

]

a nocjeXHUH npejcraBJsifer COOOH BElLIECTBEHHYIO 4YacTh
QYHKIHH

, +® . ) : .
® (2) =.-6[ (a(t)— ib ()] et dt, )

rme z = x + iy.



% §3] - CHHIYJAPHBIE HHTE[PAJIbHHE "YPABHEHHS 95

-

MuuMmas vacts ¢yHruuM P (2) ectb
o
Vi, §) = — 6{ (b (f)cos xt—a () sin xt]e='dt.  (5)

5 Tlonaras '—V (x, 0) =g (X), noJiyyaeM -

+o0 |
g(x)= J [b () cos xt — a (¢) sin xt] di (6)
/M, TOACTABASAS BMECTO b () u a (f) ux 3mpa}§{eﬁnn u3 (2),
,g(x):.:.t.c[ dt | f(sin(@— x)tdu. )

?;'HH'rerpa.u (7) Ha3BIBAETCA CONPANCEHHbIM MHTETPAJOM K HHTE-
-rpany @ypoe. OH nosyyaercs @opmanbno us (1) 33M€HOH a (1)
-Ha b (f) u b (f) Ha —a (¥). .

IoBropss sToT npouecc, ™Mbt Bosspamaemm K HCXOJHOMY
HHTerpajy co 3HakKoM MHHYC, T. e, .

4o 4o

f(x)=--j{—of dt j g(g)sin(uéx)tdu‘

‘TakuM o6pasoM, cooTHoUleHHe Mexay [ (x) ¥ g (x) «xkoco-

63aumHoe», T. e. B3BaHMHOE C TOYHOCTBIO O 3HAKa.
Jlanee, umeeM ¢opMaJjbHO
A +co

g(x)_.hm-j dt j sin (u—-x)tf(u)du —

=A1ir£ cos?»(u x) f( )du—
i cos?s.t '
= lim— [fx+8)—[(x—0t)]dt

Avrco ¥

‘Ecnu [ (x) — mocrarouHo riagkad ¢yHKUHA, TO 4acTh IO-
-CJIeIHEero HHTerpana, cofepxamas cos Af, 6yxer npu A — co.
c*rpemnmca K HYJIO i Mh! 6y;1em HMETh

g () = f”"‘*""”"""dt @
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AHaJIOru4yHO

-0
1 £y — —t

t

JlBoficTBeHHOCTb, BbIpaxkaemasa QopMmynaamu (8), (9), Obiaa
Bnepsble 3aMeyeHa ['Uab6epToM, U ABe ¢GYHKIHH, CBS3aHHBIE
THMH ¢opMyJaMH, Ha3bIBAOT nrapoti npeobpasosaruld 'urv-
Gepma. Popmyanl (8), (9) sKBHBaJIeHTHHI (popMyJiaM

+ o )
| t
gy ==V. p,j 1O g,
| » (10)
f)==—=V.p j g“) dt,

E

rre V.p. 03HayaloT [VlaBHOe 3HayeHHWe HHTerpasa npu f{ = x.

MoxHo mokasaTth, 4TO0 ecau [ (x) ydosiremsgopsaem Ha
(—o0, +o0) ycaocsuro éavdepa u f (X)L, (—oo0, —+o0),
mo 0Osodcmeennoe coomnowerus (10) umeom mecmo. Ilpu
5TOM g (X) YIOBJIETBOPSIET TEM 2Ke YCJIOBHAM, 4TO H [ (X).

Kaxzxaa u3 3THX ¢(OpMyJ MOMXKET paccMaTpHBAaTbCA Kak
- HHTerpaJibHoe ypaBHeHHe l-ro pona; torna Bropas ¢opmyJa
JaeT pellileHHe 3TOro ypaBHeHHs.

[Tycts

F(x) = 56 [¢] ijW”@, (11)

y—x

rne J6{ | — npeo6pasosanue I'uin6epTa, ompejessieMoe
uHTerpasoM B (11).

CnpasensnBa chaenyiomast Teopema ([40]). |

Teopema 81 (o6pawenusn). Ecau  @yHryus
@ (x) =L, (—oo, +00), ede p > 1, mo gopmyaa (11) onpe-
Jeasiem noqmu scody Hexomopyr pyHkyuto f.(x), makmce
npuuaaﬂeafcazqyfo L, (—oo, -+o0), - npeobpasosanue Iuio-
bepma 7 (}] xomopou noumu 8crody cosnadaem ¢ —@ (x), m. e.

H 15 9]} = — 9. (12)
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C nomowpio npeobpazosaiusi 'uanbepra (11) Jerko pe-
watworca B L, (—oo, +oo) HHTerpajbHble ypaBHeHHa

@ () — j 29 gy —fx) 13
HJH, CHMBOJ/IHYECKH, ‘
# () —Ad [9] = [ (x), F()& Ly(— o0, +00). (14)

ITpumenssa npeobpasosanue 'Hibbepra K obeum yactam (14)
H HCnoab3ys cooTHoiueHue (12), moiayuaem

7 (9] -+ Ao = F [f]. (15)

+H3 (14) u (15) Haxonum
(I + Xn%) g (x) = f(«\f)-z’-?m% (1

HJIH
! W
fp(x)=m[f(x)+w- p. j-;_—i’—;dy], (16)
14 A% £ 0, ¢(x) = L,(— oo, + o0).
MoxXHO paccMaTpuBaTh M Gosiee CAOXKHBIE YpaBHEHHS BHIa

-+ o
W —4 [ Kt )o@ dy=fx)

C AnpoM

K('x1 !j) = y)’

rne K, (x, y), Hanpumep, orpaHHYeHHas (yHKLHUA.
HpeoﬁpaaoBaHHn I'nnbbepTa wacTo paccMaTpHBaiOTCA
B HHOH (popMe:
*I ]

Y =5 [ p@ctgFat,

%N
¢(x)=— 5 [p(h) ctg
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rae @ {(x) u ¥ (x) yroBJAeTBOPAIOT yc.noBHm [é e.nbzxepa Ha
[-—-—-n, I, npuuem
P14 n .
f cp(x)dx=J' Pp(x)dx=0. (18)
—~T% —7
{Bmecro orpeska [—m, ;] MokHO Gparb J11060i HHKCHpOBaH-
HH OTPe30K AJNHHBI 27.)

" 'OrMerdM caelyomHil BaKHBI ¢akr. Oneparop [uab-
Gepta #4 o6najaer TeM CBOHCTBOM, uTOo G862 = —I, rae
{ — enuHpuHbIA onepaTop. B OecKOHEUHOMEPHOM MpPOCTPaAH-
cTBe oneparop I (a 3HayuT, U —/) He siBJseTCsl BIOJHE He-
NpepbIBHEIM, Hpon:asexeﬂne IBYX BIIOJIHE HeNpepbIBHHIX ole-
paTopoB €CTb BIOJIHe HenpepniBHbIH omnepatop. Ilostomy u3
TOro, uTo #? = —I, caeayer, uto oneparop 8 oepaHuueH-
HbLll, HO He 6noate HenpepuleHbildl onepamop.

B 3ToM coctouT ray6Gokasi MpHUMHA OTJAHYHS CHHLYJSp-
HBHIX ONEepaTopoB OT (GpeAroJbMOBBLIX, KOTOpasi BJeueT 3a Co-
6ol cyiecTBeHHO HOBBiE MOMEHTBHI B BONpOCax O paspeliH-
MOCTH CHHTYJISIpHBIX HHTErpajibHbHX ypaBHeHHH.

OcTraHORMMCS Ha 3TOM HECKOJIbKO MojpobHee.

ITpu paccMoTpeHHH ypaBHeHH#T ©peArosibMa ¢ BHIPOXKIEH-
HHM SIPOM MBI YCTaHOBHJIM, UTO BOMPOC O pa3pellIMMOCTH
TaKHX ypaBHEHH{l 3KBHBaJEHTEH BONPOCY O pa3peliuMOCTH
COOTBETCTBYIOLIEA CHCTeMBl 7 JIHHEHHBIX ajareGpanuecKHX
ypaBHeHHH ¢ n HeH3BeCTHHIMH, KaXayio Takylo CcHCTeMYy
MOXKHO 3alHCaTh B BHJ€ OJHOTO ypaBHEHHS:

A=/, (19)

rae [/ — 3anaHHbIi BEKTOp, ¢ — HCKOMBIH BEKTOp-pelleHHe,
9l — nuHefHBIA OnepaTop B #-MEPHOM €BKJIHJI0BOM NpoOCTpak.-
cTBe K", ompejiensieMbll MaTpHUeH CHCTEMH.

HanoMHHM OCHOBHHE (pakTbl U3 JHHeHHOH aareGphi, OT-
HocswHecss K cHcreme (19).

1. ¥YpasHenue (19) paspewnmo npH 10604 NpaBoH 4acTH
TOra H TOJABKO TOTrJa, KOrAa COOTBETCTBYIOLIEE OAHOPOIHOE
ypaBHeHHe 2@ =0 mMeer TOJbKO TpHBHA/JbHOE pelleHHe

2. YpasHenne (19) paspemnMo npu Mo60oH NpaBoil 4acTH
TOTJa H TOJbKO TOTJa, KOI'Ja COMpsiXKeHHOe ypaBHEHHE

pa3pellnMo NpH Jao60# NMpaBod YacTH.
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3. Ypapuenus 9219 = 0 u 92*Y = 0 uMeroT ogMHaKoBOE

' QHCJIO JIHHEHHO HEe3aBHCHMBIX pelleHHH.

4. Ecnu omHopoaHoe ypaBHeHHe 21¢ = 0 umeer HerpH-
| BHaJbHble pellieHHS, TO HEOAHOPOJHOe ypaBHeHHe (19) pas-

: pEIHHMO TOorjaa H TOJIBKO TOrja, Korja mnpaBasi 4acTb f opTO-

- TOHa/JIbHAa KO BCEM pelleHHAM CONpSiXKeHHOr0 OXHOPOLHOTrQ
ypaBHeHuﬂ A =0,

- YTBepxkaeHHsa 1, 3, 4 coCTaBafIOT KaK pas colepiKaHHe
'xeopeM d)penrom:ma CrpaBeJINBHX H AJ5 OOIHX HHTETpajb-
. HBIX ypaBHeHHH PpexaroabMa ¢ L,-sapom (6iarozaps BoO3-
" MOXKHOCTH aNMpPOKCHMAIIHH MOCJAeIHHX KOHEYHOMEpPHBIMH Ole-

- paropamu). TakuM o0pa3oM, OCHOBHBE CBOHCTBAa (hpearosb-

~ MOBBIX ONEpaTOpPOB aHAJIOTHUHHE CBOACTBAM JHHEHHKIX onepa-

“TopoB 21, AEHCTBYIOUX B KOHEUHOMEPHOM NpocTpaHcrBe R™:

Re X o,

PaccMotpuM Tenepn cucTeMy m JHHeAHBIX ypaBHeHHH
C N HEeHM3BECTHBIMH NpPH M == . 32{er BO3HHKaeT HECKOJbKO
HHasl CHTyauus..

. 3anHcaB Takyl0 CHCTeMy ONATh B BHIE

3aMeuyaeM, 4TO Tenmepb omepaTop 9l crleayeT paccMaTpHBaTbh
Kak oneparop H3 n-MepHoro npocrpaicTea R" B m-MepHoe
npocrpancrao Rm: |

R, Rm,

B conpsixKeHHOM ypaBHeHHH (20):

Rm_’l_l'_:_,Rn

Ec.nu, Hanpnmep, n > m, T. €. YHCJAO0 HEH3BECTHBIX GOJIbIlE
' WHC/la ypaBHeHHH, TO OXHOpOAHOe ypaBHeHHe 21 ¢ = 0 Bceraa
_HMeeT HeTDHBHaJ/bHOE pelleHHe He3aBHCHMO OT TOrO, paspe-
‘mnMa cucrema (19) uan Her. Takum _oGpasom, csofcTso 1
HapylﬂaETCH‘ HapyulaeTcsi TaKXe CBOHCTBO 2. Bmecro 3THX
-CBOHCTB. HMEIOT MeCTO CJeYIOLHe:

1. ¥YpaBHeHHe (19) pa3peuMo npu Mo6oi npaBof yacTH
TOrJa M TOJbKO TOTJa, KOTJa OHOPOAHOe ypaBHeHHe 2%y =

‘= ( uMeeT JHILb TPHBHAJBHOE peilleHHe.
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2'. YpaBHeHue 21*¢ = h paspemnMo npu JoGof npa-
BOH 4YacTH TOTZa H TOJbKO TOTAa, Koria OJIHOPOJHOE ypae-
HeHue 2@ = 0 uMeeT JHIUb TPHBHAJNbHOE pelleHHe,

Hsmensercs u cBoficTBo 3. Ecau paur maTpHiH 91 pageH r,
TO OfHOpoAHas cHCTeMa Y@ = 0 umeer n — r JHHeHHO He-
3aBHCHMBIX pellleHH#l, a conpsKeHHas OJHOpOAHas CHCTeMa
9 *p = 0 uMeer m — r TaKuX pelleHHA. ITH uHcaa B obuieM
cjiyyae He paBHbl, HO HX pa3HOCTb He 3aBHCHT OT r (T. €.
or omnepatopa 2l) H paBHa n — m.

TakuMm o6pa3oMm, BMecTo CBOHCTBA 3 Mbl HMeeM Tenepb
cBofictBo 3.

3. Hna mo6Goro ypaBHeHHs (19) pasHOCTD MeXAYy Mak-
CHMaJIbHBIM YHCJOM JIHHEHHO He3aBHCHMBIX pelleHHH OAHO-
popHoro ypapHeHHss 92l = 0 H MakcHMaJbHBEIM YHCJOM JH-
HeHHO HE3aBHCHMBIX pelleHHH CONMpsXKEHHOTO eMYy ypaBHEeHHs
91*yp = 0 onHa ¥ Ta XKe ¥ paBHa n — m. |

Hucno

~

H=n—m

HasbiBaeTcsi urdexcom cucmemsi. OH MoxKeT OHITH KaK MOJIO-
}KUTEJbHBIM, TaK H OTPHIlATEJbHbLIM,
- CpoiicTBO 4 ocTaeTcsi B cHJe.

dta cHTyallusi, BO3HHKaowas NpH 7 %= m, HMeeT MeCTo
H B BOMpPOCAX paspeliHMOCTH CHHTYJASPHHX HHTErpajbHHX
ypaBHeHHH.

PaccMorpuMm 3ToT BoOmpoc,
npeABapHTeNbHO pacnpocrpa-
HHB [MOHATHE [JIaBHOTO 3Haue-
HHS Ha KOHTYpHLIE HHTErpaJnl.
CHHryJasipHble HHTErpajb Hr-
pator 6oJbILYIO POJb B TEOPHH
¢GYHKUHH KOMIJIEKCHOH mnepe-
- MEHHOH H ee NpHJIOXKeHHAX (B

Prc. 16. TEOPHH YNpPYrocTH, THApOMEXa-

HHKe HT. A.). [Toatomy chopmy-

JIHPYeM 3TO IIOHATHE A/l HHTETPaJoB OT QYHKUHH KOMIJIEKCHOH
nepeMeHHol, Ilycte & — rsagkas kpHpas (3aMKHYTas HJH
He3aMKHYTasi) H ¢ — KOMIJIEKCHAas KOOpAHHATa HEeKOTOpOi
ToukKH M Ha &. BoipekeM TouKY M OKpYXKHOCTbIO pajuyca 8
¢ ueHTpoM B Touke M (puc, 16), OcraBuryiocs yacTh KOHTYpa
o6osHauuM &,. HonyctuM, ato GYyHKIHA [ (2) HHTerpupyeMa
1o Z,, KakoBo 6Bl HH Gbi/0 € > O, H HeorpaHHYeHa 10 MOAYJIIO
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anu 2z — ¢. CuHeyiapHom URMESpasoM (2AQBHOLM SHAUEHUEM
‘unmezpaad) gynxyuu f (2) no £ HasHBaIOT Npeles (ecad OH
CYIIEeCTBYeT)

g0

lim j [(2) dz
Lo

'H 00603HavYaloT €ro CHMBOJIOMS?[ [ (2) da.

Bynem roBopHTh, quo‘ ¢yHKUHs [ (2) yloBaeTBOpsieT Ha
KpuBoll & ycnoBuio I'énbaepa ¢ nokasareneM a (0 < a < 1),
eCJIH A8 JIOOHX TOYEK Z,, 2, KpHBOHA & BHINOJHSETCS Hepas
'BEHCTBO h ' |
|f(2a) —[(2) | << C| 23— 2,|* (C>0— nocrosiuHas).

MoxHo moKasaTh, 4YTO ec/H [ (z) ydOBJeTBOpSeT YCJOBHIO
- T
Ténpaepa Ha &£, TO CHHT'Y/NSIpHH HHTErpan JT_(_—)Z dt cy-
’ &
IECTBYET I/ BCEeX TOo4eK 2 KpHBo#H £, KpoMe, MOXeT OHTbh,
ee KOHIIOB. a _
PaccMoTpHM mpocTefiliee CHHryJSIpHOE HHTerpajbHOe
-ypaBHeHHe ¢ sapom Komn:

Ao ()= a () o(t) + 20

)11

[ X9 ge=f@, ter, @)

r

TaK HasblBaeMoe XapaKTePHCTHYECKOe CHHIYJASipHOe ypaBb-
-HeHHe ¥). 3necy I' — raagkas samkHyTasi KpuBasa Ges caMo-
TepeceueHHH Ha KOMIIEKCHOH IVIOCKOCTH;, KO3((dHIHEHTHI
a (f), b (f) ynosnerBopsitor yciaosuio I'énpiepa Ha I, mpu-
geM a? (f) — b? (f) %= 0 (HeBHIpOXIeHHBI cayyaf).

- Beepem nonsitue undexca ¢yrxyuu. Ilycre I' — raankui
8aMKHYTHIH KOHTYp H G (f) — 3afaHHas Ha HeM HelpepHBHAH
JyHKuHus, He obpaiuamilasca B HyJb. :

. Onpenenenune. Hudexcom wn ¢ynskyuu G (f) no
xoumypy I Hasweaemcs pasOerennoe Ha 21 npupaujerue ee

*) TeopHsi CHHI'YJASpHHX HHTerDAJIbHHX ypaBHeHHA THNA (21) Hauana
paspabaTbiBaTbhCsl MOYTH HEMOCPEACTBEHHO BCJEA 33 BO3HHKHOBEHHEM Te-
opun ypasHenuin Ppearounma. Hauano GOm0 nonoxeno A, ITyankape,
paspabaThBaBIOHM OOHULYI0 TEODHIO NPHJAABOB, # [I. ['HabGepToM — B CBS3H
€ TPaHHYHHMH 33ja7aMH TEODHH AaHAJAHTHYECKHX (YHKUHE,

.9 M. Ji. Kpacros
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apeymenma npu o6xode kpueoti I' ¢ nososxcumesvrom xanpas-
Aenuu:

% == -21? larg G (!) Ir, (22)

ede cumeor lolr obosnauaem npupawenue Hekomopod ee-
auuuns. ® npu obxode koumypa T,
Kax usBecTHo, ,

InG({#)=1In|G()|+ iarg G (D).

[Mocne o6xona 3aMmkHyToro koHtypa I' Bennuuna | G ()| Bos-
BpalljaeTcsl K CBOoeMYy HauajbHOMY 3HaueHHuio. IToaromy

larg G(t) lr =+ [InG(#) I,

TaK 4TO

1
= 5—[In G (Y)Ir.

Flycte G (f) — HenpephBHO AH(depeHuHpyeMas ¢yHKIHS.
Torna uujgekc ¢yHKuuH G (f) MOXKHO MpeiCTaBHTb B BHIE
HHTErpasna:

1 1 :
%= '27‘}] dargG(f)= mrj dinG(.  (23)

B cuny HenpepriBHOCTH G (£) npupaieHue aprymenra G ({)
npu o6xone KoHTypa I' J0o/12KHO 6BITH KpaTHBIM 27,

ChenoBaTesbHO, HHAEKC (YHKIHH, HePEepLIBHOA Ha 3aMK-
HyToM KOoHTYpe I' U HHrjge He ofpawaiomefics B HYJb, CTb
11eJ10€ YHCJAO0 HJAH HYJb.

U3 onpeneneHns HHIeKca HemocpeACTBEHHO CJelyeT, 4TO
uHOexkc npoussedenusn YHKYUL paseH cymme UHOEKCO8 COMHO-
scumeneld; UHOEKC wacmro2o0 paser pasHocmu UHOeKcos Oeau-
M020 u Oeaumeas.

Ecan ¢ynkunsa G (f) auddepeHunpyeMa H npeiacrabisier
cofoil IrpaHHYHOe 3HAaueHHe aHa/JHTHYECKOH BHYTDH HJIH BHe
koHTypa I' pynkunn G (2), 10

=1 (4 L (g /
xhg—mljdlnG(t)-—. =t ) G db (24)

T. €. HHIEKC ¢pyuxuun G (f) papeH JOrapuMHYECKOMY BHhI-
yery GyHkUHY G (2).
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M3 npunnuna aprymenra ([16]) BeiTekaer caenyouee
npenjoxeHue,
- Ecau ¢ynkyus G (2) anasumuuna 6cody 6HYmpu KoH-
mypa T', 30 uckaroveruem KOHeuH020 4ucaa nOAOCO8, Henpe-
powera Ha T' u e obpaujaemea na T' @ nyav, mo undexc G (i)
paser pastHocmu uucaa Hyareld u uucaa noawocoe pyukyuu G (2)
enympu Koumypa T.
- Ilpu 3TOM HYJM H HOJIOCH CYHTAIOTCH CTOJBKO pas, Ka-
KOBAa HX KpPaTHOCTb.

[Tpumep. Buuucaute unfiekc ¢ynkuun G (f) = in no awo6Gomy
3aMKHYTOMY XOHTypy I', omHOKpaTHO 06GXOAsiieMy HauajJo KOOpAHHAT, °

Pemen ue OyHruua G (2) = 20 aHanutHyHa Beiofy BHyTpH ' ©
' MeeT OJHH HYJb NMOpsKa fn BHYTPH KoHTypa. [lostoMy ® = n.

HasoBeM undexcom % (A) unmeepassrozo ypasuenus (21)
HHIEKC QYHKIHH .o
a(t)—b(t)
aly+bo(’

INonbsysce dopmysof (24), nmoayuaeM fBHYIO ¢opMyJay
A5 HHJEKca 3TOro ypaBHeHHA:

v 1 a(t)y—b(
%(A)-—-——Q—n'rjdafga(f)-_}_b(f). (25)
YpaBHeHHe
; 1 b
Ayt za@)pO)—— [TV de=h(),  (2)
T

noJyyaemMoe NnepecTaHOBKOH ¢ # T B sApe ypaBHeHus (21),
Ha3biBAeTCS COO3HbIM HJIH CONpAdXCeHHuim YpaBHeHHIO (21).
Onepatop A* Ha3bIBaeTCs COO3HLIM (CONPANCEHHbIM) OTEepa-
Topy A. JIns Hero HHIEKC ®* = —x.

Jns CHHrYJsIpDHBIX HMHTErpajibHbiX YpaBHEHHH TeopeMbl
®penronsMa 3amemtaor TeopeMel @, Hérepa ([7]).

Teopewma 8.2. Pasocmy uucaa n auretino Hesasucu-
Morx, peuteruld o0HopodHoeo ypasrenus A = 0 u 4ucaia n'
AuHelHo Hesasucumbix peweruld coro3no2o ypasrenus A*¢p = 0
pasra undekcy % onepamopa A:

n—n' = (A4).

Sra TeopeMa BhipaXaeT XapakTepHeiillee CBOHCTBO CHH-
I'yJspHBIX HHTErpajibHBIX ypaBHeHH# ¢ siapom Komm.

9*
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Teopewma 8.3. Heobxo0umoim u Oocmamourbim ycao-
BUEM DPASPELUUMOCTU  YPABHEHUSR

Agp=f

ABAREMCA BHLNOAHEHUE pasercms

jf(t)xp;(t)dt-:o G=1,2 00,1,

20e '4:1 (), « « o, Yn () — nosnas cucmema auHedHo Hesasu-
CUMbLX peuleHull cO3H020 00HOPOOHO20 YpasHerus A*y¢p = 0.
Ecnu uHexc onepartopa % = 0, To Teopema 8.2 Hérepa
COBMajaeT co BTOpOH TeOpeMoil @peﬂronbma B stoM cayuae
JJISl CHHTYJISIPHOTO YpaBHEHHS OKasbiBaioTCA CNPaBENJHBLIMH
Bce TeopeMbl @pearonsma. [ToaToMy CHHry/1SpHBIE HHTErpab-
Hble YpPaBHEHHS C HYJIeBHIM HHIEKCOM HasblBalOT Keasughped-
2016 MOBBLMU.,
- Mu npegnoaarads, uro a?(f) — b*(t)% 0 Ha xoHType T
B HCK/IIOUHTENBHBIX cayuasx, Koraa a?(f) — b%(f) = 0, aasn
CHHT'YJISIpDHBIX MHTETPajIbHHX YpaBHEHHH H TEOPEMb HeTepa
OKa3hIBaKwTCs, BooOlle roBopf, Hecnpaaemusmmu
INpusenem Hekoropuie mpumephi ([201). | -
Ilycte I' — roagkuii 3aMKHYTHIH  KOHTYp, JieXaului
B KOMIIJIEKCHOH IJIOCKOCTH, H NycTb D — o6macTe, orpa-
HUYEHHAsl 3THM KOHTYpoM. CHHT'YJsIpHBIA HHTErpasn

[29ar, ter, 27)
I

¢ aapom Koun ,-F-—_-_-l_-—} CYILIeCTBYeT MOYTH BCIOAY, ecaH ¢ (f) —

CyMMHpyeMasi ¢GYHKUHS (3TO BHITEKaeT H3 HCCJeJOBaHH#A
HU. H. llpusanoBa o mnpelesbHHIX 3HaueHHAX HHTerpana
tuna Koun).

ITyctb 2z — MpoM3BO/IBHAS TOYKA KOMIVIEKCHOH IJIO-
CKOCTH, He Jexamas Ha I'. TTonoxum

T—2

fD(z) = J ?(x) dr.

[lyets 2 — te—:I‘ [IpenennHble 3HaueHHs (byHKuHH D (2),
Koria z — { COOTBETCTBEHHO H3HYTpH HsH H3BHe I', 06o-
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sHauuM D; () u @, (¥). Ho Teopeme Coxoukoro — ITne-
meas (116 1)

Oy(t) =5 () + 57 | 2L ‘”"’ dr,

r

1 1
)= —500) + 5 [ D .
. r

_Tlycrs ¢yHkuus @ (2) avaautuuda B D u HempephiBHa
B D.=D|T. TomaCD(z) 0 BHe PH(D (t) = 0, Tak uro

00— [F=¢ 4 =0 28)

T—1

Dro o3Hayaer, UyTO A = | ecTb XapakTepHCTHUECKOe UHCJ/IO
CHHFYJIIPHOTO MHTErPabHOrO ypaBHEHHS!

ut j’ LAUBPP (29)

T—1

U 3TOMY XapaKTEepHCTHUECKOMY YHCJY COOTBETCTBYeT Gecko-
HeYHOe MHOXKEeCTBO JIHHEAHO He3aBUCHMAEIX COOGCTBEHHBIX QYHK-
HA — TpefeJbHHX 3HaueHud Ha I' pyuxumi @ (2), aHamu-

THUECKHX B [ H HemnpepuiBHbIX B D.

Ecnn @ (2) aHanutnuHa BHe I'n @ (00) = 0, TOo @ (2) = 0
Biyrpu ' 1 @; (¢) = 0, Tak uro
I
o)+ = 20 4r = 0. (30)
I‘l - .

Sro TOXKAECTBO 0O3HAUYaeT, uTO yaasﬂenﬁe (29) uMeer emte
OJIHO XapaKTepHCTHUECKOe YHCJIO A = —]1, KOTOpPOMY TaKxe
COOTBETCTBYET GeCKOHEUHOE MHOXKECTBO JIHHEHHO He3aBHCH-
MBIX cOGCTBeHHHX ¢yHkuufi. VMM sBafiiorcs npenesbHBiE
sHauenus Ha ' ¢oyHkumui, aHaautuudnx BHe I', o6pamaio-
UHXCS B HYJb Ha GECKOHEUHOCTH H HeNpephiBHBIX BILJIOTh
o I'. Takum obpasom, aas ypaBHeHHs1 (29) -HeBepHH Teo-
pemu PpearonbMa u Hérepa, no koTophiM KaxaoMy Xapak-
TEPHCTHUECKOMY YHCJY OTBevaeT JHIIb KOHeuHOe YHCJO JIH-
‘HeHHO He3aBHCHMbIX COGCTBeHHBIX (GYyHKIHHA. 3Jech HAJIHLO
HCKJIIOUHTEJNBHBIA cayudail a® — b2 = 0
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ITpuBenem eme npumep. [lycts I' — okpykHOCTH pannyca
eHHHIla C LEHTPOM B Hayajse KOOpPJAMHAT, H mycTh |A| > 1.
PaccMOTpHUM CHHryJsipHOE HHTErpajlibHOe YpaBHeHHe

00+ 37 [ =7 oW dT— 57 [T 0@ dr=0. @)
r r ‘ .

Hcnoabays coornomenus (28) n (30), yGexzaeMcs, uro
ypaBHeHH10 (31) ynoBiaerBopsieT QYHKUHSA

t
() =57—7-

310 03Hauaer, UYTO OZHOpOJAHOE ypaBHeHHe (31) HMMeeT HeTpu-
BHaJbHOE pellieHHe NMpH J106oM A TakoM, uto |A| >1, T. e
BCSIKOE TaKoe A SIBJIsSIeTCS XapaKTepHCTHUYECKHM YHCJIOM ypaB-
Heuus (31).

TakaM o6pa3oM, COBOKYNHOCTh XapaKTE€PHCTHUYECKHX YH-
cen ypaBHeHus (31) 3aiionHser BCIO BHEIIHOCTb €IHHHYHOTQ
Kpyra |A | = I, T. e. ABAseTCS 3aBEOMO HeCUETHHIM MHOXe-
CTBOM. .

OTMeTHM B 3aKJIOUEHHE, 4YTO CHHIYJSPHOE YypaBHEHHE
¢ aapom ['uasbepra

P4 A
Ao ()= a(t)o )+ 52 [ gr)ctg L5t du=f (1)
0

fIpUBOJUTCS K ypaBHEHHIO ¢ fApoM KollH ¢ nomouipio nof-
CTaHOBKH 2z = ¢, E = ¢'*, npuuem koHTypom I' Gyzner
OKpYXkHOCTb | §| = 1. . |

JleTalbHO € BOMPOCaMH, OTHOCSAIIHMHCSH K CHHIYJ/SIPHBHIM
HHTErpa/jbHBIM YpaBHEHHSIM, MOXHO I103HaKOMHTbCS, Ha-
npumep, B KHure [7] uan [24].



FITABA IX

" HEJIMHEWHBIE
UWHTETPAJILHBIE YPABHEHHS

OcHOBHl TEOPHH HeJHHeAHBIX HHTErpajbHBIX YpaBHEHHH
6blIH 3ajioeHBl B paGorax A. M. Jlanyuosa, JI. Jluxten-
wreiina, 9. Ulmnara, I1. C. Ypuicona, A. [ammepuureiina,

PaspaGotaHa OHa 3HauyHTeJbHO MeHbIllE, YEM TEOPHS JH-
HeAHBIX HHTErpaJIbHHIX ypaBHEHHH.

§ 37. ¥Ypasuenus lammepuiteiina

B cBoe BpeMmsi (cTp. 74) MBI paccMOTpesiH HeJHHeRHOe
HHTErpajbHOe ypaBHEHHe

b
o) =A[ Kt s o(s)ds+[(®) (1)

H YCTAHOBHJH, 4TO ec/H QyHKUHA K (f, s; 2) yaoBaeTBOpseT
yca0BHIO JIMNIIHIA 10 CBoeMy (YHKIHOHAJIbHOMY apry-
MEHTY 2

| K¢, 8 2)—K(, s 2)| <@ |—zn|
H

1

TO B CHJY NpPHHIHNA CXaThiX oToOpakeHHAi ypaBHeHHe (l)
HMeeT INPH YKa3aHHHX 3HAauyeHHAX A eJHHCTBEHHOe Hempe-
PHIBHOE pelIeHHe. ‘

PaccMotrpum ypaBHeHHe ["amMepuiTefiHa

) |
o)=[ K(t, 9 ¥ (s, o(s) ds+F (1), P)

3neck K (¢, s), ¥ (s, 2), [ (f) — u3BecTHne GyHKUMH, @ (f) —
HcKkoMas ¢pyHKuHA. @yHkuHio K (¢, s) HasbIBaIOT A0POM ypaB-
HeHHs (2). ‘
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Iyete K (¢, s) — cHMmeTpHuHOe L,-siApo H $yHRUHA
[ (H=L, la, b]. Herpyano nokasarsb (CM [251), uto A5 Jo-
6okt cbyﬂxmin g (z‘)r:":‘l,2 [a b} cnpaBepsnBa OLEHKA (HOPMBI
Gepyrca B L, [a

[Kt920as sz:.ﬁugn, 3

rie A1 — HauMeHbllee N0 aGCOMIOTHON BeJTHYHHE XapaKTepH-
crHueckoe uucao aapa K (¢, s).

IMokaxeM, uto ecau e ypaswenuu (2) ¢pyuxyua ¥ (s, 2)
makoea, 4mo

| W2 (s, 2) [ <o <| M\,

mo smo YypasHerue umeem eQuHCmBEHHOe pewierye, rcomopoe
moxcem boimb HALiOeHO MemoOoM nocaedosamesbRbiX  NpUGAU-
oHeHULL,

HeficreurenbHo, npasas 4acrb (2) onpelensier oToGpa-
xeHne A npoctpanctsa L, [a, b] B ce6s. Mmeem

Ag, “"“‘ A(Pl“‘“

b _ :
= j K 9)[¥ (s, @2 () =¥ (s, 91 (s))] dsﬁg
STaT |x I¥ (s, ‘Pz(s))“‘“?(s (Pl(s))ll“: ll Pa— 1],

TaK 4T0 OTOOpaKeHHe Ap — cx{masomee, H Halie yTBep-
XKJeHHe BBITEKAeT H3 NPHHIHNA CKATHX OTOGpaKeHHH.

PaceMoTpuM BaKHHIH vacTHHIH ciayuadl ypaBHeHHs (2).
ITpexnonoxkuM, uro appo K (%, s) ypaBHeHHS Fammepuneﬁ-
Ha (2) BHIPOXKIEHHOE, T. €.

m

K(t, )= 2 a,(1)bi(s). (4)

YpaBHeHHe (2) NpHHHMAeET B 3TOM CJiydae BHJ

m

o ()= X, ai(ojbf(s)‘r(s o(sNds+id) )

iml
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-

H HasblBaeTcs 6uipoXcOeHHuM YypasHeruem I ammepwmertina.
ITonoxum

b
(=[b,O¥6 o)  (=1,2...,m), ()

rjie ¢; — NnoKa HeH3BecTHble nocrosiHHble, Toraa B cuay (5)
6yneM HMeTb

fp(t)—-—-—-‘_; c,a, () + F (). (7)

Iloacrasassa (7) B (6), MPHXOAHM K CHCTeMe HeJHHeHHBIX
- ypaBHeHHi#l (BoOOllEe, TPaHCIUEHJEHTHHIX)

b m B
j bi(s)¥ (3} Z ¢;a,; (8) + f(S)) ds=y¢ 8)

i=1

(i=1,2,...,m),

pPaBHOCHJILHOHA ypaBHeHHIO (D).

Ecau cgfm;ecrsye'r pelieHHe cucreMul (8), T. e. cyuiecTByer
m uHucea o, 3, . . ., € TaKHX, UTO MOACTAaHOBKA HX B .CH-
creMy (8) ofpawaer ee ypaBHeHHsI B TOXAECTBa, TO Cyiie-
CTBYeT pellieHHe HHTerpajbHOro ypaBHeHus (D), cmpenense-
MO€ paBEHCTBOM

o) = g a, () + F ().

-TakuMm o6pa3oM, uHC/I0 pelieHHH (BooOUle, KOMILJIEKCHBIX)
HHTErpaJbHOTO YpaBHeHHs (D) paBHO UHCJAY pelieHHH CH-
creMul (8).

 ¥Yxe Ha npocreﬁmax npuMepax ypaBHeHHH [ammep-
ITeAHa MOXKHO YBHIETb DAl HOBBHIX ABNEeHHH, cneuHdHue-
CKHX JJ151 HEeJTHHERHBIX ypaBHeHHH H He HMEIOHUX MecTa B JIH-

HefIHBIX 3ajauyax.
paCCMOTpHM HHTerpaanoe ypaBHeHHe

e(f) = KJ t2s@? (s) ds. (9
TTonoxuM ’

1
c-r-éfscpz(s) ds. (10)
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Torzna . :
P (1) = cAt:,
INoxcraBnsisi 310 BHpaxenue aas ¢ (f) B (10), 6yneM uMerb
A2
=" (11)

YpasHenne (11) uMeer nBa peweHHsa: ¢, = 0, ¢, = 6/A%,
CnenoBaresibHO, HCXOAHOE HHTETpajbHOE YpaBHEHHE TaKiKe
HMeeT JBa pelieHHus npu aobom A == 0:

) 0
P (6)=0, @(f)= n £,

saMETHM, yTO JIHHeHHOe OJHOpOJHOE HHTErpaJjibHOe YypasB-
HEeHHeE ;

1
() =7 [ fsp (s) ds
: 0

c TeM xe aapoM K (¢, s) = {%s HMeeT HeHYyJ/IeBoe pelleHHe
JIMILIb MPH OAHOM 3HAUEHHH A, HMEHHO A = 4, gBasloLEMCH
xapaKTepHCTHuecKHM uHcaoM saapa K (£, s). Ilostomy, ecan
10 aHAJIOTHH C JHHEHHBIM CJyuyaeM CUHTATb XapaKTEPHCTHYe-
CKMM 3HaueHHe A, NpPH KOTOpOM ypaBHeHHe (9) umeer mo
KpaiHe#l Mepe OJHO HEeHYJIeBoe pelleHHe, TO 3Jech TNoJay-
qarcs OeCKOHeYHble HHTEpBaJibl XapaKTepHCTHUECKHX HH-
cen (—oo, 0) u (0, Ho0).
[Ipn pelieHHH HHTErpasbHOrO ypaBHEHHS

1
q>(t)=6[ (t)a(s)tp(s)sin((gg)))ds (12)
(a(t)>0 nas Bcex t [0, 1))

AAS oNpeje/eHHsl NOCTORHHOA ¢ MNPHXOAMM K YpaBHEHHIO
1

1 =d{aﬂ(s) dssinc. (13)

1
Ecan 6[az(s) ds <1, 10 ypaBHeHHe (l3), a cmenoBa-

TeJqbHO, H (12) He HMelOT JeACTBHUTENbHHIX pelleHHi,
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1
Ecan 6[a‘ﬁ‘(s) ds > 1, 1o ypaBHenue (13) u, caenopa-

TeJbHO, HCXOAHOe ypaBHeHHe (12) umeloT OGecKOHEUHOE MHO-
XKEeCTBO JEHCTBHTEJBHBIX peleHHI.
PaccMoTprM, HaKoOHel, ypaBHeHHe
1

p(t)=1 “”‘J 9 (s)ds. (14)
TTonoxuwMm 1
c=5[ 9*(s) ds. (15)
Torga
p()=1+h. (16)

IToacrasasas ¢ (f) u3 (16) B (15), momyunm
M4 (A —1)c+ 1 =0,

OTKYAa
L= VT4 |
= Py I
i
1+ VT —4)
¢ ()= T . (17)

TakuM o6pasoMm, ypaBHeHHe (14) nonyckaer AeACTBHTENb:
Hble pellleHHs ToJAbKo NpH A < 1/4. OHo HMeeT ABa pelieHHS
npu A < 1/4 u omHo peweHue @ (f) = 2 npu A = 1/4 (upn
- A = 0 umeeTcs ofHO orpaHHuyeHHoe pelieHHe ¢ (f) = 1),
CootBeTcTByIOllee ypaBHeHHe 6e3 CBOOOJHOro 4JjeHa

1
@(t)mxﬁ[ ¢* (5)ds

Bceraa JAONYyCKaeT HeTpPHBHAJbHHE pelleHHa ¢ (§) = 1/A
(A = 0). Ho 3to, KaK Mbl BHIHM, He O3Hayaer, 4YTO ypaBHe-
Hue (14) co cBOGOAHBIM U/IeHOM HMeeT GeCKOHEUHOE MHOKe-
crBo peuieHHi. TouHO Tak Ke HaJHyHe MPH HEKOTOpPOM A
y HEJIHHEHHOro ypaBHeHHs 6e3 CBOGOAHOrO ujieHa | (f) TONBKO
HyJIeBOrO0 pELICHHS BOBCe He O3HayaeT, YTO COOTBETCTBYIO-
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~

liee ypaBHeHHe €O CBOGOAHLIM usieHOM f () HMeeT pOBHO OJHO -
pelieHHe.

Teopemot qf)pe@eozzma KacalouHecs JHHeAHbIX HHTe-
rpajlibHBIX ypaBHEHHH, 3deco He umetom mecma.

Has ypaBHenus [ammMepurefina (2) ¢ HEBHIPOXKIEHHHIM
agpoM K (Z, s) MOXKHO MOCTPOHTb ypaBHeHHE C OJH3KHM
K K (f, s) BHPOXKIEHHBIM IPOM H pellleHHe 3TOTO MOCAENHEro
paccMaTpHBaTh KaK MNPHONHXKEHHOE pelleHHe HCXOLHOro
 ypaBHeHHs (2).

B pa6ore ['amMepuTefiHa H3yyaJHChb HeJHHeHHBIE HHTe-
rpajibHbie YpaBHEHHs BHJA :

b
o)=[K@t, 9F (s, o(s)ds (18)

' OpH CAENyIOMHX NPeAnoNoKeHHAX:

1) pna auwedinozo HHTErpaJibHOrO YpaBHEHHSt C AJpOM
K (¢, s) cnipaBeanuBn TeopeMul @penrosbma, H HTEPHPOBaH-
Hoe Anpo K, (f, s) HenpepHBHO;

2) sapo K (¢, s) cuMMeTpHuHO, T. e. K (¢, s) = K (s, {);

3) agpo K (¢, s) nosoxuTeNbHO OlNpefesNeHHoe, T. €. BCe
€ro XapaKTepPHCTHUECKHE YHCJa MOJOXKHTEJIbHH;

. 4) F (s, 2) — Henpepmsﬂaﬂ GYHKUHS CBOMX aprymeH-
TOB, @ < § < b, | 2| <M, rae M > 0 — nocraroyHo Gop-
_ 1asfg MoCTOAHHAA.

Meron 'ammepiTefina onupaercsa Ha TeopeMy [napbepra —
HIMuara # 3akJai0yaeTcss B NpHUBEAEHHH HHTErpajbHOTO ypaB-
HEHHSA (18) K CHCTeMe aJire6paHuyecKHX WM TPaHCIEHACHTHBIX
ypaBHeHHH € MOMOLIbIO CHCTEMH OPTOHOPMHPOBaHHHIX COO-
CTBEHHBIX QYHKUHA cHMMeTpHuHOro aapa K (f, s). ViMenHo,
ecH pelieHHe @ (f) 30061118 CYILECTBYET, TO B CHAY (18)

(t)—-JK 3 s)g(s)ds,

rae g (s) = F (s, ¢ (s)). -

Tak KaK g ()L, la, bl, T0 @ (f) oKa3LHIBaeTcss HCTOKO-
ob6pasHo npeﬂcrasnmof& (byHKu,Hei’{ H, B CHJYy TeopeMbl ['nib-
6epra — llIMuaTa, MoxeT ObITH NpeacTaBjeHa CXOAALIHMCA
paIoM ‘

. @

o ()= 2 cnbm(?) (19)

m==
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rae ¥, (0, vy (O, ..., ¥, (f), ... — OPTOHOPMHPOBAHHLIE
cobcTBeHHble PYHKLUHH mpa K (t s), OTBEYalOllHe XapaKTe-
DHCTHUECKHM YHCJIaM Ay, Ay, .. ., Ay, . . . COOTBETCTBEHHO,

a Cq, Cgy ++ 5y Cmy + + » — HEKOTOPHE Henssecmble MOCTO-
SHHBIE, '
Tak Kak

o
= o) n (0 dt =
’ b
ol m(f)deK(f S)F [s, ¢ ()] ds =
.
- =[FB <P<S>1dsjl<(t 55 =

== j F s, (s)1Ym (5) ds,

-

'TO 3ajiaya pelieHHS JaHHOro HHTErpaJbHOro ypaBHeHHS OKa-
3blBaeTCsl 9KBHBAJEHTHOH 3ajjaye pellleHHs1 GeCKOHeUHOH CH-
- CTeMbl ypaBHeHHH ¢ 6eCKOHEYHBIM YHCJIOM HEH3BECTHHIX:

=4

. b © ’
-l = Tlm" ,"F {39 Z CrPr (S)} P (5) ds (20)

: (m=12,...)
PaccMoTpuM NpHO/HKEHHOE pelleHHe
()= 2 Crm¥im (£) @1)
- m= .
\re n TOCTOSIHHBIX Cp 1, Crg s » -  Cn.n_ MOJKHBL YZIOB/IETBO-

Epmb caepyiollefl cucreMe n ypaBHeHHH C N HEH3BECTHBIMH;

, b n
% Cnom = Tlﬂ': j F {3, 2 Cr,p P (S)] Pm (s)ds (22)

a k=1
(m=1,2,!: 9,n)9
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[aMmepiuTeiH moKasaJ, 4TO CHCTeMa (22) HMeeT no KpaHHei
Mepe OfHO pellieHHe, ecnH GyHKuuaA F (s, z2) HenpepbiBHA H
yIOBJETBOPSIET YCJAOBHIO

|F (s, 2| < Ci|2]| + G, (23)

rae C,;, C, — noJOXKHTe/JbHble NOCTOAHHbIE, npHYeM C; <
< A — HQUMEHDIWIE20 XAPAKMEPUCMUYECK020 4ducia [0pa
K (1, s).

Ouedky C; < A,, BoOOUlEe TOBOpSA, VYJAYULIHTb HeJIb3A,
XOTA CaMO YycJioBHe (23) MOXKHO HECKOJNbKO OCJMabHTh.

Ilpn 3THX npenno/ioKeHHAX MH CTPOHM MOCJEN0BaTeNb-
HOCTb (PYHKIHA

(P1(t), @2“)»”*& (pn(t)’ s

MoxHO mnOKasaThb, YTO H3 MOC/JEA0BaTENbHOCTH ~{@, (£)}
BCEr/la MOXKHO BHOpaThb MOANOC/ENOBATENbHOCTD (@, (t)},

CXOAALLYIOCA K peleHHI0 ¢ (f) HHTerpajbHOro ypasHe-
- HHA (18).

Takum ob6pasom, cnpaBel/HBa

Teopema 9.1 (cymecrBoBanusi). Ecau adpo K (i, s)
ypasrenusa (18) ydosaemeopsaem ycaosusm 1), 2), 3) u nenpe-
poienan ¢pynkyus F (s, 2) ydossemsopsem ycaosuro (23), mo
HeauMelinoe unmeepaavroe ypasuerue (18) umeem no xpaiined
mepe 00HO pewerue,

HiMetoT MecTo TeopeMbl elHHCTBEHHOCTH peElIeHHs YpaBHe-
Hus (18).

Te opema 92, Ecau 0aa mobozco urcuposarroeo
sela, b] pynkyun F (s, 2) asasemes neybusaroueld (pynk-
yuell z, mo HeauHeliHoe unmezpasvtoe ypasrerue (18) umeem
camoe Goavuiee 0OHO pewierue.

Teopema 9.3. Heaunediroe UuHMmeeparbHoe ypagHe-
Hue (18) umeem camoe Goaviuee 00HO pewerue, ecau pyHKyus
F (s, 2) pasromepro yaoezzemeapﬂem YCA08UIO ﬂunmuqa

| F (s, 32)““7‘ (s, z1)1<°5122"’*"21| (24)

IlpuBenem ofiHH BeCbMa NpO3payHblil KPHTEPHH QTCYTCTBHA
peuleHHH ypaBHeHHs ['aMmepiuTe#Ha ¢ CHMMETPHYHBIM fIPOM

K (¢, 8) *).

*} Sror KpHTepuit Mue JioGesno coobmua C. H. TNoxoxkaes.
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Ilycre @ (f) — pelueHne ypaBHeHHSH
o()=[KtLIFs o6 ds, (%)

H NycTb @, (f) — cobcteHHas ¢yHrRuua sagpa K (¢, s), or-
BEYalollas HaHMEHBbLIEMY XapaKTEPHCTHUECKOMY YHCAY A,

b .
9o (f)=h | K(t, 9) 9 (5)ds. (26)

YMHoxkas o6e yactu (25) Ha @, (f) 1 HHTerpupys no £ oT a
1o b, noayuum

j @ (1) o () dt = jj K, s)F (s, @(s) po (¥) ds dt. (27)'
AHajornuHo u3 (26) Haxo,zmm
Jq»o<t)w(t> dt =1, Hmt $) 90 (5) @ () dsdt.  (28)
Us (27) u (28) BHITeKaer

b b
”K s) F (s, (P(S))%(t)dsdt

¢,
b b
=r[ [Kt. 960 t)dsdt-——MHK(t ) oo (1) @ (5) ds dt.

CnenoBaTtespHoO, HeoGXOLHMOe yCJIOBHE CYLIeCTBOBaHHS pe-
IeHHs ypaBHeHnﬂ (25) ectb

j J. K (t! S) [F (S, ¢ (8))"‘" A'I('P(S)} Po (t) dsdt =0.

Orciofla HENMOCPEACTBEHHO BHITEKaeT, UTO ecau AIpo

K (8,5 >0 (K (4 5% 0), 9o () > 0 (9o () % 0), mo npu
ycaosuu, 4mo

Fs, @) >ho(  Vs=la, bl,

‘He cyujecmeyem HU 00HO20 pewuenus ypastenus (29).
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Tak, HanpuMep, npH | :
F (s, 9(s)= A¢* + B,
ri¢ A ¥ B TakoBH, 4TO
| Ag? + B>%io Vo,
ypaBHeHHe (25) He umeem bewefzuz‘i.

§ 38. HHTerpaspHbie ypaBHEeHHd C NapaMeTPOM.
Huddepenunan Ppeure. Teopema cyuiecTBOBaHHA
abCcTpakTHOH HesABHOH (BYHKUHH

HHTerpanbHoe ypaBHEHHE 4aCTO COAEPKHT OAHH HJIH He-
CKOJIbKO NapaMeTpoB. XapaKTep BXOXIEHHSl [apaMerpa
B YpaBHeHHE OKas3bIBaeTCs CYyLIeCTBeHHbIM. B Teopuu Jau-
HefHBIX HHTErpa/jbHHX ypaBHeHHH @pearojbMa MH paccMa-
TPHBaJH NapaMeTpP A, BXOASUIHA JHIIb B KauyeCTBe MHOXKH-
tena npHu aape K (2, s).

IIpu paccMOTpeHHH HHTErpaJbHHIX YpaBHEHHH C SIApaMH,
KOTOpHIE fBJAIOTCH aHAJHTHYECKHMH QYHKIIHAMH MapameTpa,
BO3MOKHB CYLIeCTBEHHBIE OTKJ/JOHEHHS OT TeX 3aKoHOMep-
HOCTEH, KOTOpHlE HMeJH MecTO B ¢pearoJbMOBOH TEOpHH.

B kauecrBe npuMepa pacCMOTPHM OAHOPOJHOe HHTErpalb-
Hoe ypaBHeHHe, B KOTOPOM SApPO (BBIpOXKIEeHHOE) €CTb MNOJIH-
HOM 11epBO# CcTeneHH OTHOCHTEJBHO A:

b
o()=[lpt)o(9)+ Ao (t)p ) o (s)ds,

rie P (f), o (f) — HeKoTOphHie HenpepbiBHHE  (YHKIHH,
npuyeMm

b b
[erwyat=1, [p@owat=o.

Ilpumensia oOGLIYHBIA MpHeM pellleHHs YpaBHEHHS € BHIPO-
XKIEHHbIM sIAPOM, HaXOJHM, YTO JaHHOE OJHODOAHOE ypaBHe-
HHE npu 6CAKOM A MMeeT HeHyJleBOe pellieHHe

@ (£) = p(8).+ Ao (?).

PH}I peayanaTOB B 3TOM HaﬂpaBﬂeHHK CO}IQPH{HTCH
B cTathe (6].

1
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OO6patuMcsl K HeJHMHeAHHIM HHTEIpaJbHBLIM YpaBHEHHAM
C napaMeTpoM H MOCTapaeMCsl BHIAICHHTh 3aBHCHMOCTBH pellle-
HHA 3THX YpaBHEeHH# OT I1apamerpa. ‘

OcHOBHbie yTBepXAeHHs OYAeM HJJIOCTpHPOBAaTh Ha NpH-
Mepe YpaBHeHHS Y pHICOHA

b ’ o )
o)=[Kit,s o) Mds (1)

C OJHHM MapaMeTpoM A.’
YpasHenye (1) MoxkHO 3anHcaTb B BHIE

F (g, A)=0, . (2)

rie ¢ — sjJeMeHT GaHaxoBa npocrpaHcrBa E,, A — uquCIO-
BOoHl mapamerp (a1f npocToTth), a.-F (¢, A) — omeparop co
3HayeHHsIMH B GaHaxoBoM npocrpaHcrBe E,. Ilpeanodoxum,

4YTO . . ‘
F (@0, 2o) =8, (3)

T. €, Qo SIBISIETCA pelIeHHeM YpaBHeHHA (2) npH A = A,.
Hac 6ynyT uHTepecoBaTh G/H3KHE K ¢, pelieHHA ¢ (A) ypas-
HeHHs (2) npu GAH3KHX K A, 3HaueHHAX mapamerpa A. Ecan
TaKHe peLIeHHs CYLIeCTBYIOT, TO HX Ha3blBalOT HeABHLIMU
pynryuamu (AbcmpaKmHoimu HeABHOIMU (YHKYUAMU), OTIpe-
JeqsieMbIMH ypaBHeHHeM (2).

[Ipexne veM ¢opMyJHPOBATL YCJAOBHE CYIECTBOBAHHSA He-
fIBHOH QYHKILHH, BBeleM CJIelYIOUHe MOHATHS.

Ilyete E, u E, — nuHeHHEIE HODMHpPOBaHHHIE NPOCTPaH-
ctBa H Yy = [ (x) — aGcrpakTHas QyHKIHA (omeparTop), onpe-
JeneHHasl Ha E, ¢ obnacTeio 3HaueHHH B E,.

Ilo aHanoruu c omnpenesieHHeM pubdepeHuHaNa QYHKUHH
B KJaCCHYECKOM aHa/Hu3e, BBejeM omnpejeseHHe AHddepeH-
oHana aGCTpakTHOR (GyHKUHH. .

OnpeneneHnune. Ilyeme h — npoussosstotd 3ae-
menm npocmpancmea E,, u nycmo cyuwecmsyem AuHedHoil
no h.onepamop |e (E,— E,) (soobue, sasucawud om x) ma-
Kot, 4ymo

| fe+h—f@=th+o ), @
Ae@e - ‘ |
Jolx B Iﬁ,ﬁhl}“ —«»‘0 npu l1A]— 0. )

iO M. JI. Kpacsos
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Toeda lh nasvisarom curotoim Oudpepenguarom uau dugdepen-
yuarom Dpewe pynkyuu | (x) 6 danrnold mourke x=E,, omee-
qrouum npupawenuro h apeymenma, u oémuaqatom CUMBOAOM
df (x, h).

- JIuHeHHHIH onepaTOp [, BooOe 3aBHCAWHA OT X, 0603Ha-
gaor [’ (x). Torna -

af (x, )y =F () h, F.(x) =(Ex— E). - (6)

‘Onepatop f' (x) HasHBAIOT nepeoil curbHol npouaeoaﬂou HJIH
npousso0Hol Ppewe GyHKUHH [ (X) B TOUKe X.
PapencrBo (4) Tenepr MOXKHO 3amHcaTh B BHAE

fx+h)—F@)=F@h+o(hr] A7)

e nepBoe cjlaraeMoe NpaBoOH 4acTH ecTh JHHeHHaa QyHKIHA
oT h (MHHeHHHIA omeparop), a Bropoe — GoJiee BHICOKOro Mo-
psAlxa MaJocTH, 9eM || A ]| npH | A — 0.

Muorde H3 cBOHCTB OOHIYHBIX MPOHM3BOAHEIX NepeHOCATCA
Ha NpoHu3BOAHHe oneparopoB. Hanpuwmep,

(cf (x) =c['(x),
e ¢ — YHCJA0BOH MHOMKHTE/b;

(F1 () + [, () = [ (x) + f5 (x).

Ecnu f (x) neficteyer us E, B E,, a @ () ,zaenc'rsyefr us E,
B E,, T0 npH HaqHyHH NPOH3BOLHHX ' (x) B @« (y) HMeer
_ MecTO ¢opmMyJaa

(e =9 (F()F (x),

Ille NPOH3BEJeHHe CrpaBa ‘moHuMaeTcsl Kak [pPOHM3BeJeHHE
JHHEAHBIX ONEepaTopoB, AEHCTBYIOMHX COOTBETCTBEHHO H3 E,
BE, uus E,B E

H PHMED (ﬁQI) Mycrs

E,=E,=Cla, b]

b
=]kt 9g6 x)ds =~ ®

rie aapo K (t s) HenmpepLIBHO B KBajpare’ Q la <t, s < b}
H g (s, x) — QyHKIIHA IBYX NepeéMeHHHIX, ONpeReleHHas H
HeNpepHIBHAsA B nofloce @ < § < b, —oo < x < oo, Torna
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f (x) ectb aGcrpakrHas ¢yHxuHs (oneparop 'ammepuireiina),
onpejeNeHHas B C [a, b] co 3HaueHHSAMH B TOM e IPOCT-
paHCTBe.

«  HonycruM, yto QYHKUHA g (S, X) He TOJIbKO HemnpepbiBHA,

HO H HMeeT YaCTHYIO IIPOH3BOAHYIO gy (S, X), paBHOMepHO

' HempepeIBHYIO- B QoIoce A << S<< b, —oo <x < Hoo.

Toraa [ (x) Oyner CHJABHO ,zimp(pepenunpyemon dbyHKIHel.

JefcTBUTEABHO, A 10060/ GOYHKIHH h (S)EC la, b] umeem
b

Fe+ hy— 0= [ K, 9)lg s, () +h ) —g (s, x(s)1ds.

IMo teopeme Jlarpauxa

& x(E)Fh(E)—E6s X (S))_'gx (s, x(s) + 6(s) A () A (s),
rie 0 <6 (s) <1,

B cuny HempepelBHOCTH g HMeeM

g, (s, x(5) +0(8) () =g, (5, x(5)) + (5, x(5), O(s) h(s)),

rie npd || &||—>0, 1. e. npH h(s) >0 paBHOMEpHO Ha
[a, b], a (s, x(s), O (s) h(s)) = 0 Takxke paBHOMepHO Ha
la, b] (mocKOMTBKY GyHKIHs, HellpepblBHAass B 3aMKHYTOR
OrpaHHYEHHOH 06MacTH a<<ss<< b, | x| My, |h]| < M,,
paBHOMEPHO HenpepbiBHA B STOﬁ oﬁ.nac'm)

[TosTOoMy

b |
Fatm—i) =Kt 9) g, (s (&) h(sds+

b . .
+ [ Kt 9a(s x(6), 0()hE) A ds=Ih+ o, ),
Te o

Ih=|K(,s)g.(s, x(s))h(s)ds, =

w(x, )= | K(¢, s)a(s, x(s), 6(s)h(s))h(s)ds.

10° o
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- Hanee,

b
J.K(i,- sya(s, x(s), 0(s)h(s)) h(s) ds|<

o (x, )] = max
aLigh , |
= II}??@{K(L )| e (s, x(s), 0.(s) A (s))] laj(b—a)=

=z -

— Mia] [l
ITosToMy E

ol < Mjaj-0 npu [4]—0.
CnepfoBaTeabHO, COIVIAaCHO onpefeseHHo, byukuus [ (x) aud-
depennupyema nmo Ppemnie B Kaxjaoit Touke x (HeCla, bl n

’ N
die, )= [ K(t, 9) g, (s, x(5) h(5) ds. 9)

B naHHoM cayuae JHHeAHBIA oneparop [ B Touke X, €CTh JH-
HefiHhH HHTerpajbpHbBll oneparop ¢ anpoM K(Z, s) gx(s, xo(s)).
AHaJornyHo, HeJHHEHHHIA onepaTop ¥ pbiCOHA

b
fy=] Kt s x@)ds,

rie K (4, s, x) HenpepmBHa B 00JacTH a << {, S<< b,
—00 < x < oo H HMeeT B 3ToH 06JaCTH HempepHBHYIO
npoHsBofHyw K., nuddepeHuupyem mo Ppeme B Kaxao
TouKe X, (f) &Cla, b1, npuuem —

b
P h= [ Ki(t, s, % () h(s)ds. (10)

' B orsuume or ciyuas npocrpanctsa Cla, b1, nuddepen-
LIHpyeMoCThb oneparopa YphicoHa B mpocrpanctee Lyla, bl
He BRITEKaeT H3 HenpepblBHOHA AuddepeHIHPYEMOCTH MO nepe-
meHHOH x ¢yHkuuu K (¢, s, x). Hanpumep, omneparop

b
f{x)= j sin e*{s) ds

a

onpelieleH H BIC/He HenpepuBeH B JioboM L, ONHaKo one-
patop (10) Moxer naxe He OHTbL onpefeneH Ha L, Tak Kak
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B JAHHOM CJyd4ae
K = e*©) cos e*(s)

H 3Ta GOYHKIIHS MOXET OKa3aThCAd HECYMMHpYeMoH.

IlpuBeseM oAHO H3 - YC/IOBHH m(pcpepeauapyemocm 1o
@pelte oneparopa ¥ pHCOHA.

[Tycme onepamop ¥ puicona &ucmyem 6 NPOCMPancmse
Lyla, bl. Hocmamounoim ycrosuem ezo cuavroli Ouggpepen-
qupye»tocmu no Ppewe 6 0ok mouke x, ()L, la, bl
ABASEMCA HenpepyisHocmos no x npoussodrod Ky (¢, s, X) u ebi-
NOAHEHUEe HepaseHcmsa

lKé(f s, x)| <a+p|x]
(a<t, s<<b, — oo <<x <+ o0, a, B=const).

IIpu amom npouseo@na}z [' (x,) onpedesrumcs pasencmeom ( 10).
[Tocne 3THX npenﬁapmenbﬁb{x paccMOTpeHHH BO3Bpa-
THMCH K YPaBHEHHIO

F(g,4) =9 @)

Cnpasemnsa clienyoimas  Teopema CYIeCTBOBAHHS a6-
CTPAKTHOH HeABHOH (pyHKIHH, aHAJOrHyHas H3BeCTHOH Teo-
peMe KJacCHYeCKOTro aHaJjH3a.

Teopewma 9.4. [Tycmo svinorrenst ycrosus:

1) Onepamop F ((p, A) onpedenen 6 nekomopoil oxkpecmHo-
‘crmu mo4ky {@gq, Ag

H(P - @0[‘51 < 61: I}“““koi < 62a (11)

IL HenpepLleer No COBOKYNHOCIUL apeYMENIMOs 8Mecme Co cooeil
n pousso0HoL @peme Fy (9, A) 6 yxasannoid oxpecmuocmu.

2) F (o, Ao) = 6.

3) Cywecmeyem onpeae/zeunuu Ha ecem E, nenpepoisroiil
onepamop R = [Fg (9o, M) 1™

To20a ypasrenue F (9, A) = 0 onpedersermn 6 nexomopot
okpecrnuocmu | A — o] << 084 mouku A, eduricmeennyw He-
N PEPLIBHYI0 HEABHYIO cpymcu;uso @ (A).

JoxasarteanbcTBo. PaccMoTpHM onepaTop

A (‘P, }“) = @ — [F4P (@07 o) ];_I*F ((p’ ;“'))
He[pepLIBHHIA IO COBOKYMHOCTH apryMEHTOB, H IIOKaxeM,
YTO NPH HEKOTOPHIX §, H P OH AB/AseTcsS PaBHOMEPHO (mo A)
CHUMAIOWIMM OnepatopoM L || p — @ofl <B, [A — Ao| < 8. .
Toraa o 6yaer UMETh €AHHCTBEHHYIO HEMOABHXHYIO TOUKY @:
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¢ = A¢, uro, Kax HETPYAHO BHACTH, PABHOCHJIBHO cye-
CTBOBaHHIO €IHHCTBEHHOH HENPEepLIBHOW HEABHOH (yHKUHH
¢ (1), onpexenseMod ypaBHEHHeM (2).
1o ycaoeuio onepatop F (@, A) HMeeT HenpephIBHYIO MPO-
u3poaHyto. Ilosromy oneparop A (@, A) aAuddepeHUHpyeM MO
Qpeme, 1 ero npoHsBojHas

AQ) - ] — [FW ((PO’ A’O) ]—1}:;& ((P, A')

HenpepLIBHA TIO conoxynHocm apryMeHTOB.

Tak kak Ag (q:o, o) = 0, 10 Hadgerca B > 0 rtakoe, yTO
npi o — q)o;{ , |A— 7&.,} <{ B O6yzer BHINOJHEHO He-
paBeHCTBO

|4 (@, M <o <L (*)

Jlanee, TaK Kax A (9o, 0)_ = @,, TO Haijgercsa Takoe O, <§
< B, uto [[A (90s A) — @l < (1 —a) B mpu |A— Ay|
< 8,4, OTKyz#a cnaeayer, uro oneparop A (¢, A) npeo6pasyer
wap @ — @of < B B cebs.

Haxowneil, nosib3ysace HEPaBEHCTBOM (*) H aHA/IOTOM Teo-
pembl JlarpaHxa, HaxoAHM, YTO A/Ifl pacCCMaTPHBAEMEIX 3Ha-
yeHHH A H 119 MOGHX @, @y H3 wapa ¢ — @,| << f cnpa-
BEJJIHBO HEPaBEHCTBO

Tocaenuee osHauaer, yro A — CHHMAOUIHIA OnepaTop.
B KatectBe npHMepa NPHMEHEHH: STOA TeopeMbl pac-
CMOTDHM nHTerpabeHGe vpaBHeHne Ypoicona

0= Kt @ (s) Mds R0

B npoctpadcrae Cla, bl.
Bynem cumrare, uyro oynkuus K [Z, s, @ (s); Al Hempe-
PHIBHA 1O COBOKYITHOCTH aprymenTos BMeCTe CO CBOEH MpPOH3-
ponroit Ko [t,s, ¢; AL,
[lycre senpepuiBHas QyHKUHA @, (f) ﬁsme'rcsi peme-
HHEM. ypaBHeHHH (1) npn A=Ay, T. e .

g

i) = jK‘ﬂ{t,;s‘,.%(s)': Alds. o (12)
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YpaeHenue (1) MoxXHO nepenucatb B BHJe
Fo, V=o()— | Kit,s, (s Mds=0,  (13)
a

npHueM 3xeck £, = E, = C la, bl.
Hcnoabsysa ¢opmyay (10), noayuaem

F('I’ (%» A‘O)h =h(5)—-— _[ K‘; [t9 S, Po (S)’ )'Olh(s) dS (14)

HJIH : ‘
Folop Mh=0—X)h, (15)
" rie

b .
Hp= j Kyt 5, 00 (5 h) $(5)ds

— JMHeHAHBA HMHTerpaJbHbIA onepa'rop C HeMpephBHBIM
anpoM Ko (2, 8, @4 (s); Ay).

W3 (15)- BuaHo, uto omeparop Fg (@o, Ao) GYAET HMeTb
o6patHbiif, ecad cymecTByeT (I — K)™, T. e. elvHHIla He
ecTb XapaKTepHCTHUeCKOe uHcao sxpa Ko (1,5, @o (5); Ay).
B atom cayuae R = [Fg (9o, Ao)I™ ABAsercs pesonbseH-°
Toit sppa K. Torza Bce ycaoBHs  weopeMbl 9.4 OyayT -
BHIOJIHEHH H, CJelloBaTeJbHO, ypaBHeHHe (1) Oyaer HMeTb
eXHHCTBEHHOe HellpephlBHOR pellieHHe @ (£, A), 6/1H3Koe K @, ({)
npH GJH3KHX K A, 3HaueHHAX A. HesapHas QOYHKIHSA MoxKeT
OLTb MOJydyeHa Kak [Mpejel] MOC/eN0BaTENbHBIX npuGH-

XKeHHH
Pri1 (}“) = Q@ (7&) - RF((P,, (?")’ A’)
(n=0,1,...; @ (A) = qo (1)),

npuyeM [0C/e10BaTEbHHE NPUG/IHKEHAT B OKPECTHOCTH
TOYKH Ao CXOIAITCA PABHOMEPHO CO CKOPOCTHIO reoMeTpHue-
. CKOR MpOTrpeccHH.

MoOXHO NOKa3aThb, YTO €CAL GbINOANEH6L YCAOBUS IMEo-
pemoi 9.4 u onepamop F (9, A) 8 Hexkomopodi oxpecmuocmiu
mouku (@, Mol umeem sce uacmusie npousgodnsie Qo no-
padka R, mo HeasHaa gyuxkyus @ (M) maxoce umeem npous-.
800HblE do nopadka k.
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O6parumca cHoBa K ypaBHeHHIO YpnicoHa (1). Byzem
CUHTaTh, YTO

- b
%)= [ K(t,s, @ (s); ho)ds

H 9T0 eIHHHIOA He SABJAETCH XapaKTePACTHYECKHM YHCJIOM

anpa Ko (¢, s, @4 (5); Ao). Ilpeanonoxum eue, yto QyHKIHA

K (¢, s, 9; A) HenpepuBHO nuddepeHiHpyemMa & pa3 no mepe-

MEHHHM ¢, A ’ '
ByneMm uckare., peluenue @ (f, A) ypaBHenus (1) ans 6aus-

KHX K A, 3HaYeHHH A 1o MeTOoAYy MaJjoro napamerpa.
3andieM pasjoxkeHue :

Q (4, A)=uy (1) + (7\' ko) “1 )+ 0\""'7‘-0)2 Uy (1) + .0 .
v F A=A u, () +o(|A—4y l")

U TIOACTABHM ero B ypaBHeHHe (1) Ho.nyqnm

Uo (f)+su1(t)+82u2 @) +..
—JK(t S, U+ &us + s+ 005 dg - €)ds, (16)

>
rie e = A — A,.
PasaoxuM npasyio gacth (16) nmo crenensam e:

b .
JK(t’S:uo+ﬂu1+32u2+tas; %",“S)dSm

b

IKG 5, Mds#—eJK«p(t 5t () )t () -+

o> B

+o [ Kit,s, 1 (s) Jo)ds + ezj Ko (b, 5; g (5), ho) i () ds +-

+ & j CD2(t, 8, Up (S), Uy (8); M) ds + che

. 3pecp @, — u3BectTHan (yHKUHA CBOHX aprymenros. IlpH-
paBHHBas KO3pdHIHEHTH MNpPH OAHUHAKOBHX CTeNEeHAX &,
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NoJIy4YHM YpaBHeHHA
b
to ()= [ K(t, s, us () o) ds,

b

| : ®
= .',1(;, (¢, s, uals); Mo ur(s) ds + j Ki.(2, s, us(s); ho)ds,

b .

(Ko (t, s, to(s); ho)ua(s)ds

|

‘ uz (1)

a b _ *
[ Dty s, uo(s), wi(9); A ds,
a ,

. b ;
Cw ()= [Ko(t, s uo(s); M) ux () ds +

o, |
+ [ ety s, ua(s), i (oo ry Ur1(s); Mo ds.

U3 stux ypaBHeHHA BHJHO, 4TO
B ~ it (1) = @, (8),

a V15 onpefieJieHu s KaxKA0ro U3 KosppHuueHTOB U, (f) (k> 1)
noJiyuaeTcs JIHHeHHOE HHTerpajpHoe ypaBHeHne Ppearosbma
2-ro pona ¢ aapoM Ko (£, s, @4 (s); Ao) U CO CBOGONHHM dje-
HOM, KOTOpbIli BHIpaXKaeTcsl uepes yxKe onpejleleHHBe Kosg-
GUILHEHTH g (f), uy (£), . « ., Upy (D). TlocKoJBKY enuHuna
He fBJsieTCS XapaKTePHCTHUYECKUM uucAoM sAapa Ko, sTH
Ko3(phHUIHEHTH OJHO3HAYHO ONpefesaloTcs MOC/AeA0BaTeNbHO
OIHH 3a JIPYTHM, H MBI MOXeM MOCTPOHThL NPHOIHKEeHHoe pe-
meHue ¢ (£, A) ypaBHeHHA (1) Ana 3HaueHHH A, 6JH3KHX K Ag.
ITpaBna, npakTHUECKH 3TH BHIYHCJAEHHS J0BOJLHO IPOMO3JIKH,

§ 39. Paapersienne peweHui
[tycth uMeeM ypaBHeHue ‘

onpejefsiomee aGCTPAKTHYIO HefiBHYIO GYHKUHIO @ (A), u-
NyCThb MO-TIPeXKHEMY

F ((pO: A'0) = 6' (2)'
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OcraHoBuMcH 'renepb Ha BHPOXIEHHOM cjy4yae, Korja
oneparop Fg (94, Ag) He HMeeT orpaHHYeHHOro oGpaTHOro.
OrpanuuuMcs ypaBHeHHaMH (1) yacTHOro Buia

0= A(p; A, | 3

rne oneparop A BmoJiHe HenpepbiBeH B TOM CMbICJeE, YTO OH
HelpephiBeH 10 COBOKYNMHOCTH aprymMeHTOB B HeKOTOpO#
OKPECTHOCTH TOYKH {@g, Agl H YTO KOMNAKTHO MHOXECTBO
ero sHauyeHHHd Ha 3Tof okpectHoctd. [lpeanosaraercs, uro
oneparop A neficrsyer u3 E B E, (pezE.

Onpenenenune. Ilapa (94 Ay Hasvisaemcs mouxkod
gemaneHus 048 ypasHenus (3), ecau 0aa kaxcdozo & > O MOHHO
yrazamo maxoe k, 4mo | A — A, | < e, u ypasuenue (3) umeem
no kpaiined mepe 06a peuwienusn, Aexcaujue 6 e-0KpecmHocmu
Mo4KU Q.

HUs paccymneﬂuu § 38 caenyer, uto napa (9o, A,) He AB-
JfieTCs TOUKOMH BEeTBJEHHS, €C/IH B OKPECTHOCTH TOUKH {Qg, Ao}
cymecTsyeT oneparop Ag (qJ, A), HenpephIBHHIH no (9, ),
eJlHHHIla He ABJAETCH TOUKOH CreKTpa oneparopa Ag (g, Ay).

H3s obuiefi TeOpuH HeHHEAHbIX 0nepaTopoB H3BECTHO, HTO
npoussoaHas Ag (9o, Ay) HeJAHHEHRHOro BIOJHe HeNpephiB-
HOro oneparopa HBJIHe'I‘Cﬂ JHHEHAHBIM BIIOJIHE HENpPepbIBHBIM
onepaTopoM. BoIpoxIeHHH cJaywalt Aad  ypaBHeHHs (3)
O3HayaeT, YTO eAHHHIA ABJAAETCA COOCTBEHHBIM 3HauyeHHEM
. oneparopa Ag (Pg, Ao).

PaccmoTpuM ypaBHeHHe Y pHICOHa

b
e)=[Kt s 0@ Nds, ()

uMeloltee Kak pas BuI (3), H MyCTh

b R L .
%o (D)= [ K(t,s, 00 (s) ho) ds.

[lycTh enuHuna sBjsieTcH XapaKTePHCTHYECKHM YHCJ/IOM
aapa Ko (2, Sy 9o (5); Ag) M IIyCTb STOMY UHCJY OTBEYaeT JIHIlb
OllHa CO6CTBeHHaﬂ byHKRIHSA @, ({) (¢ TOUHOCTBIO 10 NOCTOAH-
HOr0 MHOXHTeJIfl), a CJeloBaTe/NbHO, CONPAXEHHOMY ypaB-
HeHHIO — OfHA coOcTBeHHas ¢yHKuHa v, (). Paccmorpum
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. BCI’IOMOI‘aTeJIbHOG ypaBHeHHe

cp(t)--j{K (¢, 5 @ (5 ) + 01 () v () @ () ds—poy (1), (5)

rie | — JONOJHHTENbHBIH napaMerp.
Ecau npuHATH

b .
= [ @1 (5) 9(s) s, )

To ypaBHeHHe (D) 6yneT paBHOCH/JBLHO YpaBHEHHIO (4).
Cumpicat 3TOro npeo6pasoBaHHs B TOM, 4TO AJ1fl YpaBHEHHA
b

(6) mpiA = ho, = Rs =] 01 () Do () dss @ = 9 ()

e/IHHHIA He AABJSeTCS XapaKTepHCTHUECKHM YHCaoM aapa K o,
rne ¥ = K (&, s, 9 (8); M) + 9, (s) vy (f) @ (s), u, caeno-
BaTeJbHO, BO3MOXHO NPOJOJIKEHHE N0 NapaMeTpaM 7», i IpH
Madbix | A —Aql, | — po| pemenns

o=¥( A p) 7)

ypaBHEHHA (5) rie ¥ (4 Aq, o) = @ (t)
[ToncraBus (7) B npasyw uacts (6), TOY9HM TaK Hasbl-
BaeMoe YpasHeHue paaeemazzenua

u-—Jq’él(s)‘If(s; A, ) ds =0,

HJIH, Kopoue, c |

F M p)= )
~ cBaiswIBaowee A U . Haxons orciona p = p (7») H NOACTaBJAAA
_pesyastar B (7), noayunM pelieHHe ¢ = ¥ ({; A n (A))
ypaBHeHHA (4) Takoe, 4TO @|ir=1r, = P ().

Herpyano nokasars, 9t0 F p(hg, po) = 0, Tak uTO ypas-
HeHHe (8) paspellHThb onHosnaqu OTHOCHTE/IbHO p, Booﬁme
I‘OBOpH HEeBO3MOXHO.. o ’

- BonpocaM BeTBIeHHSA pemennn H&JIHHeHHbIX ypaBHeHKH
nocsﬂmena OGHIHpHAA . JUTepaTypa F(cM - nanpumep, [41);
K’ KOTOpOH MBI H OTCBLIaeM 4uTarens, }Kenamm.ero ,IleTa.KbHO-
O3HAKOMHTBCH C 3THM KPYroM Haei. S ‘
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§ 40. Toukn Oudypxauuu

DAH3KHM K NOHSATHIO TOUYKH BETBJICHHA ABJACTCH NMOHATHE

TOUKH OHQYpKaLHH.
Ilycrs, ana onpenenenHoctd, A, A) = 0. Torga ypas-

HeHHe
¢=A(p, ) (1)

HMeeT HyJieBoe pelieHHe @ = O npH Bcex sHaweHHax napa-
meTpa A.

Onpenenenue. Hucaw A, Hasvisaemcs mouxold Ou-
¢yprayuu 011 ypasnerua (1) (u/m 643 onepamopa A (9, A)),
ecau mobomy € > O coomeemcmseyem makoe 3H@uEHUe napa-
mempa A u3z unmepeara (Ao — &, Ay - €), npu KOMoOpoM
ypasHeHue umeem no Kpaulneil mepe 00HO HeHynesoe pelleHue
@ (M), ydosaemsopsuoujee ycaosuw o M) ff <e.

B oranune ot omnpenesieHHs TOYKH BETBJEHHA, B onpelie-
JeHHH TOYKH OudypkallHH 3apaHee npeanojaraercs H3BecT-
HEM pellieHHe (CeMeH#CTBO peIeHHi), onpejeleHHoe MPH BCeX
snaqenmx napaMeTpa; peyb HAET 00 ¢OTBETBJICHHHY pelieHHH

OT 3aJaHHOrO.

Mycts, Hanpumep, A, €cTh XapaKTepHCTHUECKOE UHCJIO
HenpepriBHoro sajapa K (f,-s). OnHoposHoe uHHTerpaJbHoOe-
ypaBHeHHe

) \
o) =4[ K(t ) p(s)ds @)

npH J106oM A HMeeT TpHBHaJbHOe pelienue @ (f) = 0.

Ilpu A = A, 3T0 ypaBHeHHe HMeeT eille HeTpHBHAJbHOE
pellieHHe ¢ = @, ({), KOTOpoe OmpenensieTcsi ¢ TOUYHOCTHIO
J0 MOCTOSTHHOrO MHOKHTeNS H NMOTOMY MOXeT GHThb CAeNaHO
no nopme C [a, b] Menbwe moboro ¢ > O:°

max {%, (e) | < e.

Hrak, 1as Beskoro e > () cymecTByer Aes (Ag— €, Ao+ €)
(Hanpumep, A = Ay), npu KOTOpOM ypaBHeHue (2) HMeer
HeHyJieBoe Feurenae @1, (f), yHoBreTBOpsIOUIEE YCJIOBHIO

r%ibl . (f) | <e._Cornacuo ompefefieHHIO, 3TO M O3HAYaerT,

uTO XapakTepHcTH3eckoe uncao A, siapa K (4, s) ectb To4Ka
O6upypkanuu YpaBHeHH (2).
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~Takum ofbpasoM, ecau uHrepBan (A, — e, Ay -+ &) he
CONEpPMUT APYIFHX XapaKTePHCTHYECKHX uHcea szpa K (i, s), -
_TO NPH- H3MEHEHMH A B S5TOM HHTepBajle Mbl MMeeM CHavaja
"OLHO pelueHHe ¢ (f) = 0, a npu A = A, pewennii Gyner yxe
JB4: OT HYJIEBQIO peIHeHHS -OTBETBJARTCH elie HeHYJieBoe.

"Ecan -onepatop A (9, A) HenpephiBHO zmcmaepenunpyem
no ®peie, T0, B CHIY TeopeMbl 9.4 o HeABHOH QYHKIMH, €ro .
TOYKAaMH GHOYPKalHH MOTYT OblTh JIHIUb Te 3HAUYeHHs A, MpH -
KOTODHX eJMHHIla fABJAETCH TOYKOH CmeKTpa oneparopa
Ay 6, 1).

Hych Ag (O, 7») = AB, raie B — BromHe HenpepLIBHLI
JHHeHHBIA onepaTop, He 3aBHCHIMHA OT A. B stoM ciyuae
TOUKH OHQYPKAaUHH SBJIAIOTCA XapaKTePUCTHYECKHMH 3Ha-
yeHHSIMH oneparopa B (1. e. 3HaueHHsIMH, OﬁpaTHbIMH coG-
CTBEHHBIM), - v

Mpumep. (ypaBHenue I afmuepm*nei’iaa_ c BHpO}I{AeH_HblM ﬂ'npom).'

1 | ‘
o) =h B[-tsw © +9° () . )

-~

* OueBHJHO,  YTO npn BCAKOM 3Haqemm napame’rpa A ypaBHemIe (3) uueer-
_pémenne ¢ (f) = 0.

Hoaoxum
o 6= ) S(p(S) dS, » » )
- - : 0 SR & |
R
 cp== | sg*(s)ds. i
| B J .
Torza e
. C L - @ () =M (¢ + cq)s (» )]
l'lo.ucramm_t (5) B (4), 6yzem mMeTb
| - (o +‘cz) =0,
' (6)

A2 | |
1 (1 +¢)? = Ca.

-Peman cucreMy (6),-HaXoRUM OfHO pemeHHe ¢; = ¢, =0, yro Raer (p (t) a
= 0 u Apyroe, KOTOpoe Aaer \

o) =5 B—Wt
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3HaveHne A = 3 6y11e1' 6uYpPKALHOHHBIM AAS y;;vaaneﬂua (3). B ca-
MOM JeJie, a8 JioGoro € > 0 cyllecTByeT 3HaveHHe A & (3 — ¢, 3 + ¢),
Hanpumep awGoe A == 3, NpH KOTOPOM ypaBHeHHe (3) HMeeT HEHyJeBoe
pewenne @ (f), yAOBJxeTBopmomee ycnoamo

lo@)i=max | 7 3—1)¢| <o

CorJyiacHo onpene.ueﬂmo 370 # osnaqaer yro A = 3 — Touka Gudyp-
KallHH.
Oneparop Fammepunenﬂa KaK H3BeCTHO, qu)cpepenunpyem 1o Dpewe
B JoGO Touke Qg4 (f) = C [0 1] n ero auddepenunan B Touke ¢ = 0
paBeH
{

4, (0, 4) h‘=xb[ fs [(p +'q>2]('p|q,___0hds=kjtsh(s) ds.
: . 0

Jlerko nposepuThb, 4TO ANA nuHeﬁHoro HHTerpajqbHOr0 ypaBHEHHS

re

h(t)_hd[z‘sh(s)ds B

3HaueHHe A = 3 ecTb XapaKTepHCTHYECKOE 4HCO. '
Takum o6pa3om, ToukKa GHypKanuu A = 3 ypannenua 3) ABAACTCS
XapaKTepHCTHUECKHM YyciaoM ypaBHenus (7).

‘BosHuKkaer Bonpoc: Kaxkjaoe JH xapamepﬁcmqecxoe 3Ha-
yeHHe oneparopa B sasaserca Toukoi OGudyprauuu?

B o6uem ciyuyae, Kak MOKa3bBaioOT npnmepbl (112 l), OTBET
OTpHLATEJeH. \

Paccmorpum, Hanpnmep, B IVIOCKOCTH XOY onepa'rop A
onpene.neﬂubm paBeHCTBOM

Alx, g = lx—y (2 + 1), +x(x2+y2)}

OnepaTop B nnga storo cnyqaa ecTb. oneparop l TOXeCTBeH-
HOro npeoGpasoBaHus, HMEWOLIHHA xapaxrepncrqucgm YHuC-

noM enunuuy: Ix = X,
B T0 e BpeMa oneparop A coBceM He UMeeT COﬁCTBeHHbIX
‘BeKTOpoB. JleficTBUTEIbHO, MYCTb NPH HEKOTOPOM A

x—y(® + y°) = hx, }
Y+ x (@ + §°) =24y,

YMHOXas nepBoe H3 STHX PABEHCTB Ha ¥, BTOpOE Ha yu CKJaa-
AuiBasi, noayuum x® -+ y* = A (x® + y*), orkyaa A = 1, Tak

6
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Kak x? - ¢® =;é 0 (co6cTBeHHBIH BEKTOD — HeHyJIeBOH) Ilox-
crapass B (8) A = 1, noayunMm x = y = 0, 1. e. A = | He
ecTh COGCTBEHHOE 3HAYCHHE oneparopa A

B 3ajavuax, CBA3aHHbBIX C YCJOBHAMH YCTOHYHBOCTH, TOYKH
GHPYPKalHH ONpefe/OT KPHTHYECKHE CHJIBL. Tak, 3azaua
06 u3rube NPAMOJHHEHHOI'O CTepXKHs EAHMHHUYHOH IJIHMHH H
nepeMeHHOH KECTKOCTH P (x) NoA BO3JeHCTBHEM CHJBI P npH-
BOIMT - K pelleHHIO HeJHHEeHHOro HHTErpajJbHOrO ypaBHEHH:

q><x)==Pp(x)6[K(x, He) 1/1- [ Ke(x, oDt | db,
' 0 :
| ©)

rae ¢ (x) — Hckomas QyHKUHSA.

DTO ypaBHeHHe HMeeT HYyJeBoe pelleHHe @ (x) = 0 npu
BCex 3HaueHHsX napamertpa P. Ilpu manmix P ypasHeHue (9),
B CHJY MpHHLHNA CXKATHIX 0TOOpaxkeHHH, HMeeT eJHHCTBEH-
HOe HyJeBoe peuenne B mpocrpancrse Cl0, 1]. dro osHa-
YaeT, 4TO MPH ManabiXx P cTepXKeHb>He Haru6aercs. Onnako
pH CHJX, OO/BINMX TAaK Ha3hiBaeMOH KDPHTHYECKOH CHJILI
Ditnepa, BO3HHKAeT Nporuo.

Kpurudeckas cuaa diiepa Py u SIBJISETCS 6udypKauuoH-
HbIM 3HaueHHeM. B MexaHHKe mpH OTHICKaHHH TOueK GHQYp-
KalHH HeJHHefiHOro onepatopa A 3anauy oOBIYHO JIHHeapH-
3yIOT: BMecTo oneparopa A paccMaTpHBAIOT JIHHeHHBIfI ome-
patop B (npomuspoanyio ®Ppewe onepatopa A B Touke 0),
HaxoAfAT XapaKTepHCTHUYECKHe YHCJa oneparopa B, Koropble
H CYHTAIOT TouKaMH 6udypkaiuuH oneparopa A. Ho, kak Mu
BUJleJIH, TaKas JHHeapH3allHs 3aKoHHA He Bceria.

CnpaseannBa cjaefyiouiasi TeopeMa.

Teopewma 9.5 (M."A. KpacHocesanckoro). Ecau enoare
Henpepoisuolll  onepamop A (ffp,L Ay (A (B, A) = 06). umeem
8 mouxe O npoussodnyro Ppewe Ay 0, A) =AB, mo «xascdoe
Heuemro-KpamAdoe (8 wacmrocmu, . npncmoe) xapaxmepucmu-
4ecKkoe 3HaqeHue onepamopa B asasemcs. mouxod bugyprayuu

onepamopa A(g, A).

Ecid  XapaKTepHCTHYecKoe ~3HaueHHe onepatopa B

HMeeT 4eTHYIO KPaTHOCTh, TO. TpeGyeTcsl JOMOJNHHTENbLHBIA

aHaJH3.
Kak H3BecTHO, HHTerpajbHble OMNepaTophl ypmcona ‘H
I'amMepinTeiiHa Npu JOCTAaTOUHO [IMPOKHX RpPelioNOKeHHAX
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HMeloT B HyJse 0 (mpocTpaHcTs C nau L,) nupdepenunan
Opeitle B — nuHeAHBH HHTeraJlebIﬁ oneparop;

By = f H (¢, s) o (s) ds.

V3 teopemnt 9.5 caenyer, uto kawcdoe xapaxmepucmuieckoe
qucao Hewemnoll kpamuocmu a0pa K (i, s) asrgemes moykoil
Ougyprayuu  coOMBEmMCmBYOUE20 HEAUHCUH020 UHMEZPANbL-
Ho2o onepamopa ¥ peicona uasu Iammepiumerina,

§ 41. Meropn, HoioTona

ITycts [ (x) — nefictBHTeNbHAsA QYHKUHA JeACTBHTE/Nb-
HOro apryMeHrta. Torjaa, Kak H3BecTHO, ANSE OTHCKaHHs Aeit-
CTBHTE/ILHOTO KOPHS ypaBHeHHS

f(x)=0

MOXHO NPHUMEeHHTb MeToi HeloToHa (MeTod KacaTesbHHIX),

OH COCTOHT B HaXO}Kﬂe'HHH nocaei0BaTe/IbHOCTH HPHGJIH°

XKeHHBIX pelleHHHl TOro ypaBHeHHf N0 (opMyJe -
f {xn)

a1 = Ko Fm’

B pa6orax J1. B. KantopoBu4a 6blJ10 IOKa3aHO, 4TO METOJ
HeioroHa Moxker OBITL nepeHeceH Ha onepaTopHLle ypaBHe-

HHsl BHJA
F(x)=6, o

rie f {x) — aGcrpakTHas ¢yHKUHSA, OnpelesieHHas B HeEKo-
TOpoM GaHaxOBOM mNpocTpaHcTBe X CO 3HAYEHHSIMH, Booﬁme
roBops, B ApyroM 6aHaxoBOM MpoCTpaHcTBe Y.

[Tyctsb sJeMeHT x*& X ecTh HYJ/Ib aGCTPaKTHOM (pyﬁmum f,
T. €.

f(x*)=0.

Tlpeanonoxum, 410 B HEKOTOPOH OKPeCTHOCTH £ TOYKH x*
¢dyHkuusa f (x) uMeer npoussoinyio POpeiue [’ (x), HenpepHs-
Hy©0 B 3To# okKpecTHocTH. [IpeAnosioxuM ele, 9ro Cymie-
creyer [f' (x)17'B Q.

BosbmeMm mpousBoabHBIN 37eMeHT x,=Q. B cuny npel-
NOJOXeHHH MOXKHO 3aMeHHTb S/1eMEHT f(xo) = [ (xo)—f (x*)
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GAH3KHM €My BHIpaxeHHeM [ (xy) (xo — x*) u ‘cuntars,
YTO pelleHHe ypaBHEHHS B

[' (x0) (X — x) = “"f(xo)’

6ausko K x*. [locnenHee ypaBHeHHe — JHHeHHOe, H €ro pe-
meHAeM Oyzner
. 7 -
X — [F" (xo)] 1f (%o)-

Hponomxaﬂ STOT TPOIUECC, TONYYHM [OC/Ie]0BaTebHOCTD
NpHGIHKEHHBX pelleHHH no popmyJie

fm = Xa— I I (%) (1 =0,1,..)). @

ITpu OTIPEeAIS/IEHHBIX YCIOBHAIX MOC/IEZ0BATeABHOCTD  {X,}
CXOIHTCS K KOPHIO X* ypaBHeHHA f (x) = 0. Heyno6cTBO 3THX
@opmyn B TOM, YTO BCSKH# pa3s MPHXOAUTCS HAXOLHTH oﬁpa*r-
Bl oneparop [f (x,) 17,

Ecan nocsiefoBaTeNbHOCTE {X,} CXOAHTCA K KOPHIO x*
H X, BHIGPaHO LOCTAaTOUHO OJIH3KO K X*, TO B OPEANONOXKEHHH
HenpepuiBHOCTH ['(x) oneparopnt f' (xn) H ['(xo) 6YAyT Maso
orauyatecsi. [lostomy BMecto dopMya (2) BBOAAT ympo-
LIeHHBIE: ‘

Ymg = Xa—F O (X)) (1 =0,1,..)), (3)

rae AJasi Jio6oro n GUrypHpPYeT OZHH H TOT XKe oﬁpaTwa
oneparop [f' (xo) 1.

DopMyaH (3) Aator, Booblie rosops, xymune npubAHKe-
' HHsl, HO 3HaYHTeJbHO mporte gopmyn (2).

ot MeTOJ MOCTPOSHHS MPHOMHKEHHHX pelleHHHl Ha3H-
BaloT ﬁo@uwuquposanﬂwm memodom Huiomona.

W ocHoBHOH, u MopmbHIHpoBaHHHH MeToaH HbloToHa
SIBAFIOTCA OAHHMH M3 HauboJiee ynoTpeGHTeNbLHBIX HAa Npak-
THKE NPHEMOB pellleHH s HeIHHEHHBIX QyHKIHOHAIBHEIX ypaB-
HEeHHi.

MMeer MecTo cJaefpyioumiasi TeopeMa.

Teopewma 9.6, [Tycms (pymmuz [ (x) umeem npous-
800nyt0 Dpewe 8 Hexkomopom wape Q (x4, 1) € YEHMPOM X,
u paduycom r u sma npousgodras [’ (x) ydosaemsopsem
8 wape Q ycaosuro Junwuya )

_ IF* (o) —F () | < £ | xa— 21|}
fycmo (f'(x0) 17 cywyecmayem u |
=[If' ()], k= Q)T ()], ~=MrZ,
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-

Toeda, ecau h<1/4, mo 8 wape S (xq, Rty): | x—x,||<< ki,
ede to — MeHbwull KOpeHb ypasHenus hi* — -+ 1 =
ypasrerue [ (x) = 0 umeem eOuHcmgeeHHoe pewerue x*
u nocaedosameavrocmo {x,}, onpedeseman opmyrot (3),
cxodumest K 3MmoMYy peulesuio.

IJokasateuabcrTs o.PaccMoTpumMB npocwpaﬂc'rse X

oro6paxenue
Ax=x—[[" (%) (x)
210 orobpaxKeHHe mepeBOAHT wWap |l x — X, lf ki, B ceﬁs.
HefcTBHTENBHO,
Ax — xtg = X~ o — [ (xo)]"}f (¥) = |
= [[" (o) {]" (o) (x'—xo)f"‘f(x) + f(x)} —If (xoi)]-lf (%)«
[Tostomy '
l!Ax—xo I<<IIF ()1 I!l!f (%o) (X — %) —[ (%) + [ (x0) || +-
+ 1 )™ ()| < |
< M||f' (%) (x— %) — [ (%) + [ (o) | 4 . (4)
. PacemotpuM yHKUHIO
@ (%) = f (%) — (%) — [’ (¥o) (x — Xo).
ViMeem | .
¢’ (x) = f’ () — I (xo)-
Ecan || x — xoll. < kg, TO
N =7 =T (xo)ll <9ll¥~xoﬂ<9kf .

Bamna uTo @.(Xo) =0, mo TeopeMe o cpeﬂﬁem (ananor
TeopeMsl JlarpaHKa K/1acCHYeCKOro aHaau3a, [11]) nonyuyaem

ll@(x)ﬂ—-IICP(x)-—' ()| < Lkbo|x— x| < LK. (5)
TaKHM 06pasom eCJIH xeS (xo, ‘kto) TO H3 (4) 1 (5) uMeeM

Ax— xo| < MPHH + b b (MPEE+1) =k (ht} + 1) = k.

INocnennee 03HaqaeT, “4r0 orobpaxenue A nepeBOIHT map
Ilx —xgj < kt, B ceba.
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. Tlokaxkem Ttenepb, uro A — c:kKHMaiomiee oToGpaxKeHHe
B 3ToM wape. [Ins xS (x,, kt,) HMeeM

A (x) =1—1F )1 () =1 (o)l (x0) — " (x)),
OTKYyia |
A" ()<< M|J () —F < MZ|x—x, | <MLkt

Tak Kak !,— MeHbluH#i KOpeHb ypaBHeHHs At*— t + 1=0,
1—V1—4h
2h*

A" (x) | < MPkty= hty =

Ilostomy

TO ly=

1—V1T—4n | '
VIZ# _ L. 6

OTKyZa

1 §
| Axe— Axa| < 5 [ %2 — x|,

Tak 4T0 A — cXKHMawiiee oToGpaxKEHHe, -

N3 teopembl banaxa (§ 7) caenyer, uto orobpaxenne A
HMeeT B mape |[x — x|l < kf, eAHHCTBEHHYIO HETIOABH K-
HYI0 TOUKY x*. JIJ151 3TOH TOYKH

x* = xF—[F () (<),
oTkyaa [ (x*) = 0, T. e. x* ecTb pellleHHe ypaBHEeHHA
f(x) =8 |
B cuay (3) '
Axn=x,— [ (x)I"Yf (xu) = Xatls

H Ha OCHOBaHHMH TeopeMmbl Danaxa nocnenosatesbHOCTb {x,}
CXOZHTCH K x*.

3 HepapeHcrBa (6) HETPYAHO MOJYUHTb OUEHKY CKOPOCTH
CXOJHMOCTH MoxudHIHpoBaHHOro Metona Hbiotona

||xn—xfua7§—|| [ ()T (xo)]- (7)

OO6niyHbIH (HCMO}IHQ)H[IHPOB&HHI:IH) metoa Hblorona cxo,zm'rca
OnicTpee: JJs1 HeEro

L'l < gt @) e
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—

PBCCMOTPHM HeJHHeHHOe HHTErpaJibHoe ypaBHeHHe

t)._.fK(t s, x(s)) ds, 8)

rie K (Z, s, u) — HenpepbiBHad QYHKIHS BCeX. CBOHX apry-
MEHTOB, HMEOLlasi HellpephiBHBE NMPOM3BOAHEIE HYKHOFO MO-
psaika. Bpenem aéchaxTHyio dyHKIHIO

f(x)—mx(f)-wji( 1,5, x(5)) ds,

Torpa ypasuenne (8) sanuuiercss B BHAE fbyHKnHOHaJIbHoro

YpaBHEHHS
- : f(x)=0.

[Ipouecc HpioToHa A/ 3TOro ypaBHeHHS CTPOHTCS CJEAYIO-
~ wHM ofpasoM. Ilycrs, Hanpumep, X = C la, b] u nycts
xo (f) — nauanpHoe npHuGaHkeHHe. A6cTpakTHas (QyHKUHA
f (x) npeobpasyer npocrpanctso Cla, b] B ce6ﬂ, CHJIbHO
nuddepeHuHpyeMa, NpHUEM
b
f'(xo)h=h(f)—_[ Kult,s, xo(s))h(s)ds. = (9)

a

I’fonpa‘sxa Ax = x, — x, onpelieNsieTCsi H3 ypaBHeHHUs
[' (%) Ax = — [ (x0), i
KOTOpOe B CHJY (9) OyleT HMeTb-BHJ

Ax {f) _[Ku(l‘ s, Xo(S))Ax(S)dS-—-Sa(f)

rae

b
0 ()= [ K(t,s, % () ds— )

TakuMm o6pa3oM, HaXoXIeHHE Ka}moro caeaymouiero npuéu-
KEHHSl CBOJHUTCA K PELIeHHIO AuHEelH020 HHTETPalbHOIO ypas-
HeHHd. ECIH npHMeHATb MONMQHUHPOBaHHHA mpouecc (3),
TO AP0 TAaKOTO YPaBHEHHS Ha KaxXJIOM uiare 6y11e'r OAHHM
H TEM e,

HetansHo ¢ MeToloM -HboOTOHA MOMKHO NO3HAKOMHTECH
B Kuure [10].



§ 421. TNPHHUMDN HENOABM)XHOH TOYKH 0. HAYJEPA 233

§ 42. Npuuuun HemoauxHo# Touku k0. llaynepa

ITpy H3J0KeHHH NPHHIHNA CKAThIX OTOOpaKeHHH MBI OT-
MeuaJH, YTO CYIIECTBOBAHHE pelileHHs MHOTHX YpaBHEeHH
5KBHBAJICHTHO CYIUECTBOBAHHIO HENOABHKHOH TOYKH Y COOT-
BETCTBEHHO n0400paHHOTO OTOOpaxkeHHs HEKOTOPOro MHO-
JKecTBa TOYEK B Cebsl.

Teopema C. BaHaxa o HeMoOABHIXHOH TOHKE y CXKHMal0-
1ero yoro6paXkeHHsl MO3BOJIHJA HaM MOJNYYHTh PHA Pe3yJb-
TATOB, KacaioMXCH OJHO3HAYHOM Pa3pelIMMOCTH pas/ny-
HHIX THIOB HHTErpaJibHRIX YpaBHEHHH.

CaelyeT OTMETHTb, YTO NpPHMEHEHHe NPHHUHINA CKaThbIX
oTOGpaxKeHHA K He/THHEHHHIM HHTErpaJbHBIM YPaBHEHHAM
MPAaKTHUECKH OFPAaHHYHBAETCA CJy4asMH,- Korga ¢yHk-
ous K (¢, s, 2) ynosnersopsier yciosHio Jldnmuna no ¢pyHk-
HOHAJbHOMY apryMenry z.

IlpuBeneM emne OAHY TeopeMy ({19]), IMO3BOJIAIOLLY IO
rapaHTHpOBATh CYUIECTBOBAHHE N0 KpaiiHe#d Mepe OXHOTO pe-
LIEHHs [Js BecbMa LIHPOKOTro KJacca ypaBHEHHH.

Teopewma 9.7 (fO. Ulaynepa). Ecau snoane nenpepots-
Houl onepamop A omobpadcaem 02paHUYEHHOE 3AMKHYMOE Bbl~
nyxaoe muoxcecmso S Oaraxosa npocmpauncmsa E na oo
Hacme, mo CYwecmayem HenodUICHAs mOYKA 3moeo omobpa-
JeHUs, M. e. Makas mouka xS, umo

Ax=x.

‘Hanomuum noustye sunykiaoctd. Ilyers E — nunefinoe
' neACTBHTENbHOE NPOCTPAHCTBO H X, Y — ABe ero ToukH. Ha-

30BeM OTPE3KOM B,E COEHHSIOMMUM TOYKH X H Y, COBOKYII-
HOCTh BCeX 3JIeMEHTOB BHJA *

ax+4Py, rne o, p=0 a4p=1I.

Onpenenenue Muoxecmso McE naseieaemcs 6vi-
NYKABIM, ECAUL OHO émecme ¢ MobLIMU OBYMA MOuYKamMu X U y
co0epacum W .COeOUHAMOWUL UX OMPesox.

Tak, kpyr (puc. 17, a) ecrb BHNyKJIOQ MHO}KECTBO, a ¢Hu-
rypa Ha puc. 17, 6 — HeBHIYKJOe,

Eme npumep. PaCCMOTpHM B npocrpancree Cla, bl dpyuk-
uuit x (f), HenpepuBHbIX Ha [a, &1, MHOXecTBO M QyHKUHH,
YAOBJIETBOP AIIOIIUX YCJAOBHIO

[x@)| <1,
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ST0 MHOKECTBO BHINYKaO. JleACTBHTENbHO, eCHH
x@|<! n |y@)|<],
TOHpHO:—]-ﬁ——m 1, a, p > 0, uMeeM
]ax(t)+{3g(t)[<oc+ﬁ-.l

T. e. dyHKuHsa ax () + Py (f)&=M, uto H 03HAyaeT, corIacHO
onpeleseHHIO, BBHINYKJOCTb YyKa3aHHOro MHoxkecTBa M He-
npepuiBHBIX GYHKIHA, ,

" Puc. 17,

Ynpaxnenne. [lokasate, 9T0 B JIKH@HHOM HOPDMHPOBaHHOM
npocTpaHcTBe BCAKAR wWwap [lx — all << 7 ecTb BHOyKJoe MHOMecTBO.

B xkauectBe npumepa npuHmeHeHHa npuHnuna IHaynepa
paccMOTPHM KJaccHyecKylo TeopeMy Ileano o cymecTsoBanuu
pelleHHs OGbIKHOBEHHOTO JH(M(epeHUHaNbHOrO ypaBHeHHS

--d—,-*m?f(t.‘x(t))-- B0

Teopema 98. ITycmo qbynxqun (¢ x) ﬂenpepueua
no - cOBOKYNHOCMU nepemennvtx 8 obaacmu |t — ty | << q,
|x—xo|<bup— MAKCUMY M ]f(t x) | 8 amod o6racrmu.

Ecau h = . min {a, ;l}', mo Ha ompeske Ito --h ta-i-h
Lyu;ecmyem no xpauueu .uepe 00KO peuwnue ypaeuenuﬂ

=, 2, B ON

ydosremsopaiouee YCa0GUI0 L e e
x (to) = X « - (2)
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- .

HokasaTeabcTBo. YpaBHeHHe (l) ¢ HadalbHBIM
ycioBHeM (2) 3KBHBAJICHTHO HHTErPajibHOMY ypaBHEHHIO

) t
x(t)=x+ [ f @, x(¥) dv. 3)
| )
PaccMoTpHM onepatop A, onpele/eHHHA pPaBeHCTBOM

{
Ax = x5 j f(t, x (1)) dx
te

B npocrpadctBe C [ty — h, t, + h] na mape S, [jx —
— Xo|| << b, KoTOpHIA OyleT 3aMKHYTHIM BHINYKJBIM MHOXKe-
CTBOM B 3TOM IIPOCTPaHCTBE.

Onepatop A BnoJiHe HenpephiBeH Ha 3ToM Wwape. B camom
Iesie, €CJH MOCAeA0BaTeJNbHOCTb {X, (f)}, npHHaajexkamas
wapy flx — x,ll < b, paBHOMEpPHO CXOZHTCS K GYHKUHH
x () =S,, T0 B CHNYy HenpephBHOCTH QyHKUIHH [ (I, x)

[, xa @) — [, x(t)

pasHoMepHo Ha [f, — h, ¢, + h]. Ilpn paBHoMepHO# cxo-
JIHMOCTH 3aKOHEH Mpefe/bHBIA Mepexof MO 3HAKOM HHTe-
rpaja, TaKk 4o

Axn - Ax’

T. e. onepatop A HempepbiBeH Ha liape S,.
Hanee, pas moboro sjeMmeHta x ({) &S,

lAx@|<|%|+| [T @ x@)dr|<|x|+Bl], @)
te

T. €. MHOXeCTBO 3HaueHHH onepatopa A paBHOMEepHO Orpa-
HHYEeHO. | «

Ecau ¢, u t,— nwobule Toukn orpeska [f,—h, t,-+h],
TOo AA8 Ji06ok ¢QyHKUHH X (f) &S, OyneM HMeTb

¢ S .
|Ax(t)— Ax ()| <| [I (5 x () dv|<Blta—til (5)
fy :

T. e. MHo®ecTtBO Ax (f), x ({)=S,, paBHOCTeNneHHO Hemnpe-
PBIBHO. ,
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B cany TeopeMH Apuesia oTCiola 3akJil0uaeM, 4To oliepa-
Top A npeoGpasyer map S,:[|x — X,] € b B KoMmaktHoe
MHOXECTBO.

310 JIOKa3hiBaeT MOJIHYI0 HenpepLIBHOCTH omeparopa A.
(HamoMuuM, d9ro MH Ha3HBaeM HeJIHHeHHHH onepatop A
BNOAHE HENpepoiBHbiM Ha HEKOTOPOM MHOKECTBE, €C/JH OH
1) HempepHBeH, 2) NepeBONHT 3TO MHOXKECTBO B KOMIIAKTHOE,
B TeopuH JIHHeHHHX oneparopoB MPHHATO HECKOABKO OTJIHYG-
HOe omnpejelieHHe: AUHEURb onepaTop Ha3HBAIOT 6104HE He-
npepuisHbi M, €CJIH OH NepeBOAHT J11000€e orpaHHYEeHHOEe MHOXKe-
CTBO B KOMIIAKTHOE (HenpepuBeH OH TI0 CaMOMy CBOEMY Ompe-
ﬂeﬂeﬁmo)

[ToxaxkeM, HaKoHell, 4To onepatop A npeoﬁpasye'r wap Sy:
fx — xpll < b B cebs.

Jleﬁc*ramenwo,

¥
| Ax ()— x| =1 [ f(x, x (x) di | <Ph <P =b.
fo

Takum o6pasom, onepatop A yAOBJETBOPSET BCEM YCAOBHAM
teopeMu [llaynepa, u, 3Hauut, cyuecrsyer _HernofBHXKHAS

TOYKa 3TOr0 onepa'ropa, T. €. TaKas cpynmma X (1), aro
X0 = x+ j f(t, x(7))d.
te

Dra ¢yuruus x (f) 6yaer pewenueM ypasHenus (1), yaosJe-
TBOPAIOIHM HadaJbLHOMY YCJOBHIO (2).

Teopema ackasana.

ITonuepkneMm, uro npuHuun [layzepa He rapaHTpreT
eAHHCTBEHHOCTH pellleHHs (M3BECTHH NPOCTHIE NMPUMEPH AH(-
depeHIHANBHEX YpaBHeHHA BHAA (4) ¢ HenpepHBHOM Npapoft
YacThio, HMeEWIHX GeCKOHeUHOe MHOMKECTBO peilleHH#, YZAo-
BJETBOPAIOMMUX 33aJaHHOMY HadaJbHOMY YycJoBHIO). Kpome
TOro, 3TOT INpPHHIHII He JaeT yKa3aHHH, KaK IOCTPOHTb 3TO
petileHHe. TeM He MeHee OH OKasHBaeTcCfl NOJUAC €HHCTBEH-
HRIM KpHTepHeM, MO3BOJAKUIHM CYAHTH O CYUIECTBOBAaHHH
pellleHHsl ypaBHeHHS.

Teopema IleaHo TeM ke MeTOLOM MoxeT OHTh oﬁoﬁmeﬂa
B Pa3/HYHHX HanpapJeHHAX: HalNpHMep, MOXHO OCIa6HThH
ycnoBusi Ha f (¢, x), OTK232BIIHCh OT €¢ HEenpepHBHOCTH,;
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BMECTO ORHOTO YDPaBHEHHS MOXKBO pacCMaTpPHBaTb CHCTeMY
KOHEYHOro H Jaxe CYETHOIo YHUC/Ia YpaBHeHHH,

Hanpumep, cnpasenitusa

Teopema 9.9 (A. H. Tuxonosa). Hycmb dana cuems-
HQA cucmema 6upermumwux YpasHenil

dxi
-d—tL— ] f(xl’ xg,t ¥ oay xn!' 3 ") (6)

npusem cf)ymmuu f, Henpepoigrol no ecem nepe.uennbm 8 He~
komopoli obsacmul x; | < afi =1, 2, .. .) usmernenusn nepe-
MEHHBIX L DOABHOMEDHO 02DAHUYEHbL 042 Smux sHauenuil nepe-
. mennoix. Toeda cucmema (6) umeem no xpained mepe 00HO
pewenue, yoosremsopsrowee ycaosuam x; (0) = 0.

B xauecTBe eille OAHOrO MpUMEpPa HCIIONb30BAHHUA TEOPEMBI
Ilaynepa PacCMOTPHM 3a4d4y O Da3pelHMOCTH YPaBHEHHS
TaMmepirefina

<t>-JK(f W (s, o(s)ds+f(f) (7)

C HenpepHBHEIM CHMMeTpHYHHM sapoM. Ilycts W (s, z) He-
npepuiBHA H OrpaHHUEHA MPH 4@ < 8 < b, —o0 K 2 < o0,
u nycts | ¥ (s, )| < M, OG6Go3nayas mnpaByi0 gactb (7)
uepe3 A@, 3ameuaeM, yTo omepatop A BNoJIHE HeNpepHBEH.
Hcnoan3ys oueHKy (CM BEILE, CTp. 264)

gj K (t, )& (s)ds

ﬂ{l 1&h

HaXOJHM

ol <pm M VE=a+1f1. ®

(Hopmut 6epyres B L, la, bl; A; — HauMeHbIee no MoAYJIIO
XapaKTepHCTH4eCKoe gucio sanpa K (4, s).)

[lostoMy, eciH B KauecTBe OTpaHHUYEHHOTO 3aMKHYTOTO
BHITYKJOT0 MHOXecTBa S B3aTh map B L, [a, b] ¢ wenrpom
B HYJie H paiUyCOM, paBHBLIM NpaBOH YacTH (8), TO OyAyT BH-‘
NoJIHEeHH Bce ychaoBHs Teopemul lllaynepa.

ChenosarenrHo, ypaBHeHHe (7) NpH CAeJaHHBIX Npexno-
JIOXeHHsIX HMeeT no kpafHeft Mepe ofHO pelileHHe ¢ (7).

Ilpu npumeHenus npunnuna llayaepa K H3y4ueHHIO KOH-
KPETHHIX ypaBHEHHH Npex/e Bcero Hy>xHo BEIOpaTh NPOCTpaH-
crBo E, B xoTopoM omeparop A Bmo/He HenpepLiBeH.
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3a BHIYKJO0e MHOMXECTBO S 0OHYHO NPHHHUMAIOT HEKO-
Topuii wap npocrpaHctsa E. Tlpu 3ToM paauyc u uedtp.
TOro mapa Hy»kHo noAo6pars TaK, 4To6ul onepatop A oro6pa-
KaJj 3TOoT map B cebs.
. [Iycts, Hanpumep, BIIOJNIHe HeNpepHIBHBIA onepatop A
oGnanaer CBOHCTBOM

|Ax|<<a+b|xlr VxsE

(a, b, & — TOCTOAHHHE).
Ecan cymecrsyer gucsio r > (, yaoBJerBopsiouiee ycJo-
BHUIO

Y

a-+bre<cr,

T0 K oneparopy 4 B mape S (0, r) c ueHTpom B HyJ1e 0 H paju-
ycom r npuMeHuM npuHuun [Hayznepa.
Takoe unclI0 r Bcema cywectsyer npd o <1 # npn
=1H b <l
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